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Energy Loss and Straggling of 150-Mev Electrons in Li, Be, C, and Alt 


A. M. Hupson* 
Physics Department and High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received September 24, 1956) 


The most probable energy loss and the straggling distribution for 150-Mev electrons in thin targets 
(~2.5 g/cm?) of Li, Be, C, and Al have been measured utilizing the electron beam of the Stanford Mark III 
linear electron accelerator. The primary beam energy spectrum had a full width at half-height of 0.20 Mev. 
The data for the most probable energy loss agree with the theory of Landau when corrected for the density 
effect according to Sternheimer. A recent recalculation of this density effect on the basis of new values for 
the mean excitation potentials after Caldwell noticeably improves agreement between theory and experiment 
for carbon. Comparison is made with previous calculations using Bakker and Segré potentials. The half 
widths of the straggling distributions are between 7 and 15% wider than the Landau theory predicts, in 
qualitative agreement with a recent comment by Hines. 


I. INTRODUCTION 
HE energy loss and straggling of relativistic 
charged particles when passing through thin 
targets of condensed materials have been the subjects 


of many experiments. A comprehensive review article 


by Price’ summarizes recent work in this field. Most 
authors found agreement the Williams’ and 
Landau’ theories for the most probable energy loss when 
suitable corrections were made for the density effect.* * 
However, in the experiments dealing with high-energy 
electrons, the results often showed straggling distri- 


with 


butions slightly wider than the Landau theory predicts. 
Hines’ has pointed out that due to certain approxi- 
mations made in the Landau treatment, the theoretical 


t The research reported here was supported by the joint 
program of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

*Now at Department of Physics, Occidental College, Los 
Angeles, California. 

1B. T. Price, Repts. Progr. in Phys. 18, 52 (1955) 

2 E. J. Williams, Proc. Roy. Soc. (London) A125, 420 (1929) 

3. Landau, J. Phys. (U.S.S.R.) 8, 201 (1944), 

‘W. F. G. Swann, J. Franklin Inst. 226, 589 (1938). 

5 E. Fermi, Phys. Rev. 56, 1242 (1939); 57, 485 (1940) 

®Q. Halpern and H. Hall, Phys. Rev. 57, 459 (1940); 73, 477 
(1948). 

7G. C. Wick, Ricerca sci. 11, 273 (1940); 12, 858 (1941); 
Nuovo cimento 1, 302 (1943) 

*R. M. Sternheimer, Phys. Rev. 88, 851 (1952); note also 
concluding sections of Phys. Rev. 91, 256 (1953); 103, 511 (1956) 

°K. C. Hines, Phys. Rev. 97, 1725 (1955). 
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straggling distribution is too wide in the case of heavy 
particles and too narrow for electrons. 

The most recent experiments which use mono- 
energetic beams of electrons have been those of Gold- 
wasser, Mills, and Hanson" at 9.6 and 15.7 Mev and 
Barber" with energies from 1 to 34 Mev. The present 
work extends these measurements to higher energies 
utilizing 150-Mev electrons from the Stanford Mark III 
linear electron accelerator with thin targets of Li, Be, 


C, and Al. 
Il. THEORY 


Recent articles by Bohr’ and Bohr" give compre- 
hensive treatments of many aspects of the energy loss 
and straggling of charged particles in penetrating 
matter. When these particles traverse only a thin 
sample of material, a special type of straggling in the 
energy which often referred to as 
Landau straggling. Early discussions of this effect by 
Bohr and Williams were followed by Landau’ who was 


losses occurs is 


the first to calculate the straggling function in closed 


” Goldwasser, Mills, and Hanson, Phys. Rev, 88, 1137 (1952); 
see also Goldwasser, Mills, and Robillard, Phys. Rev. 90, 378(A) 
(1953) 

li W ( 
lished 

#2 N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
18, No. 8 (1948) 

4A. Bohr, Kgl 
24, No. 19 (1948) 


Jarber, Phys. Rev. 97, 1071 (1955), and to be pub 


Danske Videnskab. Selskab, Mat.-fys. Medd 
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Taste I. The theoretical values for Ao, the most probable energy loss, are calculated on the basis of 
ionization potentials after Bakker and Segré. 


Target material 
Thickness in g/cm? 
Thickness in radiation lengths 


Ao, most probable energy loss 
Theoretical value (Mey) 
(Using Bakker and Segré data} 

Without corrections 
With Sternheimer density correction 
Corrected for density effect and beam spread 
Corrected for density effect, beam spread, and radiation 

Experimental value* 

Absolute experimental! error 


I’, full width at half-height [in percent of Ao] 
Theoretical value 
With Sternheimer density correction 
Corrected for density effect and beam spread 
Corrected for density effect, beam spread, and radiation 
Experimenta] value* 
Absolute experimental error 


* The errors shown in this row are the probable errors in combining tt 


mathematical form. Blunck and Leisegang™ carried the 
computation of this straggling function to second-order 
terms in resonance energy transfers. For the present 
experiment, the resonance effects as calculated by these 
authors are not important since they amount to less 
than 1% for aluminum and become even less for lower 
Z materials. Symon'® has treated the problem of 
straggling more thoroughly including the case of thick 
as well as thin absorbers. However, this latter calcu- 
lation is not significant for the present experiment so 
the results of Landau have been used. 

The calculations of the density effect by Sternheimer* 
involve somewhat fewer approximations than the 
treatments by other authors and so have been used for 
this experiment. The most recent paper by this author 
makes use of new values for the mean excitation 
potentials as determined by Caldwell.'* The theoretical 
results using these new values as well as those using 
the “old” values previously obtained by Bakker and 
Segré are listed in Table I and Table II. 

The Landau formula (with density correction) for 
the most probable energy loss Ao, for monoenergeti« 
relativistic charged particles when traversing a thin 
target of ¢ g/cm’ is given by 

Ao= é[ In(£/e’) +-0.37—8], 
where 
= (294 Nett/mv*)(Z/A), 


and 


(1—)P 
——+$8 


2mv* 


Ine’ =In 


“©. Blunck and S. Leisegang, Z. Physik 128, 500 (1950); 
O. Blunck and K. Westphal, Z. Physik 130, 641 (1951). 

1K. R. Symon, Harvard University thesis, 1948 (unpublished) ; 
see B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952). 

#1), O. Caldwell, Phys. Rev. 100, 291 (1955). 


Li . Al 
2.715 2.575 
0.0309 0.1050 


5.07 

3.68 

3.68 

3.76 

3.83+0.01 
+0.12 


5.31 

3.76 

3.76 

3.79 

3.78+-0.01 
+0.12 


2.66 

2.66 

2.69 

2.782+-0.01 
+0.09 


3.18 

3.18 

3.21 

3.1620.04 
+0.10 


20.7% 
23.7% 
25.1% 
29.04-0.2% 
1.5% 


20.6% 
21.2% 
28.2% 
30.04+0.4% 
+1.6% 


19.3% 
20.2% 
21.4% 
23.84-0.4% 
+1.2% 


20.4% 
21.5% 
22.9% 
25.9+0.7% 
+1.3% 


arious runs for each material and do not indicate absolute errors 


The density correction factor'’ is 6; e and m are the 
charge and the mass of the electron; .V is Avogadro’s 
number; v is the speed of the incident particle (v={c) ; 
Z and A are the target atomic number and atomic 
weight; J is the mean ionization potential of the 
electrons in the target.!” 

The full width at half-maximum of the 
straggling curve will be designated by I’ and expressed 
in percent of Ao. The Landau treatment makes no 
distinction between heavy particles and electrons as 
primaries. 


Landau 


III. EXPERIMENTAL METHOD AND APPARATUS 


The Stanford Mark III linear electron accelerator'* 
produces microsecond pulses of up to 650-Mev electrons 
at a repetition rate of 60 per second. This experiment 
was performed at the first halfway station where 
electrons with energies up to about 275 Mev are 
available. Here a special deflection system” extracts the 
beam, collimates it, and selects a narrow energy interval 
which is delivered to the target area as a “‘clean’’ beam 
of electrons free from other types of radiation and 
particles. 

For this experiment, special energy-defining slits 
were devised. These slits were mounted such that they 
could be rotated about a vertical axis (perpendicular 
to the beam) while energy resolution measurements 
were being carried out. Consequently, a very precise 
alignment of the slits was possible, resulting in the 
primary energy spectrum shown in Fig. 1. The slits 
were made of lead to which about 10°, antimony was 
added for ease in machining. To achieve the resolution 

17 These are taken from the papers by Sternheimer, reference 8. 

18 Chodorow, Ginzton, Hansen, Kyhl, Neal, and Panofsky, 
Rev. Sci. Instr. 26, 134 (1955). 


# W. K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 (1954). 
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Fic. 1. Energy spectrum of the primary electron beam at 150 
Mev. The points are the superposition of 15 runs. The full width 
at half-height is 0.2 Mev resulting in an energy resolution of 
0.133% of the primary beam energy 


indicated of 0.133, 
0.020 in. was used allowing a current of about 10~-" 
ampere to reach the target. Though this narrow slit 
system was very wasteful of the available beam, it 
nevertheless allowed ample current for the detectors 
while insuring sufficiently high-energy resolution for 
the experiment. 

To measure the energy loss of these electrons in 
various materials, the following procedure was carried 


at 150 Mev, a slit opening of 


out: (a) An accurate energy spectrum measurement was 
made of the primary beam. (b) With a slab of target 
material in the path of the beam, a second energy 
distribution measurement was made. The energy which 
the electrons lost in the target was thus the difference 
between Part (a) 
repeated to verify the primary beam energy. Several 
complete sets of data were obtained for each target. 


these two measurements. (c) was 


The electron energy distribution was analyzed with 
a double-focusing, 180 
electrons from the target which are diverging slightly 


spectrometer” which accepts 


and refocuses them as they leave the magnet. The 
spectrometer current was well regulated and was meas 
ured with a Rubicon potentiometer connected in parallel 
with a portion of the magnet windings. Precautions 
were taken to avoid possible hysteresis effects. Each 
run involved a complete cycle of magnet current from 
zero to maximum value and back to zero, the energy 
measurements being made only on the downward 
excursion of this cycle 

To verify the stability of the energy measuring 
system and the lack of hysteresis effects, primary beam 
measurements were made before and after each target 
run. In no case did the after run shift by more than 
0.05 Mev from its original value, and in most cases it 
was within 0.02 Mev. 

After passing through the spectrometer, the electrons 
were detected by measuring the de current from a 
KI(TI) scintillation crystal of dimensions jy in. X yg in. 


¢{ in. The crystal was placed at the focal point of 


*” Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 


(1953). 


150-MEV 


ELECTRONS 


SPECTROMETER 
EXIT PORT 


CRYSTAL 


————— via 
% UGHT PIPE jf tC 

a ELECTRON BEAM 

~ CROSS-SECTION 


ry 
b- 4 — 

Location of the scintillation detector at the exit port of 

the spectrometer. The beam cross section shown is for the case 

of primary runs without a target. With a target material in the 

path of the beam, electrons of different energies are spread out 


in a vertical direction while the width of the cross section remains 
essentially the same 


Fic. 2 


the emerging electron beam so that the ;'y-in. dimension 
of the crystal determined the energy “slice” which was 
detected (see Fig. 2). Any slit system used at this 
point would produce excessive scattering into the 
detector. By utilizing a detector in free space whose 
dimensions corresponded to that segment of the spread- 
out beam of electrons which one wished to intercept, 
Che vertical 
dimension of ;'y in. corresponded to 0.16 Mev and thus 


the need for a slit system was obviated 


was one of the contributing factors to the ultimate 
resolution obtainable. The beam was about } in. wide 
at this point, so the {-in. length of the crystal insured 
that all of the beam was covered. 

The crystal was viewed end-on by an RCA 5819 
photomultiplier from a distance of 5 in. through an air 
light pipe. I 
the side rather than from above or below because a 


was necessary to view the crystal from 


small background signal resulted whenever the beam 
was allowed to pass through the air light pipe. 

Since the accelerator is pulsed, care was taken to 
avoid possible saturation effects in the detection appa- 
ratus. At first, crystals with longer decay times than 
KI(T1) were tried in an attempt to stretch out the light 
signal so that it utilized the dead time between pulses. 
However, the scintillators tested tended to accumulate 
a phosphorescence which made background subtraction 
difficult. The KI(T1) crystal proved to be satisfactory, 
could be cleaved easily to the desired dimensions, and 
required no special packaging other than }-mil alumi 
num foil as a light shield. To prevent instantaneous 
voltage changes in the last five dynodes of the photo- 
multiplier, capacitors were placed between ground and 
the dynodes as follows (reading from the last stage 
0.1 uf, 0.05 uf, and the next three 0.01 yf 
each. Under these conditions no saturation effects were 


backward) 


observed for the highest currents measured. 

The beam was monitored at all times with an ion 
chamber placed at the entrance to the spectrometer 
Barber, 
hydrogen at atmospheric pressure was 


magnet. Following a suggestion of W. C. 


electrolytic 
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Fic. 3. A primary beam run showing the “ghost” peaks B and 
C due to scattering from the exit port walls of the spectrometer 
vacuum chamber. The primary beam height is 33 units high and 
is shown in greater detail in Fig. 1. The dashed line indicates the 
fixed background due to effects which are discussed in the text 


passed continously through a catalytic agent™ to burn 
any trace of oxygen present, then through a liquid 
nitrogen cold trap to condense the water vapor products 
of this combustion, through the ion chamber, and 
finally to a bubbler to give a visual indication of the 
rate of flow. The ion chamber had an active thickness 
of 4 in. which produced a monitoring signal of about 
ten times the beam current. Both the scintillation 
detector current and the ion chamber current were 
amplified with de amplifiers and recorded on Brown 
Recording charts model 153x17v-X-9P5. 

For the cases of the runs with a target in the beam, 
the areas under the resulting curves were from 20 to 





DETECTOR 
CURRENT 


— 











me 


~seeees* 


145 
ENERGY 





T T 
150 155 


( MEV ) 


T T 
135 140 


Fic. 4. Energy spectrum obtained with a lithium target. The 
background to be subtracted is shown dashed. See Fig. 5 for 
central peak. 

Street, 


%“DeOxo,” Baker and Company, Inc., 113 Astor 


Newark, New Jersey. 
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60% less than the areas under the primary beam curves 
due to scattering out of the acceptance angle of the 
spectrometer. It must be verified that the absence of 
these electrons which were scattered excessively did 
not distort the energy spectrum. This is plausible for 
the following reasons. The bremsstrahlung spectrum is 
expected to be the same for all angles in the forward 
direction and the corresponding electron energy spec- 
trum is not angle-dependent, at least for losses of the 
order of a few Mev. Thus, for those energy losses rela- 
tively close to the most probable value, the distribution 
in space is isotropic in the forward direction, and 
therefore, within the region of interest for comparison 
with the Landau theory, no distortion arose due to the 
approximate 2.5° acceptance angle of the spectrometer. 
Taking this angle into account, the measured areas 
under the experimental curves agreed within 10%, of 
the expected values as calculated from the Moliére 
plural-scattering theory. 

The accuracy of this experiment depended primarily 
upon the calibration of the spectrometer magnet. The 
greatest single uncertainty in analyzing the data lies 
here. It should be noted that the absolute energy 
calibration was relatively unimportant. The experiment 
was concerned with small differences of energy and thus 
the slope of the calibration curve (Mev per potenti- 
ometer division) was of primary interest. Three methods 
were used in obtaining this slope calibration: (1) elec- 
trons elastically scattered from protons at various 
angles; (2) elastic and inelastic scattering from carbon; 
(3) a special method which compared the energy cali- 
bration of the accelerator deflection system with the 
energy calibration of the spectrometer. Methods (1) 





44 


DETECTOR 


CURRENT 
—+3 











ENERGY ( MEV ) 


Fic. 5. The central peak of Fig. 4 is shown here in greater 
detail. The dashed line indicates the amount of background to 
be subtracted. 
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and (2) involved electrons which actually traversed the 
magnet. The results of all methods fall within a 14°% 
interval; taking into account the statistical accuracy 
of the data, an absolute error of +3°% was assigned to 
this slope calibration. 


IV. BACKGROUND EFFECTS 


A small, fixed amount of background due to stray 
accelerator radiation striking the crystal, photomulti- 
plier dark current and leakage currents in the cabling, 
etc., amounted to less than 0.2% of the maximum 
current measured and was easily taken into account. 
A more serious type of background arose whenever 
primary beam electrons and x-rays scattered from the 
side walls of the exit port window and other parts of 
the magnet structure reached the crystal.” Figure 3 
shows this background for a primary beam run. The 
two peaks labeled B and C were due to scattering from 
the top and bottom of the exit port as the beam was 
swept across the crystal. The regions marked A and D 
correlate with the beam striking other parts of the 
chamber. The dashed line indicates the fixed background 
mentioned above. During a target run, these ghost 
peaks remained approximately the same amplitude and 
became considerably wider. Fortunately all of the 
straggling distribution which was of interest could be 
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Fic. 6. Three runs with carbon shown superposed to indicated 
the reproducibility of the data. The points for runs 13 and 15 
were shifted by the amounts indicated to compensate for a slow 
drift of primary beam energy which occurred over a period of 
ten hours. Background is shown dashed. 


% The magnet vacuum chamber was originally designed with 
other experiments in mind, This type of background could be 
eliminated by redesigning the exit port of the vacuum chamber. 
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Fic. 7. The experimental curve is from Fig. 6 after background 
subtraction. The theoretical curve includes corrections for 


oneny beam energy spectrum, bremsstrahlung, and the Stern 
1eimer density correction using Caldwell’s ionization potentials, 


accommodated between these peaks thus making back 
ground subtraction relatively simple. The probable 
error in the half-widths introduced by these background 
effects has been estimated at +47 for Li, Be, C, and 
+ 2%, for Al. In addition, graphically smoothing out 
the rapid, small fluctuations of the electron beam 
intensity, introduced a further possible source of error 
which was estimated at +1%, for Ao and +4% for I’, 
Treating these errors as independent of those of the 
spectrometer calibration, the over-all probable error 
for Ao is +3.2%, while for T’ it is +5% for Li, Be, and 
C, and +5.4% for Al. 


V. THE DATA 


Figure 4 shows a typical run for lithium. The points 
which define the central peak of this curve are shown 
in detail in Fig. 5. The curve and the relative amount 
of background are also typical of the runs with beryllium 
and carbon. Because of the greater scattering in the 
aluminum target, the relative amount of background 
to be subtracted in that case was greater by about a 
factor of three. The energy of the primary beam was 
not precisely 150 Mev for all runs, so the energy data 
indicated in the figures should not be referred neces- 
sarily to a primary beam energy of that amount. 

To indicate the reproducibility of the data in general, 
the three runs for carbon are shown superposed in 
Fig. 6. Over a period of several hours, a slight drift in 
beam energy of about 0.1 Mev was noted. Whether 
this was due to an actual change in beam energy or to 
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Tasie II, Theoretical values for the most probable energy loss 
using Caldwell’s ionization potentials. 


Target material Li Be 
Percent increase in Mo required on 


basis of Caldwell potentials 08% 0.3% 30% 0.3% 
Mo, most probable energy loss 

theoretical value in Mev (using 

Caldwell data) corrected for 3.82 3.22 


density effect, beam spread, 
and radiation 


a4) Bay 


a change in the calibration of the deflection system or 
spectrometer magnet was not determined. In any 
event, it was completely insignificant since each target 
run was bracketed by primary beam runs and only the 
difference between these sets of data was important. 
The points for two of the runs in Fig. 6 have been 
shifted in energy to compensate for this slight drift and 
to permit better comparison of the three sets of data. 

Figure 7 shows the experimental curve for carbon 
after background subtraction and the theoretical curve 
as corrected for primary beam energy spectrum and 
radiation. For each material these corrections were 
made by numerically folding the appropriate curves 
into the Landau straggling curve.’ The primary beam 
energy spectrum is shown in Fig. 1, The bremsstrahlung 
correction made use of the Bethe-Heitler® expression 
with a formula for the radiation lengths” which approxi- 
mately took into account the effect of the atomic 
electrons. 

Table I is a compilation of experimental and theo- 
retical data for the four targets using the ionization 
potentials of Bakker and Segré.*® Table II lists the 
theoretical values for the most probable energy loss on 
the basis of Caldwell’s potentials. In Table III, the 
discrepancies between theory and experiment are given 
in addition to the pertinent data from the work of 
Goldwasser, Mills, and Hanson" for comparison. 


VI. CONCLUSION 


The most probable energy loss for 150-Mev electrons 
in thin targets of Li, Be, C, and Al agrees within 
experimental error with the theory of Landau as cor- 


*H. Bethe and W. Heitler, Proc 
83 (1934) 

™ J. A. Wheeler and W. E. Lamb, Phys. Rev. 55, 858 (1939) 

* C.J. Bakker and E. Segrt, Phys. Rev. 81, 489 (1951). 


Roy. Soc. (London) A146, 
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Taste III. Discrepancy between theory and experiment. 


Target material Li Be e 
Mo Discrepancy : 
(= eon) x 100%, 
theory 
Using Bakker and Segré 
data 
Using Caldwell data 


1.9%, 
1.6% 


—0.3% 
-1.0% 


—1.6% 
-1.9% 


3.4%, 
0.4% 


I’ Discrepancy: 


(rt - theory) 100% 


5.57 
theory etek. 


6.4% 


2.2% 
5.0% 


11.2% 13.1% 


<1.0% 


Ao Discrepancy*” 
<1.0% 


I’ Discrepancy” 


* These data utilized the Fermi density correction. 
b See Goldwasser, Mills, and Hansen, reference 10. 


rected for the density effect according to Sternheimer. 
The recent recalculation of this density effect on the 
basis of new values for the mean excitation potentials 
noticeably improves agreement between theory and 
experiment for carbon, while the changes thus effected 
for Li, Be, and Al are not significant for the purposes 
of comparison with this experiment. 

The half-widths of the straggling distributions are 
consistently wider than the Landau theory predicts. 
This discrepancy is in qualitative agreement with a 
recent comment by Hines’ who pointed out that the 
experimental half-widths for electrons should be wider 
than the Landau theory indicates because no distinction 
is made between electrons and heavy particles as 
primaries and because of certain approximations made 
in the theoretical treatment. 

These data agree generally with similar measurements 
for Be and Al of the most probable energy loss by 
Goldwasser et al."° at 15 Mev, though the half-widths 
of the straggling distributions are somewhat wider than 
these authors found. 
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A new study has been made of the viscous component in liquid 
He II, using the experimental method of Andronikashvili. The 
hydrodynamic equations for disks oscillating in a viscous medium 
have been derived from first principles in a form amenable to 
experimental test of the necessary approximations. Associated 
studies with several ordinary liquids have yielded an empirical 
constant for the liquid dragged by the disk corner. The final semi 
empirical equations of motion appear to provide a significantly 
better approximation than those previously published. The new 
formulas have been applied to a combined study of density and 
viscosity of pure He‘ liquid from 1.2°K to the lambda point, 
2.1735°K. Refinements in experimental technique include larger 
oscillating systems, improved temperature regulation and meas 
urement, and precision chronometry. The theoretical roton 
temperature dependence of Landau and of Feynman provides a 


good description of the density between 1.2° and 2.0°K. The 


I. INTRODUCTION 


N terms of present theories of He II, a complete 

description of the hydrodynamics of the liquid 
requires the specification of the normal fluid density pp, 
the normal fluid viscosity n, the critical velocity »,, and 
supercritical resistance to the flow of the superfluid.' 
These properties are functions of the temperature and 
of He® isotope concentration; critical velocity phe- 
nomena appear to depend also upon the experimental 
liquid dimensions. This complex of flow properties may 
be studied by means of the torsion pendulum, which 
has been applied to the measurement of viscosity since 
Coulomb’s inception of the method in 1784. With some 
modifications, it is particularly applicable to the study 
of liquid helium and has been so applied by several 
investigators.2-? It is the technique adopted by the 
authors in the research reported here. 

In spite of considerable interest in the problem, it has 
not been possible to obtain an exact solution for the 
torsional oscillations of a right circular cylinder in a 
viscous fluid. Nevertheless, this geometry is an experi- 

* A preliminary report on this research was presented at the 
National Science Foundation Conference on Low Temperature 
Physics and Chemistry, December 28-30, 1955, at Louisiana 
State University 

1 For recent reviews of the liquid helium problem, see J. G. 
Daunt and R. S. Smith, Revs. Modern Phys. 26, 172 (1954), and 
Progress in Low Temperature Physics, edited by C. J. Gorter 
(Interscience Publishers, Inc., New York, 1955). 

2W. H. Keesom and G. E, MacWood, Physica 5, 737 (1938). 

3. L. Andronikashvili, J. Phys. (U.S.S.R.) 10, 201 (1946) 

4E. L. Andronikashvili, J. Exptl. Theoret. Phys. (U.S.S.R.) 18, 
424 (1948). 

5 E. L. Andronikashvili, J. Exptl. Theoret. Phys. (U.S.S.R.) 18, 
429 (1948) 

6 De Troyer, van Itterbeek, and van den Berg, Physica 17, 50 


(1951). 
7A. C. Hollis Hallett, Proc (London) A210, 404 


(1951) 
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empirical value of the roton excitation energy is found to be 
A/k=10.60°K. Detailed investigation in the region of the lambda 
point shows an accelerated rise in the normal fluid density above 
2.0°K; the temperature derivative of density tends toward 
infinity at 7,. Our data confirm the measurements made earlier 
by Andronikashvili over the entire temperature range. At tem 
peratures 1.5°K the torsion pendulum results lie sig 
nificantly lower than those derived from second sound and specific 
heat data. Viscosities of the fluid are in substantial 
agreement with the earlier results of Andronikashvili and with the 
viscometer values of Heikkila and Hallett down to 1,5°K. Dis 
crepancies between the oscillating disk and viscometer data below 
1.5°K have not been resolved. The temperature dependence of the 
viscosity near the lambda point indicates that 7) is a point of 


below 


normal 


strong singularity for both viscosity and normal fluid density 


mentally desirable one and has been employed in the 
present work. Since previous publications are in dis- 
agreement in the analysis of the problem, we have 
undertaken a new theoretical study of the hydro- 
dynamics. Associated experiments with several New- 
tonian fluids indicate that the new analysis provides an 
improved approximation. 

The formulas derived here have been applied to a 
systematic investigation of He II to obtain pa, n, %, 
and supercritical resistance as functions of the tem- 
perature, He*® concentration, and liquid dimensions. 
The present paper reports the study of p, and 9 in pure 
He‘ in the temperature range 1.2°K to the lambda 
point. 


II. THEORY OF OSCILLATING DISKS 
Statement of the Problem 


A right circular cylinder of radius a, height d, and 
moment of inertia / is suspended from a fiber of torsion 
constant L and oscillates slowly about its symmetry 
axis according to 


I (d6/dt)+-K6+-lLd=0, (1) 


where @ is the angular displacement of the disk from 
d6/dt. Terms'in @ and 
#, and higher orders are neglected. The implicit solution 
of the differential equation represents damped harmonic 


its equilibrium position, and 6 


motion, 


6=O9 expal; a 


(2n/r)(i—8), (2) 


where i=4/~—1, 7 is the period of oscillation, and 246 
is the logarithmic decrement of amplitude. The rela- 
tionship between the observables 6, 7, and thé complex 


damping coefficient K is obtained by substituting Eq. 
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(2) in Eq. (1): 


Re K = 2rlé{ (1?/7¢?)4+-1 |r“, 


3 
Im K = 2aI[ (72/7?) —1 Jr“, v) 


where we have substituted L=42°//7(, ro being the 
natural period of the pendulum in vacuum. Terms in 6 
are neglected. 

The medium considered is a fluid whose viscosity 7 
is well behaved and is not subject to slip, ie., for a 
relative velocity component », parallel to a solid 
boundary at «=0, 


ty =— n(dv,/dx) 2-0, 


where f, is the tangential force per unit area. In the 
present application, the medium is subjected to purely 
shearing stresses. Since a fluid is characterized by the 
complete absence of rigidity for slow motions, the shear 
distortions do not introduce fluctuations in the density, 
whether or not the fluid is considered to be ““compres- 
sible” in the usual sense. According to the equation of 
continuity of mass, the constancy of p implies that 
V-v=0. We assume laminar flow and zero pressure 
gradient along the streamlines. The velocity field is 
described by the simplified Navier-Stokes equation, 


(vy) 2m0=9, (4) 


p(dv/dt)—nV’v=0. (5) 


We assume that the fluid rotates about the symmetry 
axis of the disk with no radial or axial velocity com- 
ponents. Defining ¥(r,z,t) as the angular displacement 
field, we have v=rj, where Y= dy/dt. Equation (5) 
reduces to the scalar equation in cylindrical coordinates® ; 


ay 3d~ ay pd 
—+-—+ 


n at 


(6) 

or or Or Ov 
If we assume that y is of the form (r,2,t) = ¢(r,2)T (0), 
then Eq. (6) yields 


T(t) exp (al+ 7) =const exp (at) (7) 


and 


Ap 309 &y 
Pp? e=9, (8) 


or ror da 


where pf? = pa/n. 


Independent Radial and Axial Solutions 


In this approximation, motion of the fluid is treated 
as if induced by the plane faces and the cylindrical 
edge acting independently. If we assume, therefore, 
that g(r,z)=R(r)+Z(2), Eq. (8) is reduced to two 


*M. Brillouin, Legons sur la Viscosité des Liquides et des Gas 
(Gauthier-Villars, Paris, 1907), Vol. I, p. 88 his treatise contains 
an excellent critical review of early experimental and theoretical 
researches on viscous laminar flow 
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one-dimensional equations, 


CR 
Edge: —-+-- 
dr? rdr 


PZ 
~pZ=0. 


dz* 


3dR 


-—pR=0, (9a) 


(9b) 


Faces: 
The general solutions are 
Z=e=™", R=H,(ipr)/r, Hi (ipr)/r, 
p=[(1—6)§+i(1+6)4 V/A; A= (rn/xp)}, 


where H), 1 are Hankel functions of the first and 
second kind. is the “boundary layer” thickness or 
“penetration depth” of viscous shear waves, the distance 
in which the disturbance in the fluid falls off to 1/e 
(only approximately in the case of the radial solution) 
of its value at the solid boundary. 


(10) 


Case A. Infinite medium 
Applying the boundary conditions 
R=0 at r= 0, 
Z=Oatz=1t0, 


R= at r=a; 
Z=6) at z=+d/2; 


we obtain 


(11) 
(12) 


R=6oaH,™ (ipr)/rH,™ (ipa) ], 


Z1>0= Oe? 4 9): Ze<o= Oe? 4+), 


The torque exerted by the independent liquid motions 
against the two faces and the edge of the disk is, 
according to Eqs. (4), (7), and (12), 


OR 
f= (K6)iiquia = — dnatant)(- ‘) 


or 


6 OZ 
—4nt() f r( ) dr (13) 
0 Oz d/2 


OR 


) +-ma'npé. 


Ors a 


— 2ratanae( 


In order to obtain a convenient analytic form for the 
radial term, the Hankel function is expressed as the 
asymptotic expansion for large argument’; 


2\3 3 15 
H, (ipr) -( —)en| i+ re 
mpr 8pr 128p'*r* 
(14) 


Differentiating the radial solution Eq. (11), we obtain 


the radial displacement gradient at the edge of the disk, 


OR 3 3 
ie oe 4 
Ws « 2a 8 pa* 


®E. Jahnke and F. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1945), fourth edition, pp. 137-8. 


(15) 
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In almost all liquid helium work on torsion pendulums, 
p| >5/a, a~1. The neglect of all terms in the expan- 
sion beyond the first two will therefore introduce an 
error in (0R/dr), of the order of 8% or less. Further- 
more, the drag on the edges of the relatively thin disks 
actually studied is usually less than 25% of the total. 
We will accordingly neglect the contributions due to 
higher order terms in the expansion with a consequent 
With this simplification the 


A 


error no greater than 2%. 
liquid torque Eq. (13) becomes 


(K8)tiquia = ra'np| 1+—-+ (16) 


2d 3d). 
f 
a pa’ 


Substituting for p, we obtain the real and imaginary 
torques due to the liquid, which are equated to the 
corresponding components in Eq. (3) to yield 


216(7? rot 1) 


Re [ (np)? | (17a) 


Im [ (np)! | 
a‘{ar(1 +-6) ie +-2d/a) 


Case B. Bounded medium 


The disk is assumed to be centered in a cylindrical 
volume of fluid of radius b and height 4. When we apply 
the proper boundary conditions, the face and edge 
solutions for the liquid motion are 


pe 


P 
Z:>0 | (18a) 
€ 


~~ pa/2 


r 


—| HH ir 
Hall» 


HyH, | 
HyHon) 


where 


My,=H\ (ipr), He=H, (ipr), etc. 
We treat separately the two limiting cases of an “almost 
infinite” volume which has as its asymptotic solution 
Case A, and the strongly confined condition which 
approaches the case of steady rotation of the disk. 
Case B-1. “Almost infinite’ medium—The liquid 
torque, and hence the computed quantity (pn)~4, 
proportional to the velocity gradient. We may then 
derive a criterion for the error in (pn)! by comparing 
the gradients (0R/9O1)pounded, (02/92)boundea from Eq. 
(18) with the gradients (0R/dr),, (07/02). given by 
the the Hankel 


functions by the first terms of their asymptotic expan- 


is 


infinite medium. Approximating 
sions, we obtain similar expressions for the approximate 


percentage errors in the gradients at the faces and the 
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edge: 


hu tae): 
UN dr J bounded Or T « Or] « \rma 
6 2| p(b-—a)| 
| V7 AZ 
Wie 
| | Oz bounded OZ 


Thus it is necessary to provide a ratio (b 
order to reduce the effect of the container walls to less 
than 1%. 

Case B-2, Almost steady rotation. When the pene 
tration depth becomes comparable to or larger than the 
distance between the disk and the stationary container, 
the velocity distribution in the liquid approaches that 
of a steady state condition; the inertial terms due to 


(19a) 


(19b) 


a)/A>4 in 


acceleration of the liquid become much smaller than 
those due to viscosity. The damping tends to become 
almost solely dependent on the viscosity, rather than on 
the product of viscosity and density. Evaluating the 
torques on the faces and the edge from Eq. (18), we 


216 d 1 
n ( )(coth | coth) , 
a’rr a 


€ ; (b—a)/X, 


obtain 


where 
(20) 


where (b—a)<a. For small ¢, o, 


the case of steady rotation, as demonstrated by ex 


Eq. (20) approaches 


panding cothe and cotho; 


Corner Correction 


We have been treating the motion of the fluid as if 
it were stirred by the independent action of two faces 
and the edge of the disk. This simplification permitted 
a reduction of the Navier-Stokes 
equation which has a singularity at the intersection of 


two-dimensional 


the face and edge surfaces, to two one-dimensional 
equations, which are regular everywhere. This method 
of approximation is equivalent to determining the liquid 
velocity distribution in the z direction produced by the 
torsional oscillations of a disk of infinite radius and 
then the drag of the liquid upon a central circular 
(radius a) section of the infinite disk. The radial solution 
was correspondingly equivalent to taking a short length 
d of an infinitely long cylinder of radius a. The pieces 
of the infinite surfaces were then added together to 
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represent a finite disk. We shall presently show that this 
approximation suffers from at least one important 
defect and then describe a semiempirical method for 
removing it. 

By approximating (1+46)'=1, Eq. (17b) can be 
interpreted as stating that the moment of inertia of 
the disk is increased by an amount equivalent to a 
fluid layer \/2 thick that clings to the disk surface; 


1(12/1'—1) = p(d/2)ma'(14+2d/a*)=I. (22) 


Rearranging terms in Eq. (17a) and approximating 
(1—8)'=1, 3\d/a?=0, 7°/70’4+-1= 2, we obtain 


pAra‘(1 { 2d/ a) I) 
Y 
1/ 2 


(23) 


clinging layer” 
we have 


where J, is the moment of inertia of the 
determined above. Referring now to Fig. 1, 
attempted to pictorialize the “clinging layer’ in the 
neighborhood of the disk corner. The diagram shows a 
fluid region that was completely neglected in the 
infinite surface section approximation. According to 
this simple picture, the “neglected corner” extends 
radially ~\/2 beyond the disk radius and also axially 
~)/2 above the plane surface of the disk. The corner 
then has a cross-sectional area proportional to \’; we 
let its cross section be equal to vA’, where vy is the 
“corner parameter.” The upper and lower liquid corners 
therefore have a inertia J, 
Assuming that the corners exert an influence upon the 
disk in a manner similar to that of the fluid adjacent 
to the plane and circular surfaces, the total moment of 
inertia added by the fluid becomes 


1(7?7/7r¢? 1) Nh I. 


moment of 4rra® py’ 


(24) 
and the total decrement 

6= (Kh+1,)/21. (25) 
Finally, retracing the steps by which we arrived at 
these simple representations and restoring the cor- 
rection terms, we obtain the “corrected’”’ equations 


corresponding to Eqs. (17a, b); 
216(77/ro? +1) 


Re [(np)*] 


a‘{wr(1—8) }(1-+2d/a+3dd/a?+8yr/a) 
(26a) 


21(7?/7¢?—1) 


— .  (26b) 
a‘{wr(1+8) }\(1+2d/a+8rr/a) 


Im [(np)*]= 
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The calculation just carried out is not rigorous, for 
the effect of the corner must perturb the velocity 
profile some finite distance into the previously calcu- 
lated plane and cylindrical surface regions. The calcu- 
lation does, however, offer a tractable functional de- 
pendence for the effect of the corner, which is expressed 
in terms of the parameter v. Furthermore, it is possible 
to obtain an experimental determination of the effect. 
Oscillating-disk studies in a medium whose viscosity 
and density are known (the viscosity having been 
measured by different, and presumably less theoretically 
difficult methods) will yield data that may be solved 
for v directly. Dilute gases are well suited for such a 
calibration, for their viscosities are quite independent 
of density over a wide range, and the penetration depth 
can be varied by changing the pressure. The parameter 
may also be determined by comparing the results 
obtained from two different torsion pendulum studies 
of the same fluid. Either the disk radii or the oscillation 
periods should be significantly different in order to 
compare the fluid from systems 
having different ratios \/a. 

Constancy of the parameter v over a wide range of 
\ should indicate that one has a satisfactory functional 
dependence for the effect of the neglected corner. 


viscosities derived 


Influence of the Suspension 


We now extend the problem of an idealized pendulum 
to take account of the dissipative terms beyond those 
due to the disk alone. 

In common practice the disk is attached to a stiff 
rod which hangs from a torsion fiber; the disk and the 
lower portion of the rod are immersed in the liquid, 
while the upper portion of the rod is surrounded by 
vapor at the equilibrium vapor pressure of the liquid. 
The upper portion of the rod carries a plane mirror for 
the purpose of determining the periods and deflection 
angles. ‘The torsion fiber has some measurable internal 
friction. The total “nuisance damping” decrement 69 
results from all these dissipative terms, but experi- 
mental determinations of 59 are usually carried out with 
the pendulum in high vacuum, a procedure which can 
only measure the effect of the fiber friction. Unless it 
is possible to establish that the rod and mirror terms 
are negligible, this practice may cause appreciable 
errors in the liquid helium data at low temperatures, 
where the 6 due to the liquid around the disk is small. 

The torque due to the liquid around the lower portion 
of the rod is given by the previously calculated drag on 
the cylindrical edge of the disk, if the rod radius a’ and 
immersion depth d’ are substituted for a and d. Defining 
60’ as the nuisance decrement due to all torques other 
than those of the liquid, we obtain, after Eq. (26a), 


269 T/ To | 


116 (7*/70?+1) 
Re [(pn)!]=— (27) 
a‘{ wr (1—8) }8(14+-2d/a+-2d’a"*/a* 
x (3Ad/a?) +3Ad'a’?/at+8vd/a) 
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Comparison between the results of two different disks 
attached alternately to the same suspension and oscil- 
lating in the same fluid can yield an experimental 
measurement of 59’. The disks should be designed to 
have significantly different decrements in the fluid; if 
the viscosity and density of the liquid are known, the 
right-hand sides of Eq. (27) (with the appropriate 
values pertinent to the two disks and the suspension) 
can be equated, and 69’ solved directly. 


Finned Rotor 


Although a single disk experiment will not in itself 
yield the values of p and » individually, the single disk 
may be replaced by a rotor’whose interaction with the 
liquid has a markedly different dependence on the 
penetration depth. Simultaneous solutions of the equa- 
tions proper to the two oscillating systems may then 
yield p and n separately. An analytically simple second- 
ary rotor satisfying the requirements is a coaxial array 
of closely-spaced plane disks which are made to oscillate 
as a unit. 

We consider \+1 plane circular disks, each of 
radius a; and thickness d, separated normal to their 

2/ 
Re [ (pn)? | 
(rr)! 
2/ 
Im [ (pn)? | 
(rr)! 
where 
P sinh(2s/A) —sin(2s/d) 
1 


cosh(2s/X)—cos(2s r) 


Equations (29) become incorrect when 4 <~s, due to 
an overestimate of the corner correction, since: the cal- 
culated liquid corners of adjacent plates begin to 
overlap. It is apparent that the real rotor cannot drag 


5(7?/7e?+1) 
(rr)! Nia; _ ay") Fy +-a;' t 2Ha;' + SvAa," 


Re [ (pn)! ] 


21 

Im [ (pn)! | 
(wr)! N(a;5 
where H=2Ns+(N+1)d is the total height of the 
assembly. As the penetration depth increases further, 
F,-0 and F,->2s/\. In this limit, the damping Eq. 
(30a) is equivalent to that of a single disk of thickness 
H, while the imaginary Eq. (30b) states that the 
moment of the rotor is increased by the total moment 
of the liquid contained between the plates plus the 
layer clinging to the outside surface, for Eq. (30b) can 
be rewritten in the form, 


1 (r*/1e@—1) = 4ap[_2sN (a;'— a2‘) 


+d(a;t+2Ha;*+8vda;') |. (31) 


5(7 


1 
— a2) F 2 +-a;'+2Ha;'+-8vra\' 
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planes by washers of radius a, and thickness 2s. The 
total moment of the assembly is 7. The solution of the 
hydrodynamic equation for the exposed top and bottom 
faces and the V+1 edges is given by the single disk 
formulas. The motion of the liquid laminae between 
the plates is obtained by applying the new boundary 
conditions to the general axial solution, Eq. (12). For 
an origin midway between two plates, we have 


Z=coshpz/coshps. 


Calculating the corresponding torque in the conven- 
tional way, the N liquid laminae contribute a torque, 


Vrnb 
(K6)taminae (a4 -ay4)[ (1 5)! fi(1+ 5)! } 
A 


sinh[_2s(1—6)*/A +2 sin{2s(1+-6)*/A ] 
x ; » (28) 
cosh[2s(1—6)*/A ]+cos[ 2s(1+6)!/A } 


Adding the torque due to the laminae to that due to 
the exposed surfaces, and approximating (1+4-6)'=1, 
we obtain the real and imaginary equations 


*/tP +1) —250r/r0 
N (ay*—a2') Fy +ay+2(N +1)day+8(N +1)da2+3(N-4 ——t 
1/7 e—1 

N (a\'—as4) Fy +2(N +1)dap+8v(N-+1)day? 7 


sinh(2s/A)-+sin(2s/X) 


cosh(2s/d)+cos(2s/d) 


more liquid than if the entire assembly of plates were 
enclosed in a thin smooth sheath. We then impose such 
a condition as an upper limit on the radial boundary 
layer effect, obtaining for the case of \> ~s, 


2507 / To 


(30a) 
t 3}1ra;’ 


(30b) 


Experimental Determination of Corner Correction 


We have measured the corner parameter »v over a 
wide range of experimental conditions, according to a 
procedure outlined in a preceding section. Solving the 
single disk Eq. (27) for v, we obtain 


2d 3hd | 
(: t / ) 
} aso 


Observations of the period and decrement of oscillations 


a a‘{ npr (1—6) |! 


812106 (7?/ 70? +1) — 2bor/ 70 
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TaBLe L, Experimental corner parameters 


» micro 


Fluid poise p a/cm* h/a v 


T6 Sec 


6.775 79 0.33 
0.33 
0.30 


0.32 


0.674 
0.458 
0.337 
0.234 


0.005 K 10~* 
1.31 
2.41 
4.96 


He gas, 75°K 


0.652 
0.255 


0.31 
0.29 


1824 9.2110 


9.28 


42.07 
6.775 


Air, 22°C 


0.202 
0.124 
0.0896 
0.0716 


0.28 
0.43 
0.34 
0.37 


6.775 524 5.51K10~ 
11.78 
22.4 
35.3 


N; vapor, 75° K 


0.0394 
0.0320 
0.0234 


0.31 
0.37 
0.46 


+0.04 


0.9973 
0.9972 
0.9975 


9185 
9081 
9336 


14.669 
9.900 
5.095 


Water, room temp 


Average, )=0).34 


of a disk in a medium of known viscosity and density 
directly yield the value of the parameter. 

The first series of measurements were carried out 
with the thin Dural disk described in Sec. IIT of this 
paper. The first medium studied was dry air, whose 
viscosity has been determined by Bearden” by means 
of a rotating cylinder viscometer, Our studies in air 
were carried out at two oscillation periods, obtained by 
suspending the pendulum alternately from 25-cm 
lengths of 0.0076-cm diameter platinum wire, and 
0).0025-cm diameter tantalum wire. These fibers gave 
vacuum periods of 6.775 and 42.07 seconds, respectively, 
and in air yielded penetration depths of one-quarter to 
more than one-half of the disk radius. Although the 
values y=0.29, 0.31 for the two periods agree closely, 
these \/a ratios were too large to form the basis for a 
conclusion about the value of vy for much smaller \/a. 
Furthermore, it was desirable to measure v in media 
having different viscosities and densities. Accordingly, 
we determined the corner effect with the Dural disk in 
N, and He vapors at 75°K. The viscosity of He gas 
was obtained by extrapolating the measurements of 


Johnston and Grilly,"' whose studies of a thin disk oscil- 


lating between closely-spaced stators extended down to 
80°K. The density was calculated as that of an ideal 
gas and was varied by changing the pressure. The value 
of the corner parameter given by the He at four 
pressures was v=0.32+-0,01, for a A/a range of 0.23 

0.67. Measurements in N» vapor were based upon the 
viscosity extrapolated from the data of Johnston and 
McCloskey,” whose studies ranged from 90-300°K. 
The density was calculated using the second virial 


J. A. Bearden, Phys. Rev. 56, 1023 (1939) 

“H. L. Johnston and E. R. Grilly, J. Phys. Chem. 46, 948 
(1942) 

2H. L. Johnston and K. EF, 
1038 (1940). 


McCloskey, J. Phys. Chem. 44, 
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coefhicient.” Measurements at four pressures yielded 
v=0.35+0.05, for a \/a range of 0.07—0.20. 

The second series of measurements were made with 
a large disk in water. The disk was turned from a 
single block of stainless steel (p=7.8948 g/cm*) to a 
radius of 5.2984 cm and a thickness of 1.2085 cm. It was 
soldered to a 30-cm length of 0.238-cm diameter steel 
rod and suspended by various lengths of 0.041-cm 
diameter steel music wire. The moment of inertia of 
the pendulum was computed to be 1.1812 10* g cm’. 
Although it was not possible to measure the nuisance 
decrement, the observations in air gave a decrement of 
2.4X10~, approximately 2% of the decrement in water. 
The nuisance decrement could therefore be ignored. 
Similarly, the vacuum period was taken as the period 
of the disk in air. The disk was immersed in degassed 
distilled water contained in a cylindrical glass reservoir 
of 29-cm internal diameter. The temperature of the 
water was measured to 0.1°C with a mercury ther- 
mometer. Viscosity values of the water were taken from 
a study of Poiseuille flow by Bingham and Jackson." 
Measurements, at three oscillation periods yielded an 
average v=0.38+-0.06 over a d/a range of 0.023-0.032. 

There is no significant trend of » with any of the 
parameters \/a, p, or n. Although the viscosity of water 
is probably known to the highest accuracy of the four 
fluids studied, the water measurements show the 
greatest mean deviation, demonstrating the loss in 
experimental sensitivity when the correction term 8vA/a 
is small. The determination in air, on the other hand, 
suffers to some extent due to the large magnitude of the 
correction, since the moment of inertia of the “‘neglected 
corner”’ was originally assumed to be that of a thin ring. 
Finally, the viscosities of the He and Np» are extra- 
polations of measured values. We have taken the arith- 
metical average of the set as the best value of v. The 
same average v=0.34+0.04 is obtained with equal 
weight on each of the 13 separate determinations or 
with equal weight to the average of each of the 4 fluids. 
Data for the individual determinations are given in 
Table I. 

Review of Theory 


Modern studies of “nearly infinite” viscous media by 
means of the torsion pendulum have been based upon 
Meyer’s'® analytic solutions of the right circular 
cylinder. Since these solutions lead to a correction term 
that is different from the “corner effect,’ we shall 
discuss Meyer’s theory. Starting with the Navier- 
Stokes equation and the same assumptions of the liquid 
flow pattern as adopted here, Meyer obtained a radial 
distribution equation in agreement with Eq. (9a). His 

4A. S. Friedman, dissertation, Ohio State University, 1950 
(unpublished). 

4 E. C. Bingham and R. F. Jackson, J. Research Natl. Bur 
Standards 14, 59 (1918). 

16 Q. E. Meyer, Ann. Physik 32, 642 (1887) 
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equation for the axial distribution, however, is given as 


’Z 47dR 
¥ ( ) PZ=0, 
dz’ a dr ra 


which differs from Eq. (9b) by the inclusion of the 
second term. It originates from Meyer’s consideration 
of the motion of the fluid within the region r<a as if 
composed of disk-like laminae of infinitesimal thickness, 
and the evaluation of torques on the laminae.'® The 
drag on each fluid plate was given as the sum of torques 
on the upper and bottom faces, and on the cylindrical 
edges, as if the fluid disk were solid. The contribution 
due to the faces appears to be valid for the case of 
infinitesimal thickness, but the assumption of a torque 
due to the disk edge does not appear to be justified. The 
lamina cannot support a shearing stress without rapid 
attenuation in a distance of the order of the penetration 
depth, which is presumed to be smaller than the disk 
radius. (Although it is obvious that the fluid laminae 
must suffer angular shearing distortion in the region 
r<a, this has been neglected in the present approxi- 
mation. The apparent constancy of the empirical corner 
parameter seems to justify the present approach.) The 
addition of the hypothetical “edge torque” of Meyer 
results in the second term of the above differential 
equation. Calculation of the resulting equations of 
motion of a single oscillating disk leads to formulas 
similar to those given in this paper, such as Eq. (27), 
with the exception of the term 2\/a, which replaces the 
corner correction 8v\/a. Although the functional de- 
pendence is the same for both, our experimental value 
of the parameter yields a coefficient 8y~2.7, about 35% 
higher than that given by Meyer. 

Meyer’s differential equations have apparently 
formed the basis of analysis of the oscillating disk inves- 
tigations of liquid helium that were performed by 
Keesom and MacWood,? Andronikashvili,>~* de Troyer, 
van Itterbeek and van den Berg,® and Hallett.’ The 
first authors used equations derived by MacWood; 
mistakes in intermediate steps resulted in formulas 
quite different from those derived in the present paper. 
Hallett has presented a brief discussion of these errors. 
The latter three groups of investigators have used 
essentially the same disk formulas, derived independ- 
ently. Of these papers, only Hallett has published a 
derivation. The final equations contain the “Meyer 
term” 2\/a, and do not include the term 3Ad/a’, which 
arises from the derivative of the radial velocity distri- 
bution. It is apparent that both terms tend to become 
unimportant when A/a is sufficiently small. They are not 
insignificant in the liquid helium work; furthermore, 
there is a measurable effect caused by replacing Meyer’s 
coefficient with our empirical correction. For example, 

%R, D. Glauz (private communication). The authors are 


indebted to Dr. Glauz for drawing our attention to the source 
of Meyer’s error. 
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typical values encountered in the single disk studies are 
ratios \/a~0.015 at the lambda point (r= 10 
2); at lower tem- 


sec, 
p=0.145 g/cm’, n= 28 micropoise, a 
peratures the decreased normal fluid density causes \/a 
to increase by a factor of about three at 1.2°K. At the 
lambda point, the product py calculated on the basis 
of the Meyer correction is approximately 2% higher 
than if one uses the empirical coefficient. The dis 
crepancy rises to 6% at the lower temperature, Under 
certain circumstances, the error can be considerably 
larger. Hallett obtained his “disk constant” 4/*/7a‘ 
by a calibration procedure in air at room temperature 
He used the Meyer correction and neglected the radial 
term 3Ad/a*. The calibration value of the disk constant 
thus obtained is 28% lower than that calculated directly 
from the density, thickness, and radius of the disk. 
(27) 


and the empirical corner parameter, reduces the dis 


A recalculation of the air calibration, using Eq 


agreement to about 6%. 

Certain motions that deviate from the idealized flow 
In addition to the 
already mentioned angular shear in the région r<a, we 


pattern have not been considered 


have neglected velocity terms of higher order than the 
first, of which centrifugal flow is a result, and effects 
due to the failure of the disk to execute purely torsional 
Higher order velocity 
terms become more important as the velocity of the 


oscillations in its own plane 


disk is increased, and cause the oscillations to decay 
with an exponent that is a function of the amplitude. 
Hence, the applicability of the equations may be tested 
by observing the oscillations over an amplitude range 
sufficiently large to detect a significant variation in the 
decrement. Nonideal motion of the disk system, caused 
by an angular or translational displacement of the 
rotation axis, dissipates energy by compression waves 
transmitted to the liquid. These unwanted motions may 
be detected by visual observation 


Ill. EXPERIMENTAL DETAILS 
Cryostat and Thermometry 


The experiments on pure He‘ were carried out in a 
large cryostat which is shown schematically in Fig. 2. 
The He Dewar B has an internal diameter of 93 mm 
and a vacuum-jacketed internal length of 800 mm. 
During the greater part of this investigation, the liquid 
nitrogen Dewar was supported on a thrust bearing, so 
that it could be rotated until the unsilvered vertical 
stripe of the inner Dewar was well shielded from room 
temperature radiation. The torsion head assembly 
consists of a 44-in. long section of 3-in 0.d.<}-in. wall 
cylindrical Lucite tubing W, a section of brass tubing 
of the same diameter, and a vacuum-tight 4-in. diam 
eter shaft “O-ring” seal S. The He Dewar and the 
torsion head are assembled at the joints J with bolted 
“Q-ring” seals, which permit rapid removal and instal 


lation of different oscillating systems. The pendulum 
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Fic. 2. Schematic of the 
{experimental apparatus. 











consists of an inertial body J, which is suspended from 
a stiff rod R and a torsion fiber F. The radiation shield 
consists of three sections C;, C2, Cs of thin-walled 
stainless steel tubing of 62-mm diameter. It is provided 
with radiation baffles in the annular space adjacent to 
the Dewar wall and an internal removable shield which 
has a central 16-mm hole to permit passage of R. The 
apparatus was carefully shielded from mechanical 
vibrations. 

Vapor pressure of the liquid helium is measured by 
mercury and butyl sebacate manometers connected to 
the cryostat at P?, and P,. In order to obtain high sen- 
sitivity and accuracy in the pressure measurements, we 
conducted a density determination of degassed butyl] 
sebacate at several temperatures between 22°C and 
26°C; the sample used in the manometers has a density 
of 0.93190 14-0,000835(25—t) | g/cm*, where ¢ is the 
centigrade temperature. Oil manometer measurements 
are converted to mercury level differences, using a factor 
composed of the density of mercury at 20 'C, the density 
of the butyl sebacate, and the graviiational accelera 
tions at Los Alamos and at sea level. ‘Temperatures of 
the liquid helium are given according to the “1955 E” 
vapor pressure scale.'’ In later sections of this paper 


17 Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955); 
see their “Note added in proof.” 
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we discuss some helium measurements carried out by 
other investigators; their published temperatures have 
been converted to the “1955 E” scale. Temperatures 
of the liquid helium are stabilized by an electronic 
regulator" to within 0.2-mm oil, the accuracy to which 
the manometers are read. This corresponds to tem- 
perature uncertainties of about 2X10~* °K near the 
lambda point, and 2 10~* °K at 1.2°K. 


Measurement of Period and Amplitude 
Optical Lever 


Angular position of the pendulum is determined by a 
light beam reflected from the mirror M on to an 
engraved cellulose acetate scale held in a circular arc 
of approximately 26-cm radius with its center at M. 
The light source is a battery powered General Electric 
Company 835 lamp, which has a straight single filament 
of approximately 0.05-mm diameter wire. The reflected 
image of the filament is focused through a small aperture 
lens upon the curved scale. Magnification of the lamp 
system is approximately 7; the width of the projected 
filament image is about 0.5 mm. 

The system is set into torsional oscillations by im- 
parting a temporary angular deflection to the shaft. 
The pendulum’s angular position at rest is maintained 
by a lever clamped to the upper part of the torsion 
head shaft, and a mechanical stop. The rest position of 
the pendulum reproducibly coincides with the zero 
mark on the scale to within the angular width of the 
filament image. Alignment of the pendulum components 
is in all cases adequate to preclude any evidence of 
eccentric oscillations or of a gravitational pendulum. 
Since the mirror was concentric with the window, there 
were no corrections for refraction of the light beam. 


Chronometry 


Determination of the oscillation periods is performed 
with the aid of a photosensitive detector placed at the 
rest position of the light beam on the scale, and an 
electronic chronograph. The photosensitive detector is 
a Western Electric Company Model 1740 p-m junction 
germanium photodiode having a sensitive aperture 
measuring 0.5 mm wide by 1.0 mm high and a sensitivity 
of 10 microamperes/millilumen. The narrow light beam 
sweeping across the face of the diode produces a 
transient increase in conductivity. This conduction 
pulse is converted by a stable dc bridge and amplifier 
into a strong voltage pulse which is fed to a chrono- 
graph. The timing circuit of the chronograph is con- 
trolled by a 100-kc crystal oscillator. Four scaler strips 
and a digital register display elapsed time with a pre- 
cision of 0.1 millisecond. The scaler strips are started 
by a bi-stable multivibrator, or flip-flop circuit, actuated 
by a 7-volt pulse from the detector amplifier, and are 
stopped by a pulse supplied to the other side of the 


1s H, S. Sommers, Jr., Rev. Sci. Instr. 25, 793 (1954). 
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flip-flop circuit. In typical operation, periods are timed 
by closing the switch leading to the “‘start” side of the 
flip-flop circuit shortly before a transit of the light beam 
across the detector. When the beam crosses the 
detector, the resulting pulse starts the chronograph; as 
long as the switch is in the “start” position, the timing 
circuits continue to run. The number of transits of the 
beam across the photodiode is indicated by a separate 
digital register. After the pendulum has performed a 
suitable number of cycles, the switch is thrown to the 
“stop” position and the next transit of the beam 
provides a pulse to the side of the flip-flop circuit that 
halts the choronograph. Final display of the timing 
measurement therefore includes the total elapsed time, 
to 0.1 millisecond, for the recorded number of half- 
cycles. Measurements are made only for an even 
number of half-cycles. 

Frequency of the crystal controlling the chronograph 
and its drift during warmup are determined by com- 
parison with a standard crystal oscillator which has 
been calibrated to within 3 parts in 10° with signals 
from the National Bureau of Standards broadcasting 
station WWV. The warmup drift is approximately 10 
cps during the first three hours after which the frequency 
does not vary by more than 0.5 eps. During density 
measurements, the chronograph is continuously com- 
pared with the standard oscillator by means of a 
Hewlett-Packard Frequency Counter, and periods of 
the pendulum are corrected for deviations of the 
chronograph from a reference frequency of 100 035 eps. 


Timing Corrections and Fiber Characteristics 


The finite width of the light beam causes a systematic 
error in the triggering of the chronograph. Taking the 
peak of the voltage pulse as the true zero of the pen- 
dulum, the chronograph is turned on and off too early, 
by an interval corresponding to the transit time of the 
half width of the electrical pulse. Although the “pretrig- 
gering” error at the start of a timing run tends to cancel 
the error at the end, the lower amplitude of oscillation, 
and hence, beam transit velocity, at the end of the run 
causes the “stop” pulse error to be larger. The error is 
reduced considerably by a de bias applied to the output 
of the amplifier, so that the chronograph is turned on 
and off only near the peak of the pulse. A fast oscil 
lograph inspection of the amplifier output showed that 
biasing reduces the effective electrical pulse width to 
about 0.1 mm. The pretriggering effect causes errors in 
the same direction as those due to the failure of the 
fiber to obey Hooke’s law. In order to determine the 
combined effects of pretriggering and deviations from 
Hooke’s law, we studied the variation of period with 
amplitude for tantalum fibers. The coefficient of am- 
plitude dependence was found to be (1/7) (dr/d) =1.85 
X10 rad“ up to an amplitude of 0.3 radian, which 
was the upper limit of amplitudes employed in the 
He II studies. The finite damping of oscillations causes 
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Fic. 3. Variation of rotor period due to temperature ee 
of the torsion constant of the tantalum suspension fiber 


an increase in period over the undamped value by an 
amount Ar/r-~é’/2. Maximum damping of the pen 
dulum occurs in the neighborhood of the lambda point, 
where 6~10~*. The combined effects of finite pulse 
width, anharmonicity of the fiber, and damping of 
oscillations upon the period cause errors which do not 
exceed 3 milliseconds in the present studies. The data 
are not corrected for these effects 

In the case of the finned rotors suspended from 
tantalum fibers, variations in room temperature caused 
noticeable changes in the measured periods. An inves- 
tigation of this dependence yielded a linear coefficient 
(1/r)(dr/dt)=4.6K10~° (°F)? between 65 and 75°F 
as shown in Fig. 3. Since the rotor was shielded from 


temperature fluctuations by a good vacuum in the 
inner Dewar during this investigation, the coefficient 
was ascribed to the temperature dependence of the 
torsion constant of the tantalum fiber. Published meas- 
urements of the temperature coefficient of the elastic 
modulus of tantalum!’ quote a value within 20% of that 
derived from our study. All rotor periods were therefore 
corrected, by means of the above coefficient and a ther- 
mometer in contact with the torsion head, to a constant 
fiber temperature. 


Oscillating Disk Systems 
A. Thin Single Disk 


A thin circular disk (1) of Duralumin, shown sche- 
matically in Fig. 4A, was studied in order to obtain the 
principal data for a calculation of the product py in 
pure He‘, according to Eq. (27). The disk was turned 
from a rod of Duralumin, whose density was determined 
by measurements of the dimensions and mass of a large 
sample length cut from the same rod, The measured 


VW. Koster, Z. Metallkunde 39, 1 (1948). 
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Fic. 4. Design of 
the oscillating disk 
systems 


characteristics of the disk are: density, 2.796 g/cm!; 
disk radius a, 2.500, cm; disk thickness d, 0.05004 cm; 
stem radius a’, 0.0824 cm; and stem length d’, 2.54 cm. 
The computed moment of inertia of Disk (L) is 8.821 
g cm? at room temperature. 

The disk was cemented to the lower end of a solid 
fused quartz rod of 0.9-mm diameter and 108-cm 
length. The torsion fiber was a 25-cm length of 0.0076- 
cm diameter hard-drawn platinum wire, clamped at its 
upper end to the shaft S, and cemented at its lower end 
to the quartz rod. The mirror was a front-surface- 
aluminized piece of 0.03-mm thick microscope cover 
glass, measuring 12 mm high and 4 mm wide. Rod and 
mirror had a computed moment of inertia of 0.0302 g 
cm?, The disk was suspended on the axis of the Dewar 


and approximately 10 cm above the bottom of the 
Dewar. The liquid region extended away from the disk 
at least 2 cm in each direction. 

During experiments with Disk (), the tubing shield 
consisted of Sec. C, only. 


B. Finned Rotors 


In order to obtain the principal data for calculation 
of density according to Eq. (30b), a finned rotor (L1), 
shown schematically in Fig. 4B was constructed in a 
design similar to that used previously.**:? One hundred 
circular disks of Dural of nominally 0.001-in. thickness 
and 2-in. diameter were interleaved with 99 aluminum 
washers 0.008-in. thick and 1-in. in diameter on a 
Dural mandrel passing through a center hole in each 
disk, and clamped in a rigid stack by a sliding collar 
and Dural pin through the collar and mandrel. The 
Dural disks and the aluminum washers were turned, 
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drilled, and bored while compressed in stacks of 50-150 
sheets. Average densities and thicknesses were deter- 
mined by weighing and measuring the completed stacks. 
This procedure insured the cancellation of errors due to 
fluctuations of density and thickness for a calculation 
of moments of inertia. Dimensions of the Dural disks 
are outer radius, 2.5381 cm; inner radius, 0.3175 cm; 
thickness, 0.002777 cm; and moment (100 disks), 
49.480 g cm*. Dimensions of the aluminum washers are 
outer radius, 1.271 cm; inner radius, 0.3188 cm; thick- 
ness, 0.1971 cm; and moment (99 washers), 21.519 g 
cm*, Measured mass of the assembled rotor is 46.752 g. 
Average separation between disks was determined by 
measuring the total height of the disks and washers 
after final assembly, to be 0.02001 cm. The moments of 
the collar and mandrel are 0.7150 g cm* and 0.8895 g 
cm’, respectively. 

The suspension rod was a 108-cm length of Monel 
tube of 0.16 cm o.d. and 0.0076-cm wall thickness, at 
the lower end of which was soldered a 0-80 screw which 
fitted a tapped hole in the mandrel. The calculated 
moment of the rod, fiber clamp, and mirror was 0.2251 
g cm*, The suspension fiber was 0.005-cm tantalum, 26 
cm long. 

Since the accumulation of small errors in measure- 
ment of the dimensions of the components could lead 
to an appreciable error in the calculated moment of the 
rotor, we determined the moment by a comparison 
method. A thick single disk of very nearly the same 
moment and mass of Rotor (L1) was turned from a 
single block of Dural of measured density. Its period of 
oscillation in vacuum at room temperature when 
attached to the same rod and fiber was compared with 
the period of the rotor. The moment of Rotor (11) was 
thus determined to be 72.336 g cm’, which disagrees by 
0.37% with the value obtained by summing the con- 
tributions of the rotor components. Since the moment 
of the “standard” thick disk was calculated from only 
four dimensions and one mass and since the measured 
periods of the standard disk and of the rotor had mean 
deviations of less than 2 parts in 10‘, the comparison 
value of the rotor moment is more reliable. We therefore 
take as the moment of Rotor (11) and suspension at 
room temperature, the value 72.561 g cm’. 

Initial studies with Rotor (21) were carried out with 
radiation shield Co, as used in the Disk (L) work. This 
particular assembly of Rotor (11), suspension fiber, 
and radiation shield is designated as Rotor (L1A), and 
experimental results obtained with Rotor (Z1A) are 
labeled accordingly. 

Experiments carried out with Rotor (Z1A) in the 
low vapor pressure range of liquid helium indicated 
that motion of vapor toward the pumping line exerted 
a significant effect on the pendulum periods and the 
rest position. This effect was verified by introducing a 
source of gas into the cryostat at room temperature in 
order to simulate the efflux of vapor to the pump. A 





OSCILLATING DISKS 
simple analysis and the simulated effect showed that 
the interaction between the moving vapor and the 
suspension is greatest at low pressure, for constant 
mass flow rate of gas. At pressures above that corre- 
sponding to 1.5°K, the effect was too small to be sig- 
nificant. Accordingly, the experiments with Rotor 
(L1A) were repeated with the Rotor (11) and the 
shield C, C2, C3, which insured that the suspension was 
surrounded with a gas column. In addition, 
modifications in the suspension clamp and mirror, and 
use of a new tantalum fiber require us to designate this 
second pendulum assembly as Rotor (11B). The total 
moment of inertia in this case was 72.353 g cm?, 

The design of Rotor (11), involving thin disks and 
narrow gaps between the disks, was necessitated by the 


static 


requirements of negligible slippage of viscous fluid and 
relatively low moment of inertia. The separation 
between plates was sufficient to cause 99.9% of the 
fluid to be dragged at the lambda point, as discussed 
later. The thin vanes of the rotor were, however, slightly 
warped ; when viewed on edge, some of the disks touched 
adjacent ones at the periphery. The oscillations of 
Rotor (11) were therefore not purely shear vibrations, 
and could set a small portion of superfluid into motion. 
The effect of the imperfect motion was to cause a 
fictitious increase in deduced values of viscous fluid 
density, the increase being proportional to the density 
of superfluid. A Rotor (2) was constructed specifically 
for studies in the region of low normal fluid density. 
Its design was based upon the known increase of 
kinematic viscosity of He LI at low temperatures, per- 
mitting the use of larger plate separations. Thickness 
and separation between disks were roughly five times 
those of Rotor (11); the number of plates was re- 
duced to 21. In order to minimize warpage, the disks 
were turned from flat, stress-relieved Dural. The as 
sembled stack was installed in a closely fitted thin- 
walled cylindrical sheath, which eliminated the necessity 
for estimating the smoothness of the cylindrical bound 
ary layer. Other construction details were similar to the 


original rotor. Specifications of the major components 
are: disks of 2.5400-cm radius, 0.0135 cm thick ; washers 


of 1.270-cm radius 0.08009 cm thick ; cylindrical sleeve 
of 1.915-cm height, 2.540-cm internal] radius, 0.00553-cm 
wall thickness. The regularity of the assembled rotor 
was examined by rotating it in a lathe before adding 
the sheath; the disks appeared to be plane to within 
0.003 cm. Total moment of inertia of the Rotor (12), 
sheath and suspension was computed to be 79.322 g 
cm?. It was installed in the cryostat in conjunction 
with radiation shield and baffle C; and Co. 


Measurement of Vacuum Periods and Decrements 


The vacuum periods ro of Rotors (L1A) and (L1B) 
at liquid He temperatures were not measured directly. 
They were obtained by measurements of the vacuum 
periods at room temperature and at 75°K, and an 
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Fic. 5. Determinations of rotor period in vacuum 
at liquid nitrogen temperature 


extrapolation to liquid He temperature using the fol- 
lowing procedure. In order to insure that the rotor 
reached liquid nitrogen temperature, He gas was 
admitted to the inner Dewar space and to its annular 
jacket, and the outer Dewar was filled with liquid 
nitrogen. Since the He gas in the inner Dewar was 
required for thermal equilibrium but made an unwanted 
contribution to the period of the rotor, we measured 
periods as a function of gas pressure over the range 
55-2 mm Hg. These periods, plotted versus pressure, 
fell on a smooth curve and were extrapolated to the 
value at zero pressure, as shown in Fig. 5. The change 
from the value in high vacuum at room temperature 
yielded a effect Ar/r(294—75°K) = 3.78 
xX 10-4. This ratio is equal to the total contraction coef. 
ficient of the rotor material: Ar/r=Ar/r= fige™adT, 
where a@ is the differential thermal coefficient of expan 


fractional 


sion. Independent measurements” of the @ of pure 
aluminum yield the integrated coefficient Ar/r=3.81 
10~* for the same temperature change, and 0.2 10-* 
for the residual coefficient from 75°K to 4°K. In view 
of the excellent agreement between these data for the 
range 294-75°K, we accepted the value for the residual] 
change as representative of the contraction of the Dural 
rotor and disk from liquid nitrogen to liquid helium 
temperature. The corresponding reduction in the period 
of the rotor was about 7 milliseconds below that at 
75°K. We thus obtained for the vacuum periods at 4°K : 
Rotor (L1A), 37.002 sec; and Rotor (L1B), 36.750 sec. 


” Altman, Rubin, and Johnston, Ohio State University (un 
published). 
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This indirect procedure was devised after the failure 
of attempts to measure the vacuum periods of Rotors 
(L1A) and (L1B) at liquid helium temperature. These 
attempts consisted of period measurements after the 
bath level had fallen below the bottom of the rotor, 
which then oscillated above the liquid in cold helium 
gas at low pressure.”* Periods under these conditions 
indicated that some liquid remained between the plates 
for several hours after losing contact with the bath, 
for the periods were higher than had been measured at 
75°K, and decreased slowly with time. The periods 
tended to reach the 75°K value approximately, but 
soon after began to increase, indicating that the now 


dry rotor was warming. 
In the case of Rotor (12), improved radiation shield- 
ing and prolonged observation gave a successful direct 


measurement of ro at liquid helium temperature. After 
contact between the rotor and bath was broken, drops 
of liquid fell from the rotor for two to three hours, while 
the period generally decreased. The period eventually 
reached a minimum of 40.041 sec and remained at this 
value for over 12 hours more. The bath vapor pressure 
at this time was less than 0.05 mm Hg. The period of 
Rotor (L2) at 75°K was measured to be 11 milliseconds 
greater, whereas the increase computed from the ex- 
pansion coefficient is only 8 milliseconds. The uncer- 
tainties in the 79 (4°K) of Rotors (L1A) and (LIB) 
are therefore estimated at 3 milliseconds. The measured 
value ro= 40.041 sec for (12) has an estimated uncer- 
tainty of 1 millisecond. 

The vacuum decrements of both rotors were less 
than 2K 10", 

The vacuum decrement of Disk (1) .was obtained 
by pumping the empty cryostat over night and then 
filling the outer Dewar with liquid nitrogen in order to 
trap out the residual air (the annular space of the He 
Dewar was in this case charged with He gas to a few 
mm pressure); Dewar space vacuum was ~10~* mm 
Hg. The resulting vacuum decrement was 69=4.13 
X10. The Disk (L) vacuum period 19= 6.298 sec at 
liquid helium temperatures was the average of 175 
oscillations while the liquid He bath, at a level ~3 cm 
below the disk, was maintained at 0.22-mm pressure. 


IV. EXPERIMENTAL RESULTS 
Measurements in Liquid Helium 
Single Disk 


At the beginning of each liquid helium run, the 
cryostat was filled to a level of approximately 50-cm 
depth above the disk. Upon pumping the liquid to 
below the lambda point, the liquid level was reduced 
to approximately 30 cm. Temperatures at which the 
liquid was to be studied were achieved by setting the 
bridge circuit of the electronic bath regulator for the 


"EE. L. Andronikashvili (private communication). This pro 
cedure was similar to that carried out by Andronikashvili 
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appropriate carbon thermometer resistance and then 
throttling pumping valves until the regulator controlled 
at approximately 10~* watt input to the bath heater. 
An equilibration time of approximately 5 minutes was 
usually required for each new temperature setting after 
which there was no significant change in the vapor 
pressure of the bath. 

After checking the rest position of the light beam, 
the pendulum was set into oscillation at an initial 
amplitude of 0.1-0.5 radian. Successive amplitudes 
during the decay of oscillations were recorded directly 
on semilogarithmic graph paper. We verified the original 
observation of Hallett’? that an unusual dissipative 
mechanism appears at sufficiently high amplitudes. 
This paper is concerned solely with the subcritical 
velocity region; consequently, our interest was limited 
to the low-amplitude range of constant logarithmic 
decrement. In this range we observed at least 30 suc- 
cessive swings, until the amplitudes decreased by a 
factor of 3-5. The logarithmic decrement was deter- 
mined from the slope of the best visual fit of straight 
line through the data. At least two complete decay 
curves, from the “critical amplitude” down to about 
0.02 radian, were observed at each temperature; the 
disagreement between the decrements of the individual] 
decay curves for each temperature was not greater than 
1 percent. We obtained the Disk () period r at each 
temperature from the average of at least two sets of ten 
oscillations each. The averages of each set were in 
agreement to within 2 milliseconds. During each ex- 
perimental day, decrements were obtained in a pattern 
so as to provide at least two transits of the accessible 
temperature range, a procedure which demonstrated 
that there was no perceptible effect due to variations 
in bath height. Succeeding runs were carried out at 
temperatures between points previously obtained. No 
systematic displacements could be perceived. 

Experimental values of 6 for Disk (1) are tabulated 
in Table II and shown graphically in Fig. 6. 


Finned Rotors 


Measurements were carried out with Rotors (11) 
and (£2) according to a procedure similar to that 
employed during the Disk (ZL) studies. In this case, 
however, the most important information was the 
period of oscillations. At least three sets of ten oscilla- 
tions each yielded an average period at each tempera- 
ture ; mean deviations in the average period were within 
3 milliseconds, giving an uncertainty within 8 parts in 
10°. Occasional observations of the logarithmic decre- 
ment were obtained in order to insure that period meas- 
urements were conducted over the subcritical amplitude 
region. In cases where a semilog plot was not made, 
decrements were obtained from the initial and final 
amplitude readings taken during the period measure- 
ments. 

The periods showed no significant trend with am- 
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TABLE II. Decrements of single Disk (ZL) 


T °K 10% 


2.1236 
2.0433 
1.306 
1.461 
1.8898 
2.1658 
1.682 
2.1691 
2.1579 
2.0931 
1.8572 
1.689 
1.492 
1.320 


8.56+0.03 
6.84+0.02 
2.50+0.01 
2.97 +0.03 
5.2240.04 
9 98 +-0.07 
3.53+0.03 
10.17+0.06 
9.60+0.03 
7.70+0.03 
4.88+0.01 
3.904+-0.02 
3.00+0.01 
2.39+0.03 
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plitude in the subcritical region. The rest position of the 
optical lever shifted by 
sible temperature range; this shift was possibly due to 


0.001 radian over the acces- 


a distortion of the torsion head due to the change in 
pressure. There was no perceptible change of period 


with bath height 


Calculation Scheme 
The equations of motion of the oscillating bodies are 
obtained from the individual moments of inertia and 
for thermal the 
periods and decrements, and the pertinent equations 
Il of this paper. Estimated effect of 


dimensions corrected contraction, 
derived in Sec 
liquid and vapor damping on the stiff rod showed that 
this contribution to the nuisance damping was insig 
nificant in our case; we accordingly use the vacuum 
decrement. We also employ the experimental corner 
parameter b= 0.34. 
The Disk (L) formula, after Eq. (27) is thus 


) 


0.06089 | 4| (7/79) 


pn | 
r(1 6) 


+1) ~1.302 10-47 | 


. ten 
141.269) 


Penetration depths encountered in the Rotor (11) 
studies were 2-8 times the spacing between the disks; 
the assumption that the peripheral boundary is a 
smooth cylinder in a hydrodynamic sense appears to 
be justified. Therefore, the formula applicable to the 
motion of the finned rotors is Eq. (30b). However, the 
simpler Eq. (31) may be used when the slippage of 
liquid contained between plates is negligible. A pre 
liminary estimate of the “fraction of slip,” defined as 
1—F,(2s/A), gave a maximum figure of about 0.1% 
in a gap equal to the mean disk spacing. A direct check 
of the estimate is afforded by the damping Eq. (30a). 
It can be seen that in the case of zero slip, the rotor 
behaves like a single disk of thickness equal to the total 
height of the stack. This condition is approached only 
asymptotically. Although the fraction of slip may be 
reduced to a small value for the purpose of determining 
the liquid density from period measurements, the 
“internal friction” due to the residual slip is enhanced 
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T °K 
Fic. 6. Decrements of Disk (1) in He II 

by the large surface area of the many disk faces over 
which the drag acts, causing a large contribution to the 
decrement. This magnification of the effect upon the 
experimental decrement prevents one from obtaining 
reliable py measurements with a finned rotor from Eq 
(30a). Equation (30a) and the observed decrement may 
be safely employed, however, to obtain an experimental 
measurement of slippage by solving for the function /, 
Thus, we employed the measured excess of damping of 
Rotor (L1A) above that of a solid disk in the neighbor 
hood of the lambda point to obtain an experimental 
wctor” Fy of Eq. (30a) 
The experimental value of /; corresponds to a slippage 
of 0.113% at 7), in agreement 
directly from the average disk 


value for the “internal damping { 


with the value estimated 
pacing and the pene 
tration depth. Since the penetration depth increases 
monotonically from the lambda point to lower tem 
disks is set into 
than 99.89%, 


we may use Eq. (31) with corresponding accuracy in 


peratures, the liquid between the 


motion with an efficiency no lowe and 


the computed liquid density. 
The equations pertinent to the Rotor (11) are 


0,004.28 (r*/ ro")? —1)] 


Rotor (LIA): p (33a) 


’ 


1+-1.50A*+-0.57\" 


0.60254 (7*/r0*)? 


0 


1 | 
Rotor (LIB): p (33b) 
1+-1.50A*+-0.57\" 
The equation applied to Rotor (12) was, after Eq. 
(30b), 
0.11468[ (7*/r9*)?—1] 


(pnr*)? (33c) 


F'y-+-0.1375 4-0.0576\* 


0.0805 The 
depths belonging to the 


with 2s cm periods and penetration 


rotors are starred in order to 
avoid confusion with the corresponding characteristics 


of the single disk. 
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TABLE III. Experimental values of density p, and viscosity 9 
in liquid He II, together with values of r*, 7, and 4 from which 
they were computed 


7 micro 
10% 6 poise 


Rotor (LIA) 
40.940 9.62 381 
40.346 8.31 371 
40.755 9 2% 378 
41.299 10.42 386 
39.734 7.00 $63 
39.355 6.16 359 
38.992 5.35 355 
38.548 4.43 350 
38.195 3.84 340 
37.913 3.47 444 
40.122 8.05 308 
40.591 4.60 375 
41.457 10.62 387 
41.425 10.87 387 
41.381 10.61 387 
41.342 10.49 387 
41.205 10.20 385 
40.472 8.65 373 
41.025 9.65 382 
39.935 7.33 366 
39.551 6.05 362 
39.205 5.6 357 5.540 14.8% 
38.750 4.79 352 4.795 14.0% 
38.356 4.10 348 4.185 14.01 
38.030 3.46 345 3.700 14.82 
41.114 9.78 $83 9590 24.19 
41.446 11 387 10.350 26.09 


Single Disk (1) 

9100 23.02 
7.740 19.25 
8.705 21.7% 
10.140 25.94 
6.465 16.34 
5.800 15.26 
5.190 14.46 
4.400 13.82 
3.940 14.23 
3.500 15.20 
7.270 18.17 
8.325 20.481 
10.395 26.26 
10.365 26.31 
10.305 26.28 
10.250 26.25 
9 850 25.00 
$.025 19.96 
9 400 23.76 
6.880 17.28 
6.145 15.42 


0.12538 
0.10496 
0.11900 
0.13772 
0.08403 
0.07108 
0.05878 
0.04387 
0.03206 
0.02275 
0.09727 
0.11335 
0.14339 
0.14221 

0.14063 
0.13922 
0.13458 
0.10928 
0.12827 
0.09087 

0.07776 
0.06599 
0.05063 
0.03743 
0.02659 
0.13139 
0.14303 


2.1467 
2.0942 
2.1326 
2.1680 
2.0189 
1.9610 
1.8960 
1.7979 
1.701 

1.001 

2.0692 
2.1187 
2.1725 
2.1720 
2.1710 
2.1699 
2.1638 
2.1075 
2.1528 
2.0467 
1.9931 
1.9359 
1.4461 
1.7501 
1.649 

2.1581 
2.1717 


Rotor (L1B) 
39.689 7.95 467 
39.358 7.4 363 
37.789 49 345 
37.428 4.1 341 3.095 
37.253 4.3 339 2.740 
38.967 7.0 357 5.550 
37.000 335 2.105 
1.132 36.988 335 2.085 
2.0499 39.708 367 6.935 
1.287 113 337 2.425 0.00512 
1.255 O84 336 2.345 0.00421 
1.221 050 336 7! 0.00313 
1,218 7.045 336 0.00296 
1.354 7.190 339 0.00757 
1.8505 38.530 $52 0.05199 
1.452 7.334 $40 0.01220 
1.598 7.045 344 0.02235 
1.651 37.791 0.02719 
1.7473 38.094 0.03729 
1.8974 38.756 0.05964 
2.1724 41.219 0.144066 
1.8002 38.315 0.04476 
1.6975 37.943 0.03226 
1.553 37.543 0.01901 
1.327 37.156 0.00649 


0.09153 
0.08018 
0.02710 
0.01524 
0.00959 
0.06683 
0.00159 
0.00121 
0.09218 


17.22 
15.93 
14.67 


6.890 
6.250 
3.715 


2.0473 
2.0025 
1.652 
1.502 
1.400 
1.9365 
1.140 
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Rotor (12) 
40.674 5.01 
40.498 3,27 
40.359 2.54 
40.250 2.26 
40.170 1.92 
40.149 2.18 
40.903 1.25 
41.146 10.0 
40.325 2.82 
40.418 3.84 
40.580 3.86 
40.784 5.65 
41.019 $8.42 
40.207 2.29 


0.02231 
0.01536 
0.01004 
0.00596 
0.00302 
0.00229 
0.03202 
0.04326 
0.00874 
0.01225 
0.01855 
0.02687 
0.03725 
0.00435 


15.07 
16.18 
18.50 
22.71 

31.36 
35.27 
14.06 
13.74 
19.61 

17.59 
15.67 
14.51 

13.84 
26.70 


3.480 

3.080 
2.700 
2.480 
2.255 
2.170 
3.930 
4.430 
2.085 
2.920 
3.280 
3.700 
4.165 
2.380 


AND 


Rg. DBD. TAYEOR 

Values of the liquid density and viscosity are obtained 
from the experimental 7, 6, and r* at each temperature, 
by simultaneous solution of Eq. (32) and Eq. (33). 
Although the same range of temperatures was studied 
with the disk and the rotors, the fixed temperatures in 
the different studies did not precisely correspond. The 
values of 6 and 7 of the disk appropriate to the tem- 
peratures studied with the rotors were therefore ob- 
tained by interpolation of the disk data. Large plots of 
the experimental Disk (1) data were fitted with smooth 
curves, from which the information was 
obtained. Mean deviation of the data points about the 


necessary 


smooth curve is about 1%. 

p and » were computed at each temperature on an 
IBM 701 computer, using the method of successive 
approximations. Iterations were carried out until frac- 
tional changes in the kinematic viscosity n/p were less 
than 0.01%. 

Comparison between the densities given by Rotors 
(L1) and (12) at temperatures 1.2°-1.8°K showed the 
(11) values to be larger by an amount corresponding to 
the systematic excitation of 3.4% of the superfluid 
present. This discrepancy is consistent with the ob- 
served mechanical defects of the more delicate system. 
We therefore applied the indicated correction to all 
densities and viscosities obtained from iterations of the 
Rotor (11) data. This correction varied from zero at 
T, to almost 8% at 1.8°K, the highest temperature for 
which (12) data is given. 

Experimental values of the density and viscosity are 
given in Table III, together with 7*, 7, and 6 from which 
they were computed. 


Discussion of Errors 


Dimensions of Disk (L) were measured at room tem- 
perature with calibrated micrometers, to an accuracy 
of about 5X10~4 cm. Density of the disk material was 
measured to 0.1%. The disk coefficient 
4/°/ra® is thus known to approximately 2%. The 
moment of inertia of Rotor (11), measured by the 
III, is accurate 


calculated 


comparison method described in Sec. 
to 0.3%. Uncertainties in the measured dimensions of 


the rotor, together with the discrepasicy in the moment, 
lead to a possible error in p, of 0.5%. Corrections due to 
thermal contraction amount to about 1.6% in p,n and 
0.8% in p,; these corrections are determined to an 
accuracy of better than 5%. 

Reproducibility of the measured decrements of Disk 
(L) was in general better than 1%); corresponding 
uncertainty in pa» is 2% at the lambda point and up 
to 4% at 1.2°K. Uncertainties in the periods of Disk 
(L) cause negligible errors. 

As discussed in Sec. III, errors in the technique of 
rotor period measurement amount to no more than 5 
milliseconds. Periods in He II were reproducible to 
5 milliseconds. The uncertainty in p, due to the above 
timing errors is 3X 10~* g/cm’ at all temperatures. 
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The corner parameter is the principal source of error 
in the hydrodynamic equations. Experimental scatter 
in y causes an uncertainty in Disk (L) p,»n values of 
0.3% near the lamdba point and 1.5% at the lowest 
temperatures. Corresponding uncertainty in p, is within 
0.2%. Neglect of squared and higher order terms in \ 
introduce errors no greater than 0.3%. Slippage of the 
viscous fluid between the rotor plates of (11) never 
exceeds 0.1%, in agreement with the theoretical esti- 
mate. Slippage was accounted for in the equation 
applied to Rotor (12). 

Errors in the machine computations of p, and 7 are 
insignificant. 

Hence, the total nonsystematic error in p, is 1% at 
high temperatures and 6% at 1.2°K. Maximum random 
eror in n is 5% at the lambda point and 9% at low 
temperatures. 

V. DISCUSSION 


Normal Fluid Density 


The behavior of p, in the neighborhood of the lambda 
point has been investigated in detail. Data for this 
region are given graphically in Fig. 7. Several experi- 
mental points taken within 5 millidegrees of 7, show 
a satisfactory approach to the pycnometer value” of 
px at 2.1735°K, the transition temperature determined 
earlier in a different apparatus.” A particularly inter- 
esting feature of Fig. 7 is the sharp upturn within 
0.01°K of Ty; we found, in fact, that in this region the 
rotor period was a more sensitive indicator of tem- 
perature variations than the manometer levels. 

The unusual behavior of the density near the lambda 
point can be seen also in the nature of the temperature 
derivative p,~'dp,/dT. This coefficient has a form 
resembling an ordinary thermal expansion coefficient 
a=—p"'dp/dT; ignoring the difference in sign, we 
define a, =p, 'dp,/dT as the “thermal coefficient of the 
normal fluid.” Its experimental behavior, obtained from 
tangents drawn to large smooth curves through the 
data, is shown in Fig. 8. The coefficient is closely pro- 
portional to 1/T from 1.2° to 2.0°K; deviation from 
the inverse temperature dependence begins at about 
2.0°K. The marked rise in a, as T) is approached is 
most striking; it increases by a factor of two for a 
change of 1 millidegree at 2.1725°K. Although it was 
not possible to measure a, exactly at 7), the behavior 
at lower temperatures suggests that a,(7T)) is infinite 
Recent measurements by Atkins™ indicate that the 
expansion coefficient —a of the whole liquid tends to 
infinity at the lambda point. It has a shape similar to 
a, in the neighborhood of the transition, but magnitudes 
no greater than 0.5% of a, at all temperatures measured 
below T). 


The inverse temperature dependence of a, below 


2 FE. C. Kerr (to be published) 
% J. G. Dash and R. Dean Taylor, Phys. Rev. 99, 598 (1955) 
“KR. Atkins and M. H. Edwards, Phys. Rev. 97, 1429 (1955) 





T °K 


Fic. 7. Normal fluid density in the region of the lambda point 
@ Rotor (11); gm total density at 7) (reference 22) 


2.0°K corresponds to the theoretical behavior predicted 
by Landau*® and by Feynman.”* According to Landau, 
the temperature function of the roton contribution to 
the normal fluid density is 


he A/kT A 


: constant, (34) 


pr/p=AT 

where A/k represents the minimum energy required to 
excite a roton. At all temperatures investigated here, 
28 
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Fic. 8. Thermal coefficient of normal fluid, p,~'dp,/dT. @ Ex 
perimental ; derived from roton contribution, A/k = 10.60°K ; 
derived from power law (1T/7T))** 


261. Landau, J. Phys. (U.S.S.R.) 5, 72 (1941); 8, 1 (1944); ID, 
91 (1947) 
7 R. P. Feynman, Phys. Rev. 91, 1291, 1301 (1953). 
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Fic. 9. Percentage of normal fluid from 1.15°K to the lambda point 
+ Andronikashvili; * derived from second sound and heat capacity; 


the contribution to p, due to phonons is estimated to 
be less than 0.2%, of the measured values. ‘The density 
data are directly compared with the form of Eq. (34) 
in Fig. 9. We neglect the O87 
density p over the temperature range by taking the 


variation in the total 


ratio of p, to the value of p at 7,.” The experimental 
points below 2.0°K are well described by the theoretical 
curve corresponding to the parameters A= 1.486 
~10?(°K)', A/k=10.00°K. As exper ted for the region 
of high roton concentration, the equation provides an 
increasingly poorer description of the density as the 
lambda point is approached; furthermore, the param- 
eters chosen to represent the colder region place the 
point at which p, = pat the wrong temperature, 2.313°K. 
The coefficient a, calculated from the above formula is 
compared with the measured values in Fig. 8. Devia- 
tions of the p, equation from our smoothed data are 
given in Fig. 10; agreement averages better than 1.5% 
between 1.2-2.0°K, and the maximum discrepancy is 
3.4% at 2.0°K 
recalculated 4/k from atomic and x-ray data as 11.5°K. 
Normalization to our data at 1.5° yields the coefficient 
A =2.75X10*. The resulting values of p,/p are approxi- 
mately 14% above our data at 2.0° and 11% below at 


Feynman and Cohen” have recently 


7 R. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956). 
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0.6 0.5 
rr 
@ Rotor (L1A); @ Rotor (L1B); a Rotor (12); 
roton contribution, A/k=10.60°K. 


1.2°K, in good agreement for a A/k value calculated 
from first principles. 
In contrast to the correspondence obtained with Eq. 


(34), the alternative semitheoretical formula** 


p,/p=(T/T,)’, r=constant, (35) 


provides a much poorer description. A rough approxima- 
tion to the data over the entire range is given by 
r= 6.38; its logarithmic derivative is compared with a, 
in Fig. 8. Deviations of this equation from the data are 
shown in Fig. 10; the average discrepancy below 2.0° 
is 5.5% and reaches 16% at 1.2°K. Only slightly. better 
agreement is obtained when Eq. (35) is treated as a 
two-constant equation by choosing a better parameter 
for 7, than the actual value.” 

Normal fluid density measurements by other inves- - 
tigators are also included in Fig. 9. The first such study 
was made by Andronikashvili,** using the same experi- 
mental approach reported here. Methods of period 
calculation were cruder in this 


measurement and 


* FF. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1954), Vol. II. 

* A two-constant equation of this form was given in our pre- 
liminary report at the Louisiana State University conference. 
Normal density values corresponding to this equation were based 
upon results obtained with Rotor (1) only and were therefore 
considerably in error at the lowest temperatures 
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TABLE IV. Smoothed data at regular temperature intervals. 


an 
pn/p % nuP (°K)! nwP 


2.89 
2.84 
2.89 
2.98 
3.10 
3.09 
3.30 
3.44 
3.63 
3.95 
4.23 
4.42 
4.78 
S438 «63th 
6.25 239 
6.69 28 

749 33 


15.96 
15.00 
14.39 
14.04 
13.88 
13.92 
14.14 
14.51 
15.01 
15.64 
16.46 
lia 

18.9 


100.00 
98 86 
97.22 
96.12 
95.28 
94.54 
93.93 
93.36 
92.83 
92.30 


90.13 
86.55 
83.37 
80.38 
77.67 
75.20 
72.82 
70.59 
68.51 
66.56 
64.65 
62.77 


pioneer work, and are evidenced by the larger scatter 
of Andronikashvili’s data. Within these random varia 
tions, however, we are in agreement over the entire 
range common to both studies. Indirect determination 
of p,/p may be obtained from the heat capacity C, the 
entropy S, and second sound velocity Uy, through the 
use of the theoretical relation”* 


(F) + 


discrepancy exists between 


ee 


Noting that some 10% 
independent measurements of the heat capacity,” we 
have included in Fig. 9 the p, concentrations calculated 
from thermal” and second sound velocity® data. These 
calculated concentrations lie systematically higher than 
the torsion pendulum values at all temperatures and 
deviate increasingly at lower temperatures. Disagree- 
ment at 1.2°K the 
combined uncertainty of the different experiments. 


is 45%, approximately 3 times 
Previous authors have observed that A/k determina 
tions given directly by specific heat data and by the 
second sound data with Eq. (36) are not consistent®; 
these data yield A/k varying in magnitude from about 
8 to 9.6°K. 

In Table IV we 


normal! fluid concentration and thermal coefficient at 


have listed smoothed values of 


several temperatures. 


” Kramers, Wasscher, and Gorter, Physica 18, 329 (1952) 

1G. R. Hercus and J. Wilks, Phil. Mag. 45, 1163 (1954) 

#2 V. Peshkov, J. Phys. (U.S.S.R.) 10, 389 (1946); Lane, Fair 
bank, and Fairbank, Phys. Rev. 71, 600 (1947); J. R. Pellam, 
Phys. Rev. 75, 1183 (1949); R. D. Maurer and M.A. Herlin, Phys 
Rev. 76, 948 (1949) 
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10. Deviations of theoretical normal fluid density behavior 
roton contribution, A/k = 10.60°K ; 


biG 
from experimental data 
(7/T))*** 
Viscosity 
The behavior of the viscosity of He II is shown in 
11, in which we compare our results with those 
published by Andronikashvili® Heikkila 
Hallett.” Andronikashvili employed the single oscil 
lating disk method, as in the present research. Certain 


lig 


and and 


approximations and the use of the “Meyer” edge cor 
rection suggest that his values should be increased by 
about 8% 
sets of data into agreement to within the combined 
experimental uncertainties. Heikkila and Hallett have 


This increase is sufficient to bring the two 


recently measured the viscosity in a more direct way 
by means of a rotating cylinder viscometer, a method 
that does not require knowledge of p,. Their data 
parallel our results between 7) and 1.5°K, but are lower 
by about 9%. The effect of thermal contraction on their 
apparatus was neglected; the viscometer results should 
therefore be raised by an estimated 4%." The viscom 
eter and single-disk data are consequently in agreement 
between 7, and 1.5°K 
cometer results deviate systematically from the single- 
disk 2°K, Heikkila Hallett 


report 19.6 micropoise, while we find a value of about 


selow 1.5°, however, the vis 


measurements; at 1 and 
33 micropoise. ‘The discrepancy is much larger than can 
be expected from the uncertainty in our p, values, 
especially since a mechanically imperfect rotor tends to 
yield p, values too large, and hence erroneously decreases 
the calculated viscosity. The reported instability of 
the viscometer suggests that results obtained from it 
are less reliable at lower temperatures, but we cannot 
estimate the uncertainty of the results. Should Disk (ZL) 
be slightly warped, however, the viscosity would be 
unnaturally increased principally at the lowest tem- 
peratures. Through its influence on the penetration 
depth, errors in the viscosity cause corresponding but 
smaller errors in the calculated values of p,. A decrease 


™W. J. Heikkila and A. C 


420 (1955). 


Hollis Hallett, Can, J. Phys. 33, 
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@ Rotor (11A); @ Rotor 
Heikkila and 
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in » corresponding to the discrepancy of some 50% at 
1.2°K would, for instance, cause an increase in p, of 
12% 


~/€ 


at the same temperature. The effect on p, of 
changes in 9 decreases quickly at higher temperatures; 
a 50% change in 9 at 1.3°K influences the computed p, 
by only 7%. Although no eccentricity of Disk (1) was 
visible, we cannot rule out the possibility of some slight 
imperfection in its motion. 

The viscosity appears to exhibit a temperature 
dependence similar to that of p, at temperatures ap- 
proaching 7. A more detailed study of the viscosity in 
He Land He IT in the neighborhood of the lambda point 
will be published in a subsequent paper. 

Smoothed values of » below 2.170°K are listed in 


Table IV. 
VI. SUMMARY AND CONCLUSIONS 


These measurements, based upon the hydrodynamic 
equations derived in Sec. II, have yielded data on the 
viscosity and density of the viscous fraction of He II. 


Although at no point in the experiment or calculation 


AND 
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has it been necessary to attribute any particular quali- 
ties to the liquid other than the presence of a classical 
viscosity, the procedure has obviously measured the 
density and viscosity of the “normal fluid” only. In 
this respect, the analysis in no way depends upon any 
of the proposed theoretical models of He II. 

At temperatures below 2.0°K, the quantum-me- 
chanical liquid model of Landau and of Feynman agrees 
with the observed behavior of p,; the experimental 
excitation temperature A/k=10.6° is closer to the 
calculated value of 11.5° than has been derived from 
thermal and second sound data. The lack of agreement 
between the torsion pendulum results and those calcu- 
lated from less direct methods appears to be beyond 
the experimental uncertainties involved. 

Theory has not succeeded in describing the properties 
of He II in the neighborhood of the lambda point; the 
character of the coefficient a, near 7) suggests that the 
He I—He II transition is a stronger singularity than 


previously supposed. In addition, the viscosity and 
normal fluid density are similar functions of the tem- 
perature in the highly anomalous region, indicating that 
these properties are equally bound to the fundamental 


nature of the transition. This high-temperature range 
of He II is apparently quite different in nature from 
the region below 2.0°K; the difference is shown both 
in the variations of a, and in the kinematic viscosity. 
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Margenau’s analysis for the microwave conductivity of an infinite decaying plasma in a uniform field is 
extended to the case of a bounded plasma in a slightly nonuniform field. It is shown that, if we assume a 
power expansion for the electron-collision frequency as a function of energy, the conductivity at low 
pressures can be computed as a function of time and position when the spatial and time variations of the 
density and energy moments of the electron-distribution function are known, An approximate method, 
based on a convenient integration of Boltzmann equation is given to « ompute these quantities, when inelastic 
collisions can be neglected. The steady-state conductivity in the late afterglow of a diffusion-controlled 
decaying plasma is thus explicitly determined for two experimental conditions: a®plasma filling a cubic 
quartz bottle centered in a parallelepiped microwave cavity and a plasma filling a quartz tube of square 
cross section in a wave guide. The limit for the validity of the theory set by the appearance of inelastic col- 


lisions at high electric fields is investigated 


INTRODUCTION 


N this paper we shall extend Margenau’s analysis! 

for the microwave conductivity of an_ infinite 
decaying plasma in a uniform electric field to the case 
of a bounded plasma in a slightly nonuniform field. 
These are the experimental conditions we meet in 
measuring the conductivity of the plasma in a micro- 
wave cavity or in a wave guide. We shall limit the 
discussion to the case of a decaying plasma at low 
pressures, so that the electron-collision frequency is 
much smaller than the angular frequency of the applied 
field ; this case is the most important one when measure- 
ments of microwave conductivity are used to determine 
the collision frequency in a gas at low electron energies.?# 


DISTRIBUTION FUNCTION AND THE 
BOLTZMANN EQUATION 


To determine the conductivity of a plasma we must 
know the distribution F(r,v,/) of the free electrons as 
a function of position r, velocity v, and time ¢. This 
distribution is determined by the Boltzmann transport 
equation in phase space. We assume that the following 
experimental conditions are satisfied ; (a) the microwave 
electric field E(r) exp(jwt) used to measure the con 
ductivity is the only applied field; (b) the angular fre 
quency w is sufficiently high so that between cycles the 
electrons undergo no appreciable loss of energy or sig 
nificant change in density; (c) over the significant part 
of the distribution function v,>>v,, vi, where v,,(v), 
v,(v), and v,(v) are the collision frequencies of an elec- 
tron with a molecule for momentum transfer, excitation, 
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Development Command), and the Navy (Office of Naval Re 
search) 
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and ionization, respectively; (d) the electron and ion 
densities are low enough so that phenomena like elec 
tron-ion collisions,‘ electron-electron interactions,® and 
plasma resonance® can be neglected; (e) the amplitude 
of the electron oscillations, which is proportional to 
E/[w(vp?+w*)! |, is smaller than the dimensions of the 
container, so that the electrons do not travel com- 
pletely across and collide with the walls in every half 
cycle; (f) any dimension of the container is signicantly 
larger than the electron mean free path. 

With these assumptions the distribution function can 
be written’: 


I F(? { v:| F,! { Fk! exp jut) '”, (1) 


where Fo°, Fo!, and F,! are functions of r, v, and ¢ (the 
variation with ¢ is slow). By substituting Eq. (1) in 
the separating and 
eliminating the various harmonic terms, we obtain (see 
Margenau,! Allis and Brown,’ Bernstein and Holstein,® 
and Rose and Brown® for particular cases) : 


Boltzmann equation, and by 


OF (°/dt— (1/30) (9 +-a,0/v00) - (v*/¥m) (9 4+ a,0/vd0) Fo! 
(22/602) [vm (Yn? +u®) WO P/dv]/ ar 
(m/Mv*)d(v_,0°F \)/dv— (2U/3Mv*) 
XK I (Vnv OK 0/00) 00+ (ve+ vit-an, 

Vink o! 


(Vy, | ju) FY 


ghe=0, (2) 


(v¥ +a,0/dv) Fo’, (3) 


adh ?/ dv, (4) 


Here a(r) (e/m)E(r), a,(r,0) (e/m)E, (r,t), E 
being the de electric field set by the space charge, e and 
m the electron charge and mass, ¥ the gradient operator 


in configuration space, M the mass of a molecule and 
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U its average kinetic energy, a the electron-ion recom- 
bination coefficient, n,(r,t) the positive-ion density, 
and qf? the rate of appearance of electrons at low 
energies as a result of excitation and ionization, The 


space-charge field is given by Poisson’s equation: 


Vv -E,=e(n,—n)/e, (5) 


where ¢ is the permittivity of free space and n(r,t) is 
the electron density: 
‘ Zz 


n f F(4arv*d1 


Equations (2), (5), and (6) form an integro-differential] 


ra 
0 


(6) 


system of equations for Fo’; Eqs. (3) and (4) give I 
F,' from Fo. 


MICROWAVE CONDUCTIVITY 


Before investigating further the solution of the 


Boltzmann equation, we must see how to use this 
solution to compute the microwave conductivity of a 
plasma. The complex ac conductivity of a plasma 
a(r,t) is defined as the ratio between the current density 
and the electric field that produces the current. The 


ac current density is given by the equation’: 


oF ef F ' (4av*/3)do. 


) 


(7) 


This, with (4), gives 


4re* f (Vm/w)— 7 OF 0? 
v*dv. 
3m 1+-(Yn/w)* dv 


0 


(8) 


Henceforth limit the discussion to the low- 


pressure case v,’<<w*; with the aid of a partial inte- 


we 


gration and of Eq. (6), from Eq. (8) we obtain 


a= (e’n/mw)(ppo— j), (9) 


where po is the normalized pressure and 
p (49 / in) f (Vm/wpo) (OF o°/dv)v*dv (10) 


is a function of time and position, called the conduc- 
tivity ratio, 

Let us expand vy, in powers of electron energy (the 
convenience of this expansion will be apparent in the 
rest of the paper): 

wo 
¥m/wpo= >. bi(mv*/2)! (11) 
l=) 


and substitute in (10); this gives!’: 


p [1 +- (21/3) |b pwr, 


t-4) 


(12) 


” Phelps, Fundingsland, and Brown, Phys. Rev. 84, 559 (1951). 
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where 


nw, = tn(m/2)! Ff do (13) 


are the energy moments of Fy’. From Eq. (6) we have 
wo= 1. 

Equations (9) and (12) determine the conductivity 
as a function of time and position, when the density (6) 
and moments (13) are known as functions of these 
variables. The next section is devoted to the determina- 
tion of these density and moments functions for the 
case of a decaying plasma. We limit the discussion to 
this case because it is easy and useful when the con- 
ductivity measurements are used to determine the 
collision frequency for electrons in a gas. 


DENSITY AND MOMENTS VARIATION 
IN A DECAYING PLASMA 


We define the decaying plasma as a plasma in which 
there is no production of new ions; more generally, we 
0. These as- 
sumptions are usually satisfied in the late afterglow of 
a pulsed discharge. In these conditions also the usual 
assumptions of ambipolar diffusion can be made: n, =n 
and T,<T, where MP, and I are the dec positive-ion 
and electron flow, respectively; the limits of electron 
density, temperature, and size of the container, in which 
the ambipolar diffusion theory is valid, have been dis- 
cussed by Allis and Rose." 

When the density of electrons and ions are set equal, 
the space-charge field can no longer be determined 
from Poisson’s equation and the following procedure 
must be adopted.” From Eq. (3), we have 


assume no inelastic losses or v,=vi=Q 


r-f Fo! (42rv*/3)dvo= —¥(Dn)—unE,, (14) 


where D and yw are the electron diffusion coefficient and 
de mobility, defined by 


Dn= (4x/3) f F,(0"/vm)do, (15) 


un -(de/3m) f (OF (°/dv)(v®/vm)dv. (16) 
0 


For the positive ion flow we have the analogous equa- 
tion: 


ry=—V(Dyn,) +4 nzE,, (17) 


where D, and uw, are the positive ion diffusion coef- 
ficient and de mobility, generally much smaller than 
the corresponding quantities for electrons. Conse- 
quently the flow I’, is approximately equal to I, but 
it is much smaller than any one of the two terms on 
the right of Eq. (14); these terms must therefore balance 


"W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954). 
1 W. Schottky, Physik. Z. 25, 342 (1924). 
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each other, and hence we obtain 


E, ~ — (1/un)¥ (Dn). (18) 


Equation (18) now replaces Eq. (5). The flow is 
obtained by substituting (18) in (17). Assuming that 
D,, and yw, are independent of position and that D,/p, 
=2U/3e, the distribution for positive ions being 
Maxwellian, we obtain 


l= —p,[{ (2U 3e) Vn (1/u)¥ (Dn) }. (19) 


We are now in a position to calculate the differential 
equations for the density n(r,/) and the moments 
wi(r,t). We obtain the first multiplying Eq. (2) by 
4nv*dv, and integrating over velocity space. The result, 
using Eqs. (3) and (14), is 


On/Al+V¥-T+an’?=0. (20) 


The equation for the moments is obtained analogously, 
multiplying Eq. (2) by 4a(m/2)'v?“1)do/v, and inte- 
grating over velocity space. In the integration, the 
collision frequency v, is assumed proportional to v', 
h being a constant, which is a cruder approximation 
than (11); but we shall see that this approximation 
affects only the correction terms for the nonuniformity 
in the applied field, and is, therefore, adequate. The 
final result is 


w= 4(1+21)(U+Ma*/4u*) wry 


+(M/m)I,, forl21, (21) 


where 


os) 


T= (4n/n) (m/2)!'(21—h) f (y2(4+1) /y,,) 


X { (1/30) (9 +-a,0/vdv) - (v*/v»,) (V + a,0/vdv) Fy 


+ (v-1)—nd/dt|(Fo°/n)}dv. (22) 

For an infinite plasma in a uniform field and steady- 
state conditions for electron energies, diffusion and 
space charge field do not exist and !'=/;=0; in this 
case we find Margenau’s result—-that the electron dis- 
tribution function is Maxwellian with an average energy 
U+Ma*/4u*. This result can be directly derived from 
(21) or, in a more general way independent of the 
approximation we made for vy, solving Eq. (2). This 
suggests that, if nonuniformities are small, if electron 
energies are near to steady-state values and diffusion 
cooling effects can be neglected,” the terms (¥-I°) in 
Eq. (20) and J; in Eq. (21) can be computed assuming 
a Maxwellian distribution in velocity for Fo°; for the 
average electron energy of this distribution we assume 
the correct value w;. In this way, with the approxi 
mation D,<«<D, we obtain from Eqs. (19) and (22) 


8 The experimental work of Biondi [M. A. Biondi, Phys. Rev 
93, 1136 (1954)] on rare gases shows that diffusion cooling is 
appreciable only at very low pressures, about in the range where 
condition (f) stated in the beginning of this paper is no longer 
satisfied. 
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[see reference 2 for Eq. (23) ]: 


(U+w,)V?n+ (2—4h) 9n: Vu, 
+ (1—4h)nV*w,, 


(3e/2u,)¥ °F 
(23) 
T,= (1/m'v,) (21/3) 4 (1 (§+1—h)/9m an | 
XP A Yn: Vw) /nt+ BYV*w14+-Ci(Vw;)?/w | 
r(3 l bh) dw, w dl}, 
where 
A,=2(5—h), 
B,=2(34+21 
C,= 4+ 21+ 47 


2h), (25) 


6(1+)h+ 3h’, 


and v» has to be taken at the velocity ( hwy 3m). These 
formulas are correct only for 4 <5/2; outside of this 
range some of the integrals used in the derivation 
diverge. Also, in this range they can be used only as 
far as the resulting 7; are small compared to the other 
terms of Eq. (21). 

Equations (20) and (21) for /=1, with the aid of 
(23), (24), and (25), form a system of two equations in 
the unknowns n(r,t) and wy,(r,t), that can be solved 
when the boundary conditions of a particular experi 
mental case are given. When and w, are known, Eq. 
(21) gives the space and time variation of higher order 
moments. Finally, from Eqs. (9) and (12) we can 
compute o(r,t). The problem of determining the con 
ductivity is thus solved in principle and in the next 
section we shall apply this theory to a specific experi 
mental case. 

From Eqs. (21) and (24) we see that, when Yn/n is 
independent of time, a steady-state solution for electron 
energies exists for which dw,/dt= 0, and all the moments 
w, become independent of time. This is the case in the 
experimental conditions we shall discuss in the next 
section, 


QUARTZ BOTTLE IN A MICROWAVE CAVITY 


We shall determine the steady-state conductivity of 
a decaying plasma contained in a cubic quartz bottle 
of side d centered in a parallelepiped microwave cavity 
with sides L,, L,, L, along the directions x, y, z. The 
applied electric field corresponds to the fundamental 
mode 7'Mo,; and is directed along the x axis; U, is the 
quantity M(e#/2mw)* at the center of the cavity. We 
assume that the field is not modified by the presence of 
the electrons, an acceptable hypothesis at the low 
electron densities where the present theory is correct, 
according to assumption (d) of the first section. The 
boundary condition for the density is the usual one: 
n=( at the walls of the bottle. We assume no recom 
bination and no appreciable presence of higher-order 
diffusion modes; consequently the decay of n is ex- 
ponential in time. In this case Yn/n is independent of 
time, and as stated in the last section, the moments w; 
in energy steady-state conditions are independent of 
time. We solve the equations of the last section using 
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trigonometric expansions in space for n and w, limiting 
these expansions to the first significant term after the 
ones for uniform field. This is usually a good approxi- 
mation, particularly at low pressures. Therefore, we 
write 


n= ny cos(wx/d)[ cos(ry/d)+-c, cos(3mry/d) | 


X [cos(w2z/d)+c, cos(34z/d) | exp(—~yt), (26) 


w= D+ yw, cos(2ry/d)+- A, w, cos(2nz/d), (27) 


and assume that ¢, c,«<1, and A, w,, A, w<w;. We 
give final results only for the average and y com- 
ponents; the expressions for the z components are 
obtained by interchanging the variables. For the energy 
w,, we obtain 

U+(d/L,)0(d/L) Ue 

+ (5—h) (5/2—h)B(Aywy+- 4,0) /T (5/2), 


W(d/L,)®(d/L,)[14-5(3—h)T (5/2—h)B/ 
(5/2) }-U., 


wD; 
(28) 


Ay Ww 
(29) 
where 


B=(M/6m)(r£/d)?*, (30) 


£ being the mean free path at the velocity (4,/3m)! 
and 


(£) (31) 


(32) 


4 1+-sin(wt)/w€], 
V(E)=sin(wt)/w(E"— €). 
The parameters for the density are 

Cy= (3h—11)A, w1/16(U +), (33) 
y= (4/d)* (Qu, /e)LU + d+} (3—h) (dw +A,w) ]. 
(34) 


Higher-order moments can be computed and sub- 
stituted in Eq. (12); then we obtain the conductivity 


N 
= 


D DECAY CO 


— 


NORMALIZE 


_ 





/t 


Fic. 1. Normalized decay constant y as a function of the ratio d/L 
between the sides of the quartz bottle and the cavity. 
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ratio: 


p= DX [P(5/2+0/1(5/2) ]1+Ri)bi(20,/3)'. (35) 
b-G 


R; is a correction factor for the field nonuniformity, 
given by 


Ryd, = (5—h)b,8(A,w1 +A, w1) 
+ (l—118)[ cos(2ry/d)A,wy+cos(24z/d)A,w, |, 


where 69=6,;=no=,=0, and, for 1/22, 


l 
6:= > [1'(3/2+p—h)/T (3/2+p)] 
p= 
(J—1)P'(5/2—h)/T' (5/2), 
l 
m=>d [(11+4p—SA)0 (3/2+p—h)/1(3/2+p)] 
p=—2 


—5(l—1)(3—h)P' (5/2—h)/T (5/2). 


(37) 


(38) 


As a particular case we have the formulas for p in a 
uniform field: evaluating the limit for d going to zero, 
we obtain Eq. (35) with R;=0 and #,= U+U,. Equa- 
tions (9), (26), and (35) give the final result: the con- 
ductivity of the plasma as a function of time and 
position. 

The same formulas with a few modifications are valid 
for a plasma contained in a square quartz tube of side 
d centered in a wave guide of sides L, and L,, when the 
wave propagates along the z axis in the fundamental 
mode TM 9, and the electric field is parallel to the x axis. 
The modifications required are: (a) put c,=A,w,=0; 
and (b) replace Eqs. (33) and (34) with 


Cy= (3h—10)A,w,/16(U +), 
y= (x/d)*(4u,/3e)LU + wi +4 (2 


(39) 


h)Ayjw,}. (40) 


When recombination is present, the solutions are 
more complicated; if the loss of electrons for recom- 
bination predominates over diffusion losses, we can 
assume uniform and the formulas for this case can be 
easily derived. 

We have now solved the problem that we have been 
discussing, namely, the determination of the steady- 
state microwave conductivity of a low-pressure decay- 
ing plasma in a nonuniform field, as a function of posi- 
tion and time, for the most common geometries. We 
shall devote the next section to relating this conduc- 
tivity to the integral parameters that are actually 
measured in our experiments with resonant cavities or 
wave guides. We shall then discuss the limit imposed 
on the!theory by the appearance of inelastic collisions 
when the electric field is sufficiently strong. 


AVERAGE CONDUCTIVITY 


The conductivity we measure in a resonant cavity or 
in a wave. guide is a spatial average conductivity (a), 
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where 7 is the volume of the cavity or the area of the 
wave guide, 

For the case of the cubic quartz bottle discussed in 
the last section, we obtain: 


DECAYING 


given by! 


(41) 


(a) = (€?no/mw) (2d/rLz) Oo(d/ Ly) Oo(d/L) 
X[1+¢,01(d/L,)/@o0(d/L,) 
+¢,0),(d/L.)/@o(d/L.) \((p)po— 7) exp(— yd), 


where 


cos(mé) 


(~1)*2§ [, 


©, (&) 
. [2¢/(2n+-1) P 


(2n-+ 1) | 1 


a 
06 


Fic. 2. Normalized first coefficient in the expansion for the average 
conductivity ratio (1+ R,)@, as a function of d/L. 


and (p) is the average conductivity ratio given by the 
same Eq. (35), in which R; is 


Ryd, = { hl +-[(5 me h)é, mt \3} (Ayw + A,w;) 
+4(1—mB)[O1(d/L,) A,ws/o(d/Ly) 


+ ©,(d/L,)A,wi/Oo(d/L,) |. (44) 


For the case of the square quartz tube the formulas are 
analogous with the modifications already discussed and 
0,(d/L,)=1. 

Formula (42) shows that the average conductivity, 
as compared with the conductivity in a uniform field, is 
a function of the additional parameters d/L,, d/Ly, 
d/L,, h, and 8. To see the effects of these parameters on 
3 the 
decay constant y, and the first two coefficients in the 


the conductivity, we plotted in Figs. 1, 2, and 


’ 


expansion for the average conductivity ratio: (1+ R,)W,, 


4D, J. Rose and S. C. Brown, J. Appl. Phys. 23, 1028 (1952). 
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Fic. 3. Normalized second coefficient in the expansion for the 
average conductivity ratio (1-+-R»2)@,? as a function of d/L 


(1+ R2)w,’, respectively, as a function of the ratio d/L 
for a cubic cavity and for the case Ul,.>U. The values 
of the ordinates are normalized to unity for d/L-0, 
which represent the uniform field limit. The highest 
and lowest curve of any graph delimit a region in which 
fall all the curves for the range —2<h<2 and any 
values of f. 

Finally we recall the relation between (¢) and the 
parameters which are generally measured at microwave 
frequencies. If we 
measure Awo, the change in the resonant frequency wo, 
and A(1/Q_,), the change in the reciprocal of the loaded 
Q, from the condition of no plasma. We have, for small 
perturbations, 


have a microwave cavity, we 


(a)/€0 woA(t O,)—27Awo. (45) 


Obviously the measure of Q, with the plasma present 
must be performed without changing the amplitude of 
the field in the cavity. In a wave guide we measure the 
complex propagation constant with the plasma y, and 
without the plasma yo; there we have 


( 


jupnlo)= Vy" (46) 


10; 
where jo is the free-space permeability. 
ELECTRON-ENERGY RANGE IN WHICH 
THE THEORY IS VALID 


In the previous sections we neglected the effects of 
inelastic this is 
electron energy w is less than a certain value W. In 


collisions ; correct until the average 


’ 
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Fic. 4. Ratio of the first excitation potential u, and the maximum 
electron energy W as a function of h. 


this section we shall derive W as the value of w; at 
which the fraction of the absorbed power going into 
excitation and ionization becomes appreciable; let us 
say, one percent. 

If the average energy loss in ev per inelastic collision 
is uj, the power per electron which goes into excitation 
and ionization will be u;((v,)+-(v,)) where the angular 
brackets indicate the distribution 
function. To determine (v,) and (v,), we have to know 
the distribution function in the inelastic region; in 
this region the inelastic collisions dominate all other 
collision processes, so that the differential equation for 
the steady-state distribution function can be derived 
from Eq. (2) neglecting diffusion, recoil, and thermal 
energies terms, as well as g and a. Then we obtain 


averages over 


(yetv dF oe= (a 6w*v*) dl Vm OF (°/ dv |/ Ov. (47) 


Multiplying both terms by 42v*dv and integrating from 
v, (the electron velocity corresponding to the potential 
u, where excitation starts to take place) to infinity, we 


obtain 


(vs) +(vs) (48) 


—[ 2ma’v,,(v,)v2/3w'n |(OF (°/dv)e—v-. 
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In this equation we must know only the derivative at 
v=v, of Fo’ and, since at this point the distribution 
function for the inelastic region has to join that for the 
elastic one, we can substitute the derivative of the latter 
in Eq. (48). From the discussion given in the previous 
sections and because we are discussing a case in which 
the effect of inelastic losses is still very small, we are 
justified in assuming a Maxwellian velocity distribution 
in the elastic region. 

To determine the energy W, we equate the power per 
electron going into inelastic losses, computed in the way 
just mentioned, to one hundredth of the power absorbed 
per electron, which is ma*(v»,)/2ew*, when vm?<w*. 
When the usual assumption that v,, varies as v" is 
introduced and the average (v,) is computed using a 
Maxwellian distribution in velocity, we end with the 
following equation for W: 


(eu;/W) (eu,/W) 2 exp(—3eu,/2W) 

= (2/3) 1 (3/24-h/2)/100. (49) 
In this formula u; is not exactly known, but it is not 
very much larger than u,, and the final result is rather 
insensitive to it. In Fig. 4 the quantity eu,/W is plotted 
versus h, for the case uj=u,. We can conclude that the 
theory discussed in this paper is correct for electric- 
fields less than approximately 2wm(W—U)!/eM}. 


CONCLUSION 


In this paper we have given the formulas for com- 
puting the steady-state conductivity of a low-pressure 
decaying plasma contained in a quartz bottle, centered 
in a microwave cavity or in a wave guide. Knowing the 
field at the center of the cavity and the electron-collision 
frequency as a function of the velocity, we compute the 
average electron energy W, and the first-harmonic terms 
Aw, for the spatial distribution of the electron energy, 
using formulas (28) and (29) for the particular geometry 
that we have discussed. The average conductivity, 
which we measure experimentally, can be computed by 
means of the formulas (42), (35), and (44). These same 
formulas can be used reciprocally to determine the col- 
lision frequency for slow electrons in a gas when the 
conductivity is measured as a function of the applied 
field. We shall discuss this application in the following 
paper.* 
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The theory for computing the microwave conductivity of a plasma discussed in the previous paper can 
be used for determining the collision probability for momentum transfer of slow electrons when the con 
ductivity ratio of a plasma is measured as a function of the applied field. The conditions required for having 
a pressure independent conductivity ratio and steady state electron energy for a given field are investigated 
The convenience of using two independent fields for measuring the conductivity and changing the electron 
energy is shown. Conductivity ratios measured in the afterglow of a pulsed discharge in a microwave 
resonant cavity are given for neon and neon contaminated with argon. The collision probability for 
momentum transfer in neon computed from these data as a function of the electron velocity joins Ramsauer’s 
and Kollath’s measurements for higher electron velocities. 


INTRODUCTION 


N a recent paper Gould and Brown! used a microwave 

method for determining the probability of collision 
for momentum transfer of slow electrons in helium by 
measuring the microwave conductivity of a plasma as 
a function of the electron energy. The same method has 
been used for neon and the results will be discussed in 
this paper. 

We shall use the theory for the microwave conduc- 
tivity of a plasma we discussed in the previous paper? 
which from now will be indicated as (1); the same 
symbols are used. In (1) we found that for a plasma in a 
quartz bottle centered in a microwave cavity the 
average conductivity ratio (p) in steady-state is give 
by (in this paper w means w): 


(p) woA(1/Q01)/2podwe 


=>°(1(5/2+2)/1 (5/2) |1+Ri)bi(2w/3)', (1) 


le 


where wW and R; are, respectively, a space average elec 
tron energy and a correction factor for the nonuniform 
field; they are given in (I) as Eqs. (28) and (44). The 
quantities 5; are the coefficients of an expansion of the 
electron collision frequency v» as powers of the electron 
energy [see Eq. (11) in (I) ]. When we change the 
amplitude of the applied field, we change the average 
electron energy wW; if we represent the measured (p) 
versus W curve as an expansion in powers of W we can 
expect to find the coefficients b; from (1), comparing 
the two expansions and from them to compute v,,(v) or 
the collision probability P (0) Pom. 

This can be done only if R; is independent of W, as 
for the uniform field case. Nevertheless, the fact that 


t This work was supported in part by the Signal Corps, the 
Office of Scientific Research (Air Research and Development 
Command), and the Office of Naval Research 

* National Science Foundation Foreign Fellow, on leave from 
Istituto Superiore Poste e Telecomunicasioni, Rome, Italy 

1. Gould and S. C. Brown, Phys. Rev. 95, 897 (1954) 

2A. L Gilardini and S. C. Brown, preceding paper [Phys. Rev. 
105, 25 (1956) ] 
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R; depends on w is not a very serious difficulty, because 
R, is only a correction factor and a rapidly converging 
trial and error method can be used. An analogous dif 
ficulty arises because W and R; depend on the unknown 
collision frequency through the parameters / and 8. 
According to Figs. 2 and 3 of (1) we could practically 
ignore these dependences if d/L <0.2, but in this range 
the effect of the plasma would be (in our experimental 
conditions) for 
A(1/Q,). Therefore, we used a bigger quartz bottle 
and found another way to limit the difficulties. The 


too small a good measurement of 


ce ice on A does not present a serious obstacle if 

rial and error method; the dependence on 6 

aly ficult nature. The parameter # is propor 
oto 

nversel proportional to the pressure ; this means 

that (p 

the discussion of the experimental data, but we shall 


show that we can avoid this difficulty if we work in a 


© square of the mean free path, which is 


is also pressure dependent. This fact complicates 


convenient pressure range. 

In the zero-pressure-limit formula (1) gives a certain 
expression for the conductivity ratio; the zero pressure 
limit corresponds to B—>*, Ayw, A,w, ¢,, ¢,-0 or, in 
other words, a uniform electron energy is found through 
out the bottle. We can determine a range of pressures 
from zero to a maximum value p», in which (p) does 
not differ from the zero-pressure value of more than 
the experimental error we expect in the measurements. 
In this range (p) is practically pressure-independent. 
We have to investigate how the condition po < pm fits 
with the other limits for pressure. ‘The range in which 
the theory given in (I) is correct is limited at high 
pressure by the condition v,,”<w* and at low pressure 
by the conditions of no appreciable diffusion cooling 
and mean free path less than any dimension of the 
container. If the experimental conditions are such that 
pm falls in this range, we have a region in which we can 
use the zero-pressure-limit formula and (p) is pressure 
independent. Our conductivity measurements in neon 
have been performed in this region and from now on we 


will limit the discussion to this case. 
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We can conclude that by choosing a convenient low- 
pressure range and by using a trial and error method to 
account for the dependence of R; on w, and of R; and 
W® on h, we can determine the coefficients b; from the 
measured conductivity ratio as a function of the applied 
field. Equation (11) of (1) gives the collision frequency 
for momentum transfer. Before presenting the use of 
the method for the specific case of neon we want to 
discuss how to satisfy experimentally the steady-state 
energy assumption on which the theory given in (I) is 
based, 


STEADY STATE ENERGY CONDITIONS 


Most of the assumptions made in (I) are satisfied in 
the afterglow of a pulsed neon discharge when measure- 
ments are performed at microwave frequencies. How- 
ever, one of them needs more careful investigation. We 
have assumed that the energy moments of the distri- 
bution function Fy’ are independent of time, which is 
equivalent to saying that the electron average energy 
W has reached the steady state value corresponding to 
the applied field at that moment. We shall derive the 
conditions the experiment must satisfy to make this 


TIME FOR EQUIUIBRIUM ( 2m/m)», (ut 


D 








1 | 
' 10 





ENERGY RATIO@ /U 


Fic. 1. Time necessary for the electrons, to reach the energy 
0.99 (U-+-U) starting from the gas energy U, plotted versus the 
ratio of energies U/U and for various values of 4. The time is 
measured in units of M/2mp,,(U) 
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assumption acceptable. Some rough approximations are 
made to simplify the problem. 

We assume a decaying plasma infinitely extended 
and in a uniform time varying microwave field, with no 
recombination and for which all the assumptions made 
in (I) are correct; the energy moments of the distri- 
bution function now depends on time and not on space. 
From Eqs. (21) and (24) of (I), for /=1, we obtain: 
dw(t)/dt= (1 (5/2)/1(5/2—h/2) ] 

X (2m/M )vm(w)[U+U(t)—w(t)], (2) 
where y,,(w) is the collision frequency at the velocity 
[ 4w(t)/3m }* and U(t)= M[eE(t)/2mw F. 

A simple case of interest would be when the field is 


applied at ‘=0 and is constant thereafter; at /=0 we 
assume w= U, Solving Eq. (2) for this case we have: 


(2m/M)vm(U)t=[T (S/2—h/2)/T (5/2) ] 


w/U 
x f r(14u/U—p)-adg, (3) 


which gives the time ¢ in which the electron energy 
reaches the value w. In Fig. 1 the quantity (2m/M)v,(U)t 
for w=0.99(U +11) has been plotted versus U/U for 
different values of the exponent h. From these curves 
we know how much time must elapse after the field has 
been applied before the electron energy has reached the 
steady state value within one percent. Actually, in this 
specific case the Maxwellian hypothesis used in (I) to 
compute Eq. (24) is not very satisfactory, and we 
cannot expect the curves to give more than an approxi- 
mate value for the time. 

Unfortunately our experimental conditions are much 
more involved since the power absorbed by the cavity 
changes with time. The field frequency is constant, but 
the cavity resonant frequency changes due to the 
change in the electron density during the decay. We 
measure the conductivity ratio at the moment t=0 
when these two frequencies coincide. The electron 
energy at that moment w(0) has to be very near to 
U+11(0), in order to insure the validity of the assumed 
conditions. To find when this is true we must solve Eq. 
(2) with the proper law for U(t). Assuming the unloaded 
Q a constant in time, which represents a good approxi- 
mation to the actual experimental case, we can write 
the equation for U(t) as the equation for the power in 
a detuned cavity: 


U(d)=U(0)/{14+[2Qbw0(t)/w P}. (4) 


Here dwo(t) is the detuning, or the difference between 
the field frequency and the resonant frequency. When 
the density decay is controlled by ambipolar diffusion, 
and we neglect higher order diffusion modes, we can 
approximately express the detuning as: 


ba) on()= dun0)| ten ~ fr] , (5) 





COLLISION OF 
where Awo(0) is the resonant frequency shift at t=0 
from the condition without plasma and y is the density 
decay constant in a plasma with the electron energy w. 
For y we use Eq. (34) of (1), which at the zero-pressure 
limit becomes : 


x(t) = (w/d)?(Qu,/e)LU+wi(t) ]. (6) 


When Eqs. (4), (5), and (6) are substituted into (2), 
this becomes an integro-differential equation for w(t), 
which can be written using dimensionless variables in 
the following form: 


a5 /48-+(0(5/2)/0(5/2—W/2) 84 1 Al! 


t 27-1 
+B(exr|—c f +ae}-1) | |=°, (7) 


where the dimensionless variables are: 
f=(2m/M)v,(U)l, f= 
A=U(0)/U, B=[2Q0Aw0(0)/w F, (8) 

C= (M/2m)(V39/ pod)? (D, po)/Lvm(U)/ po |. 


a T 
w/U, 


We assume also the boundary condition ¢=1 when 
t+—«, which means energy equilibrium between 
electrons and gas in the absence of the applied field. 
We can now restate our problem as follows. Given the 
range of values of A and C over which measurements 
have to be made, find the maximum value of B for 
which ¢(0) differs from (1+ A) of a given fractional 
amount (we shall assume one percent). This can be 
solved numerically and in the experiment we shall 
choose Q and Aw, small enough to make B less than this 
maximum value. For neon one finds that this can be 
accomplished only by choosing a rather low value for 
Q, when actually we would like to have a high Q cavity 
for a good measurement of p. This difficulty can be 
solved' by using two independent fields corresponding 
to two different modes of the cavity: one with a low 0 
for the purpose of controlling the electron energy 
(heating mode), the other with a high Q, but much less 
power than the first, for measuring the conductivity 
ratio (measuring mode). 

Rigorously the discussion just given is not sufficient 
to insure that the energy steady state is reached in our 
experiment. An additional condition has to be satisfied, 
namely that the time constant for energy redistribution 
due to density and energy gradients is small compared 
to the time during which the heating field is effective. 
The time constant for the energy redistribution 7, can 
be computed from Eq. (24) of (I) and the result is, in 
the zero pressure limit: 


P'(5/2—h/2) 3d\? mvp 
sew 
5(3—A)P'(5/2—h)\2e] wo 
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This last condition is always well satisfied in our experi- 
ment, the time constant being of the order of a micro- 
second or less. 


CONDUCTIVITY RATIO WHEN TWO FIELDS 
ARE PRESENT 

When the power in the measuring mode is much less 
than the power in the heating mode all the formulas of 
(I) from (26) to (38) are correct, provided Ll, is referred 
to the heating mode. When we average over the cavity, 
(p) is still given from (1), but R; is no longer Eq. (44) 
of (I). 

Here we give the formulas for the average energy W 
and the correction factor R; in the zero pressure limit, 
and when the heating mode has the electric field parallel 
to the x axis and the measuring mode has its electric 
field parallel to the z axis. 


w= U+{(d/L,)?(d/L,)+(1—h/5)(3—h) 
x [W(d/L,)(d/L,) +0(d/L,)¥(d/L,) VU, 
h)0'(5/2—h) | 
* (((S—h)b1—m/2— (m/2)O1(d/L,)/Oo(d/L,) } 
«KW (d/Ly)?(d/L.) +L (5—h)br—m/3 } 
x b(d/L,)¥(d/L,)) Ue. 


(10) 


WR, ={1(5/2)/5(3 


(11) 


EXPERIMENTAL RESULTS FOR NEON 


The method discussed has been used in the deter 
mination of the collision probability in neon. The experi 
mental procedure for this kind of measurements has 
been described in detail in the paper by Gould and 
Brown'; no significant modifications have been intro 
duced. The geometrical dimensions of the cavity and of 
the bottle are L,=6.90 cm, L,=7.51 cm, L,= 6.28 cm, 
d=2,.82 cm; the resonant frequency for the heating 
mode is 3000 Mc and the resonant frequency for the 
measuring mode is 2840 Mc. The electron densities 
in the plasma were of the order of 108 to 10° em™, 

According to the analysis presented in the introduc 


“Vv 


tion, the pressure must be bigger than 1 mm Hg to 
prevent diffusion cooling’ and less than the pressure 
corresponding to the most stringent of the two condi 
tions Yp’<w* and B>3. For a given (p) and a given 
Aw, the change A4(1/Q_) is proportional to the pressure 
[formula (1) ]; this means that it is better to work at 
the highest pressures in the allowed range. The measure- 
ments have been made at pressures from 13 to 5 mm 
Hg, the lowest for the highest electron energies. In this 
pressure range, except at high electron energies, the 
decay in pure neon is controlled by recombination; we 
found in (I) that it is difficult to determine the electron 
density distribution for this case, and we prefer to work 
when diffusion is controlling the decay. Dissociative 
recombination is prevented in neon by adding a small 
amount of argon (from 0.01 to 0.1 percent); this 


4M. A. Biondi, Phys. Rev. 93, 1136 (1954) 
‘M. A. Biondi, Phys. Rev. 83, 1078 (1951) 
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KG. 2. Average conductivity ratio (p) as a function of electron 
energy. Solid line: (p) vs U+ Us, the electron energy at the center 
of the cavity in an equivalent uniform plasma, for neon con 
taminated with argon. Short-dash line: (p) vs U+-U, for pure 
neon. Long-and-short-dash line (p) vos @, an average electron 
energy through the cavity. The average scattering of the indi 
vidual data from the curves is two percent 


amount is so small that no appreciable change in ele 
tron collision probability is expected. 

Equation (7) has been discussed numerically to 
determine the conditions for which energy steady state 
has been reached within one percent at the time of 
measurements. Having Dypo= 150 cm* sec™' mm Hg, 
C <0.027 and 1.5<h<1.9, we found that B must be 
less than 3 for 1<A <10, and less than 1.5 for 10<A 

50. Consequently we chose Q=220 and Awy<11 
Mc for the first range, Aw) <8 Mc for the second one. 

The neon used was a commercial “spectroscopically 
pure” sample obtained from Air Reduction Sales Co. 
When we improved its purity using the method of 
cataphoresis® we found that (p) was a function of the 


’ 


post-discharge time, as if the neon metastables excited 
during the discharge would remain for a long time in 
the afterglow and by ionization would produce electrons 
with higher energies than the other plasma electrons. 
Only without the heating field the effect could be 
observed. 

The measured (p) is plotted as a function of U+11, 
in ev in Fig. 2, both for neon and for neon with argon, 
The average scattering of the individual data from the 
curves is two percent. The measurements have been 
performed at post-discharge time larger than 1 milli 


*R. Riesz and G. H. Dicke, J. Appl. Phys. 25, 196 (1954) 
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Fic. 3. Electron collision probability for momentum transfer 
in neon as a function of electron velocity. Solid line: curve deter 
mined by the microwave method. Crosses: measurements by 
Ramsauer and Kollath. Dashed line: average curve throug their 
data. 


second to insure energy equilibrium between electrons 
and gas in the absence of the applied field. The two 
curves coincide for high values of U/+11., because there 
diffusion becomes the dominant loss process also in 
pure neon. At low energies the curve for pure neon 
deviates from that for neon plus argon as if the density 
was uniform through the cavity, in agreement with a 
recombination decay. By applying the method of this 
paper, the collision probability in neon has been com- 
puted from the measurements in neon plus argon. In 
Fig. 2 an intermediate step is also shown, the (p) versus 
wW curve; this curve is stopped at W, which in our case 
is 2 ev. 

In Fig. 3 the computed collision probability as a 
function of electron velocity is shown as a solid curve. 
The curve has been limited between the velocity for 
which the integrand y,,v(0Fo°/dv) in the conductivity 
ratio formula [see Eq. (10) in (I) ] is a maximum at 
w= U and the velocity for which the same expression 
is a maximum at W=W. The crosses represent the 
results computed by Barbiere® from measurements by 
Ramsauer and Kollath,’ using an electron beam method ; 
the dotted line is their average. The agreement between 
the results obtained with the microwave and the elec- 
tron beam method can be considered satisfactory. 

The authors wish to acknowledge the technical 
assistance of Mr. J. J. McCarthy. 

*D. Barbiere, Phys. Rev. 84, 653 (1951) 

7C. Ramsauer and R. Kollath, Ann. Physik 12, 529 (1932). 
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Highly accurate computations of the total intensity of bremsstrahlung have been performed on the New 
York University UNIVAC using both Sommerfeld’s result and the Born approximation as modified by 
Elwert. The incident electron energy range treated was from 0.44 ev to 80 kev, together with a large range of 
emergent electron energies so as to cover the range of emitted frequencies. The results are presented gra 


phically such that they may be obtained to an accuracy of better than 1.0% 


INTRODUCTION 


E have numerically calculated! the total intensity 

of bremsstrahlung for electrons incident upon 
protons, over a large range of incident and emergent 
electron energies, from the formula derived first by 
Sommerfeld.? Sommerfeld’s formula is nonrelativistic 
and neglects retardation effects, but is otherwise exact. 
We have also calculated the total intensity, as obtained 
from the Born approximation modified by the factor 
derived by Elwert,* for comparison and checking 
purposes. 

The numerical calculations were carried out on the 
UNIVAC at the New York University Atomic Energy 
Commission Computing Facility. A total of about 
16 500 cases was considered, corresponding to 327 
incident electron energies between approximately 0.5 
ev and 80 kev, and an average of about 50 emergent 
electron energies per incident energy. The error in the 
numerical work than the un 
certainty of the fundamental atomic constants employed 


was maintained less 
in the expression for the total intensity. These numerical 
results may be readily applied to nuclei other than 
hydrogen by a simple scaling, as indicated by the Z 
dependence shown in the formulas below. They will 
also be of interest in proton bremsstrahlung. 

Since these calculations omit shielding effects, they 
may be strictly applied only in the case of a completely 
ionized target particle, or, more generally, a dilute, 
completely ionized, plasma. For systems in which 
shielding effects are important, the work of Kirk 
patrick and Wiedmann! indicates that our results will 
be inapplicable for values of v/vp<0.1. 

The results obtained are clearly too numerous to be 
presented in tolo. Therefore, we have attempted to 
select a representative sample for graphical presentation 
such that the 
obtained to better than 1°, by interpolation from the 


desired Sommerfeld results may be 


*Now at the International Business Machines Research 
Laboratory, Poughkeepsie, New York 

1P. Kirkpatrick and L. Wiedmann, Phys. Rev. 67, 321 (1945); 
Thaler, McHale, and Biedenharn, Phys. Rev. 102, 1567 (1956) 

2A. Sommerfeld, Wellenmechanik (Frederick Ungar Publishing 
Company, New York, 1947), p. 527. 

3G. Elwert, Ann. Physik 34, 178 (1939). See also, W. Heitler, 
Quantum Theory of Radiation (Oxford University Press, London, 
1954), third edition, p. 246, for a brief description and justification 
of the Elwert factor. 


given curves. Further, we do not include those incident 
energies, greater than 700 ev for hydrogen nuclei, above 
Sommerfeld Born-Elwert 
approximation agree to within 0.5%, 


which the results and the 
and above which 
relativistic and retardation effects appear. 

We have used the results reported here in a further 
numerical calculation of the absorption coefficients and 
Gaunt factor, for 


hydrogen plasma, for various temperatures and optical 


average free-free transitions in a 
frequencies. Since these results are primarily of interest 
in astronomy, they have been submitted for publication 
to the Astrophysical Journal 


EQUATIONS AND COMPUTATIONS 


The expressions, whose values we have computed, 
are, first, the total intensity of bremsstrahlung, Wg, as 
obtained by Sommerfeld, corresponding to the total 
energy radiated in the frequency range dv by an electron 
incident upon a hydrogen nucleus, averaged over all 
angles for the emerging electron and photon. This 


expression is 


dv 
Ws 4( ) 
as (em'mi—1)(1 


where 


Ny 


F(x) =F(—m, 


8 e i? 
3.7946 XK 10-8 erg cm? sec, 


the subscript 1 refers to the incident electron, the 
subscript 2 to the emergent electron, m is the electron 
mass, é the electronic charge, é is Planck’s constant, 0 is 
the electron velocity, and Z is the nuclear charge, 
which is unity in our calculation. Secondly, we have 
the expression for the total radiation loss as obtained 
from the nonrelativistic Born approximation as modified 
by Elwert. This is, in the same notation, 
1 (l—e-?*!*1!) 7 Z\2 dp 
W we A ) In( 
2x? (1—e**!"!)\NaJ hike 


Xo), (2) 
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and the Born approximation result is 


1 Z\? dy 
4( ) — In(1—2p»). 
2r’ a k?? 


The only difficult computation is that of the hyper- 
geometric function, F(x»), in particular for values of 
x9>1 for which most of our computations were made. 
For this region we used the analytic continuation of 
F (x9),* which is 


Ws (2a) 


F (a,b,c; xo) 


I'(c)'(b—a) 
(—x9)*F (a, 1—c+a, 1—b+<a; xg) 
I'(b)l (ca) 


I'(c)'(a—b) 
m ( Xo) b 


+ = 
I'(a)l'(c—b) 


x F(b, 1—-c+b, 1—a+b; x"). (3) 
It is seen that in addition to having to evaluate the 
hypergeometric series, as in the case for x»<1, we have 
also to evaluate gamma functions of complex argument. 
Briefly, the numerical work was done as follows: The 
complex hypergeometric series were split into purely 
real and purely imaginary series, as were the derivative 
series that were obtained from term-by-term differ 
entiation. The resultant four series for x9<1, or the 
eight series for x»>1, were evaluated at the same time, 
each to an accuracy of eleven decimal places. That is, 
the series were terminated when the last term calculated, 
for the most slowly converging series of the group, was 
zero to eleven places, and where the first terms were 
of order unity. Thus, in several of the cases, as many 
as one hundred terms of the series were calculated. In 
obtaining the gamma functions of complex argument, 
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Fic. 1. The product of the total intensity W, and the incident 
electron energy F in electron volts, divided by the frequency 
interval dv and the constant A is plotted as a function of the 
relative photon frequency v/vo for incident electron energies 
between 0.449752 ev and 20.4874 ev. 


‘E. T. Whittaker and G. N. Watson, Modern Analysis (Cam 
bridge University Press, Cambridge, The Macmillan Company, 
New York, 1948), p. 289. Note incorrect signs. 
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use was made of the U. S. Bureau of Standards table® 
of the arguments of I'(1+in) as a function of n. The 
gamma functions encountered in Eq. (3) were expressed 
in the form I'(1+-in), the pertinent table was placed in 
the memory of the machine, and the required arguments 
of I'(1+%in) were obtained by interpolation, The 
calculations were done separately for two ranges of 
the values of m; and mp». In the first, the range of |n;/ 
and || was between zero and three and a table of two 
hundred entries for the gamma functions was used, 
while in the second, the range was between 1.34 and 
9.9 and a table of 190 entries was used. The time 
required to evaluate Ws varied widely, but, on the 
average, about five seconds per case were required for 
xo>1, while only one second per case was necessary 
for x9<1. The cases corresponding to 0.75<x9<1 and 
0.75<1/x%9<1 were omitted in general, with particular 
cases calculated individually as required to fill in holes. 
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Fic. 2. The product of the total intensity W, and the incident 
electron energy F in electron volts, divided by the frequency 
interval “dv and the constant A, is plotted as a function of the 
relative; photon frequency v/vo for incident electron energies 
between 20.4874 ev and 730.27 ev. 


In the first set of computations the values of m, and 
n, were generated by 
| | 1.34¢ NX0.008 Ineld — | | <3 


ny 
V=0,1,2---250. (4) 


The |n| were generated from || by |#2| = |m|+MhA, 
with M taking integral values and / varied, in order 
most economically to cover the range of v/vo, Le., the 
ratio of the emitted frequency to the maximum possible 
emitted frequency. Later, the calculation was extended 
to include 


5 5e NX0.008 Ineld - N»| <9,9, 
N=0,1,2--- (4a) 


5 Tables of Coulomb Wave Functions, U. S. National Bureau of 
Standards, Applied Mathematics Series 17 (U. S. Government 
Printing Office, Washington, D. C., 1952), Vol. 1, p. 129. 


1.34< |n,| 
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|m2|=|m,|+0.1M, M=1,2,3--- 
Equation (2), Wee, was evaluated for the same values 
of m; and mz as described above. 


RESULTS 


It appears impossible to present the computed results 
to the accuracy with which they were obtained without 
inordinately long tables. However, for many purposes, 
1% accuracy of presentation should be sufficient and 
it is at this accuracy that we have aimed. We have 
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Fic. 3. The total intensity W, divided by the frequency interval 
dv and the constant A is plotted as a function of the relative 
any frequency v/vo for incident electron energies between 

.5768 ev and 12.6907 ev 


found, after some experimentation, that a well-ordered 
set of curves, depicting the results and suitable for 


interpolation, is obtained by plotting the product of the 
incident electron energy, Z, and the Sommerfeld total 
intensity per unit frequency interval, Ws/dv, as a 


function of relative photon energy, v/vo. In Figs. 1 and 


*A complete table of the computed results of W,/Adv as a 
function of |m,| and |m2| has been prepared, and may be obtained 
by communication with the author. The results are given to ten 
decimals of which the first seven are significant, in so far as the 
numerical computation is concerned. 
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Fic. 4. The ratio of the total intensities obtained from Sommer 
feld’s formula, W,, and the Born approximation as modified by 
Elwert, War, is plotted as a function of relative photon frequency 
v/vo for incident electron energies between 0.44975 ev and 
703.863 ev 


2 we have presented the data in this manner, except 
that we have, for convenience, divided Ws/dv by the 
constant (8me*h*)/(3m*c*). Each curve is labeled by the 
value of the incident electron energy expressed in 
electron volts. Using these figures, no difficulty was 
encountered in obtaining any desired Wg, in the range 
covered, to an accuracy of better than 1.0°7, by a simple 
interpolation from the curves. 

In Fig. 3 we have presented some interesting results 
demonstrating the appearance of resonances for small 
electron energies and low relative electron energy losses, 
It is seen that these resonances first appear for incident 
electron energies of about the ionization potential of 
hydrogen, and become more pronounced for lower 
energies. In order to show these resonances more 
clearly, the ordinate in Fig. 3 does not include the 
incident electron energy, /, and subsequently the 
curves are more widely separated. Also, the computed 
points have been indicated since their spacing is not 
sufficiently close to conclude that all details of the 
resonances have been included in the drawn curves 
7.57685 ev, the 


calculations were not carried out to small enough values 


Unfortunately, for energies below 


of v/vo to include this phenomenon. 

Finally, in Fig. 4, we have plotted the ratio W s/W ge 
as a function of v/vo. The conditions under which good 
agreement would be anticipated are || —|n,|«1 or 
|m:|<1. It is seen that, when these conditions are 
satisfied, good agreement is obtained. Actually, it will 
be noted that the agreement at the short-wavelength 
limit is better than the restrictive conditions would 
indicate. It is interesting that even for the lowest energy 
case calculated, 0.449751 ev, the agreement is within 
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a factor of two. For energies above 700 ev the agreement 
is excellent. For example, at 2000 ev the agreement is 
within 0.2% and gets better with increasing energy. 

Comparison to the ordinary Born approximation has 
not been made, but it may be simply obtained from 
Fig. 4 and Eqs. (2) and (2a). 
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The coefficient of absorption of sound in liquid helium has been measured at a frequency of 11.8 Mc/sec in 
the temperature range from 0.2°K to 1°K, at vapor pressure, and at 8.0, 13, and 18.3 atmospheres. Careful 
measurements above 0.9°K at vapor pressure reveal that the two sharp maxima observed by Chase and 


Herlin at the top of their absorption curve were an instrumental effect 


Preliminary results at the higher 


pressures indicate that, if allowance is made for the pressure variation of the density and the velocity of 


sound, the attenuation decreases exponentially with pressure at temperatures just below 1°K 


I, INTRODUCTION 
( NHASE and Herlin' have reported a measurement of 


the attenuation of sotind in liquid helium below 
1°K under the saturated vapor pressure, at a frequency 
of 12.1 Mc/sec. According to their results, the absorp- 
tion coefficient, practically zero below 0.1°K, increases 
with temperature approximately as 7?-* between 0.3°K 
and 0.8°K, and eventually goes through a broad peak 
in the vicinity of 0.9°K 
At the summit of their curve, Chase and Herlin 
found two secondary peaks, apparently well resolved, 
separated by a temperature interval of 0.1°K. This 
feature of their results was thought to be in qualita- 
tive agreement with a theory proposed in 1950 by 
Khalatnikov,’ which attempted to account for Pellam 
and Squire’s observation’ that, below 2°K, the absorp 
tion increases anomalously as the temperature decreases. 
From a consideration of elementary collision processes 
involving phonons and rotons, Khalatnikov concluded 
that only two processes, inelastic phonon-phonon and 
phonon-roton collisions, had relaxation times sufficiently 
long that they could lead to absorption at the frequency 
used by Pellam and Squire (15 Mc/sec). Khalatnikov 
calculated the temperature dependence of the attenua- 
tion coefficient, and predicted that it would go through 


t This paper is based on a Ph.D. thesis submitted to the 
Department of Physics, Massachusetts Institute of Technology, 
on January 9, 1956. The work was supported in part by the U.S 
Army (Signal Corps), the U. S. Air Force (Office of Scientific 
Research, Air Research and Development Command), and the 
U.S. Navy (Office of Naval Research) 

'C. BE. Chase and M. A. Herlin, Phys. Rev. 97, 1447 (1955) 

*I. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 20, 
243 (1950) 


+ J. R. Pellam and C. F. Squire, Phys. Rev. 72, 1245 (1947) 


a maximum near 1°K, Chase‘ confirmed this prediction 
experimentally in 1953, and showed that Khalatnikov’s 
equations could be adjusted to fit his data reasonably 
well down to a temperature of 0.95°K. The later dis- 
covery that there were two subsidiary peaks at the top 
of the principal absorption peak pointed to the existence 
of two separate relaxation mechanisms, and thereby 
provided further support for Khalatnikov’s theory. 
Chase’s earlier attenuation measurements had shown 
only a single broad maximum, but, since the tempera- 
ture intervals separating his points below 1°K were 
quite large, it was thought the fine structure might 
simply have been missed. 


II. ATTENUATION AT VAPOR PRESSURE 
ABOVE 0.9°K 


Soon after the twin peaks were found, the author 
undertook an investigation of the effect of pressure on 
their relative positions and magnitudes, Early in the 
course of this experiment, an attempt was made to 
reproduce Chase and Herlin’s results at vapor pressure. 
A cryostat was constructed in which temperatures 
down to 0.9°K could be reached by pumping. Tempera- 
tures in this region were measured with a mutual in- 
ductance thermometer, sensitive enough to detect 
changes of less than 0.001°K at 1°K. 

Initially, the ultrasonic techniques and apparatus 
used by the author were identical with those described 
by Chase and Herlin. A single X-cut quartz crystal, 
with a resonant frequency of 11.8 Mc/sec,® was used 

*C. E. Chase, Proc. Roy. Soc. (London) ‘A220, 116 (1953). 

* This was the same crystal used by Chase and Herlin. They 
measured the frequency of the pulses exciting the crystal by 


beating them against a continuous signal from the signal generator. 
It was later found, however, that the calibration of the signal- 
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in conjunction with a polished brass reflector to trans- 
mit and receive the ultrasonic pulses. All signals that 
appeared across the crystal, including an additional 
pulse from a signal generator, were displayed on the 
sweep of a Du Mont type 256D oscilloscope, after 
suitable amplification and detection. Echo heights were 
measured by adjusting the calibrated output attenuator 
of the signal generator until the amplitudes of the com- 
parison pulse and the echo were equal. Since the sound 
pulses were transmitted over a fixed distance, only the 
temperature variation of the attenuation was measured 
directly. Absolute values of the absorption coefficient 
were calculated by matching the results with Chase’s 
earlier measurements at 12.1 Mc/sec, made with a 
variable path length. Above 1.15°K, the attenuation is 
proportional to the square of the frequency,‘ so it was 
a simple matter to correct for the slight frequency 
difference. 

From the very outset, the author experienced diffi- 
culty in making measurements in the region of maxi- 
mum absorption below 1°K. As the attenuation in- 
creased, the echoes grew smaller and became severely 
distorted. Often, as the temperature was varied, por- 
tions of the same pulse were seen to change both in size 
and shape, at quite different rates. The data strongly 
reflected the criterion chosen for estimating the height 
of the echo, and it is therefore not surprising that 
results obtained one day could never be duplicated 
the next. Minor peaks similar to those found by Chase 
and Herlin were often recorded, but they differed widely 
in temperature separation and position, as well as in 
magnitude. 

These troubles vanished when separate crystals were 
used as transmitter and receiver, and so did the twin 
peaks. Results from one run are plotted in Fig. 1, 
together with smoothed values of Chase and Herlin’s 
data (shown as a dotted line), There is little doubt that 
the two sets of measurements are significantly different. 
The variation in their curve is well outside the scatter 
of the data presented here, and the temperature in- 
tervals between our experimental points are small 
enough to preclude the possibility that the extra peak 
might have been missed. 

The results of several other runs are in agreement 
with the data shown in Fig. 1, and it is now clear that 
the fine structure observed by Chase and Herlin was an 
instrumental effect. Their measurements were carried 
out over a range of temperature in which the absorption 
coefficient undergoes a considerable change in value. 
At low temperatures, where the attenuation was small, 
it was necessary for them to use ultrasonic pulses 
sufficiently weak that there would be no spurious 
absorption from finite amplitude effects. During a de- 
magnetization, however, the pulse amplitude could not 
generator frequency dial was inaccurate. It is believed, therefore, 


that their measurements were actually made at a frequency of 
11.8 Mc/sec and not 12.1 Mc/sec 
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Fic. 1. The attenuation of sound in liquid helium above 0.9°K, 
at vapor pressure. + Chase,‘ 12.1 Mc/sec; Chase and 
Herlin,! 12.1 Mc/sec (see reference 5); results, 
11.8 Mc/sec 


present 


be varied; consequently, if measurements were to be 
made over the entire temperature range, the path 
length had to be sufficiently short that the received 
pulse would not be obscured by noise near 0.9°K, where 
the attenuation was large. 

For the 1.96-cm path length used by Chase and 
Herlin, the amplitude of the first echo near 0.9°K was 
still several times the noise level of the amplifier. There 
was additional noise visible on the os illoscope trace, 
however, which arose from “ringing’ 
from electronic difficulties associated with saturation of 
the amplifier by the large input pulse 
turbances constituted a coherent background on which 
the pulses representing the ultrasoni 


of the crystal and 

These dis 
echoes were 
superimposed. If the velocity of sound should vary 
with temperature, the phase between an echo and its 
background would also vary. ‘The temperature de 
pendence of the velocity would not have to be large to 
give rise to significant alterations in the shape and 
amplitude of the pulses; a variation of only 0.05% over 
a temperature interval of 0.1°K, corresponding to a 
phase shift of one-half wavelength, would be sufficient 
to account for the spurious peaks. When separate 
crystals are used, the background clutter absent 
from the oscilloscope trace (provided that the receiver 
line is well shielded from the transmitter), and there is 
virtually no systematic distortion of the smallest signals 
which can be distinguished above noise. 


II]. ATTENUATION AS A FUNCTION 


ABOVE 0,2°K 


OF PRESSURE 


Attenuation measurements have also been carried out 
in the temperature region 0.2°K to 1°K, at vapor 
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Fic. 2. The attenuation of sound in liquid helium at 11.8 
Mc/sec. Temperature uncertainties greater than 0.005°K are 
indicated by horizontal bars 


pressure and at 8.0, 13, and 18.3 atmospheres.® This 
work is still in progress, and only preliminary data have 
been obtained. Since certain features of the results are 
of some interest, however, they will be presented here. 

The data shown in Fig. 2 were obtained with two 
matched X-cut quartz crystals, resonant at 11.8 Mc/sec, 
separated by a path length of 1.48 cm. The results at 
vapor pressure were adjusted to fit Chase’s 1953 data.‘ 
Calculations of the absorption coefficient at higher 
pressures were based on the assumption that the 
attenuation falls to zero at sufficiently low temperatures. 
Chase and Herlin’s work shows that this assumption is 
valid at vapor pressure, and it is reasonable to suppose 
it holds at other pressures as well. 

The curve at vapor pressure is in agreement with the 
measurements published by Chase and Herlin, if allow- 
ance is made for temperature uncertainties of 5% in 
their experiment, and approximately 3% in the present 
one. Between 0.4°K and approximately 0.8°K the 
attenuation is proportional to 7?* at vapor pressure, 

* Measurements of the attenuation as a function of pressure 
above 1.2°K have been made at 14.4 Mc/sec by J. A. Newell, in 
collaboration with J. Wilks [J. A. Newell, Conférence de Physique 
des Basses Températures (Centre National de la Recherche 
Scientifique and UNESCO, Paris, 1956) ]. At the end of his report, 
Newell mentions measurements at lower temperatures. No details 
are given, but it is stated that: (1) a smooth maximum was found 
at vapor pressure in place of Chase an‘] Herlin’s twin peaks ; 
(2) the sum of the first and second viscosities, calculated from the 
attenuation, decreases with pressure; and (3) there is a “shift in 
the position of the maximum of up to 0.14°K.” 

Note added in proof.—Newell and Wilks have now published a 
further account of their measurements below 1°K (Phil. Mag. 1, 
588 (1956) ]. They present curves of the normalized attenuation- 
versus-temperature which extend down to 0A4°K, at 8, 16, and 25 
atmospheres and at vapor pressure. 
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Fic. 3. The reduced attenuation of sound (a = 2pc%a/w*) in liquid 
helium at 1°K, as a function of pressure. 





and 7? at 8.0 atmospheres. At 13 and 18.3 atmos- 
pheres, the attenuation appears to increase somewhat 
more rapidly than 7*; however this conclusion must be 
regarded as tentative. The warm-up rates from 0.6°K 
to 0.9°K were, unfortunately, quite rapid for the 
demagnetizations that were made at these pressures, 
and the temperature uncertainties for the points taken 
in this region are therefore quite large. 

Above 0.9°K, measurements both of the temperature 
and the signal size can be considered fairly reliable, so 
we can estimate the pressure dependence of the attenua- 
tion. According to Khalatnikov,’ the absorption coeffi- 
cient is given for liquid helium, as for ordinary liquids, 
by the expression 


a= (w?/2pc*)[ (4/3)n+S2], 


where w is the angular frequency, p the density, c the 
velocity of sound, 7 the coefficient of ordinary (shear) 
viscosity, and {£2 the coefficient of second viscosity, 
including relaxation effects. The attenuation has a 
substantial pressure dependence that arises solely from 
the factor (1/pc*). We therefore calculate the quantity 
a’ =2pcta/w*, using the data of Keesom and Keesom 
for the density,* and of Atkins and Stasior for the 
velocity of sound.® Values of a’ are plotted in Fig. 3 for 
a temperature of 1°K. It can be seen that a’ decreases 
approximately exponentially with pressure. At 0.9°K, 
the decline is somewhat more rapid, but it is still 
exponential. 

One other feature of the data deserves brief comment. 
Chase and Herlin found a knee, or change in slope in 
their curve at a temperature of approximately 0.3°K, 
below which the attenuation fell to zero much more 

7I. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 23, 
21 (1952). 

*W. H. Keesom, Helium (Elsevier Publishing Company, Inc., 
Amsterdam, London, New York, 1942), p. 240. 

°K. R. Atkins and R. A. Stasior, Can. J. Phys. 31, 1156 (1953). 
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rapidly than 7%. A log-log plot of the present data 
reveals that there is a similar knee in the curve at vapor 
pressure, and perhaps also at 8.0 atmospheres. The 
knee is located at 0.4°K, rather than at 0.3°K, how- 
ever, and we found no further increase in slope at 
lower temperatures. 

Chase and Herlin suggested that the effect might be 
associated with the rapid increase of the phonon mean 
free path as the temperature decreases. Assuming that 
the knee in our curve has the same origin, we might 
have expected to find it at a higher temperature, since 
we used a shorter path length (1.48 cm). However, their 
measurements below 0.7°K were actually made at two 
different path lengths—1.96 and 3.94 cm—and the 
increase in power law apparently occurred at 0.3°K for 
both sets of data. It seems unreasonable, on the basis 
of their interpretation, that a path length increase of 
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0.5 cm would depress the temperature of the knee by 
0.1°K, when a further increase of 2 cm apparently 
produces no change at all. Measurements now being 
made at two other frequencies, and with different path 
lengths, may enable us to determine whether the effect 
is instrumental, or whether it actually represents a 
change in the attenuation at these low temperatures, 
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The viscosity coefficients for gaseous He’ and He‘ have been calculated to the second order approximation 
from 0°K to 40°K according to the quantum-mechanical theory of transport phenomena. Results are pre 
sented for two intermolecular potentials, the Lennard-Jones 12-6 (LJ1) and the exp-6 (MRS5) functions 
Contrary to expectation, LJ1 provides a better over-all fit to experimental data. A brief survey is given of 
the theory, previous calculations, and existing experimental data, with the conclusion that the low-tem 


perature transport properties of the gaseous helium isotopes are not yet described with certainty by either 


experiment or theory 


I. INTRODUCTION 
ECENTLY we have calculated! the second virial 
coefficients, B, of gaseous He’ and He‘ below 60°K 
using two different intermolecular potential functions: 
the Lennard-Jones 12-6 function, 


v(r) =4ef (a /r)"*— (a/r)®) | 


with constants o and ¢ given by de Boer and Michels* 


(designated as LJ1), and an exp-6 potential, 


€ 6 rm\* 
specie) o-an-()] 
1—6/al\a f 


with constants ¢ and 7,, derived from low-temperature 
He‘ B values‘ and a from high-temperature gaseous He‘ 


* Work done under the auspices of the U. S. Atomic Energy 
Commission 

! Kilpatrick, Keller, Hammel, and Metropolis, Phys Rev. 94, 
1103 (1954) 

* Kilpatrick, Keller, and Hammel, a. Rev. 97,9 (1955). 

4 J. de Boer and A. Michels, Physica 5, 945 (1938). 

‘W. E. Keller, Phys. Rev. 97, 1 (1955). 


viscosity data® (designated as MR5). Comparison of 
measured ?-V-7T data*® for He* and He‘ with the 
calculations indicated that MRS5 gives a better over 
all fit to B(7T) than does LJ1. With this conclusion 
and because one of three MR5 potential constants 
was determined from transport data, the expectation 
was that MRS could yield better values of the low 
temperature gaseous transport coefficients of the helium 
isotopes than LJ1. 

There have been several calculations of the thermal 
conductivity and viscosity coefficients of Het gas below 
5°K,’ and de Boer and Cohen* and Buckingham and 
Scriven’? have calculated these quantities for He’, 
De Boer and co-workers have based all computations 
on LJ1, while Buckingham and co-workers have used 


* See E. A. Mason and W. E. Rice, J. Chem. Phys, 22, (1954) 
for use of viscosity data in determining the repulsive steepness of 
the potential. 

*W. E. Keller, Phys. Rev. 98, 1571 (1955) 

g FE CT Hamilton, and Massey, Proc. Roy. Soc. 
(London) A179, 103 (1941); J. de Boer, Physica 10, 348 (1943) ; 
RK. A. Buckingham and R. A. Scriven, Proc. Phys. Soc (London) 
B65, 376 (1952). 

* J. de Boer and E. G. D. Cohen, Physica 17, 993 (1951), 
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a variety of constants for an exp-6 type potential and 
for this potential with an added eighth power attractive 
term, 

In the present work we have investigated the trans- 
port properties of gaseous He’ and Het below 40°K as 
obtained from both the MRS and the LJ1 potentials. 
We have repeated the de Boer et al. calculations below 
5°K to which the 
disagreement between their phase shifts and ours! 
affect the viscosity and heat conductivity coefficients. 
Since we have been fortunate in having at our disposal 
a high-speed electronic computer, the MANIAC, we 
have been able to obtain easily many more phase shifts 
than could be computed in even an extremely long time 
with desk calculators. Because of this we have been 
able to extend the temperature range of the calculations 
and achieve greater accuracy in the results than was 
heretofore plausible. 


in order to determine the extent 


II. THEORY 


Although the theory of transport phenomena at low 
temperatures has been extensively treated elsewhere,’ 
it will be useful to summarize briefly the main steps in 
the argument leading to the formulas used in the present 
calculations. 

The entire treatment the 
Chapman-Enskog solution of the Boltzmann equation 
for conditions of the fluid where the density is low and 
gradients of the physical quantities are small. In this 
way the Navier-Stokes hydrodynamical equations are 
obtained with the flux of molecular properties (energy, 
momentum, etc.) expressed as first-order derivatives. 
The fluxes, which define the various transport coefh- 
cients, are formulated in terms of a series of Sonine 


pit.) 


is based on classical 


polynomials involving sets of integrals These 
integrals describe the molecular encounters as functions 
of the collision parameters and intermolecular potential. 
Hence, for example, for the viscosity, u, we ultimately 


arrive at the expressions: 


SRT /8Q°? 
and 

QQ?) }2 
1+ 


Q2.9Qe.2 


Mo M1 


| (2) 
) 


where yw; represents the viscosity as obtained from the 
first Sonine polynomial, and yw that as obtained using 
the expansion through the second polynomial. It should 
be emphasized that the higher order solution is still 
obtained from the Navier-Stokes approximation for 
the Boltzmann equation. The integrals Q'” are given 


(pit ( ) { exp! y*)y* FO (g)dy, (3) 


0 
* See, for example, Hirschfelder, Curtiss, and Bird, Molecular 
Theory of Gases and Liquids (John Wiley and Sons, Inc., New 
York, 1954), especially Chaps. 7, 8, and 10. References to the 
original works may be found here 


(Q2%))2+- (77/6) (Q?? 
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kT 
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where m, is the reduced mass of the two colliding 
molecules, k the Boltzmann constant, T the tempera- 
ture, g the relative velocity of approach of the two 
molecules, and y’=}m,g*/kT. The transport cross 
sections Q" (g) are defined by 


L 


OM (g) an f (1—cos‘x)bdb, 


0 


(4) 


where for viscosity ‘= 2, and the angle of deflection x 
is given in terms of the collision parameters r and b by 
the expression : 


x(¢,b)=27— 2» f 


™ 


“ dr/r* 

. (5) 
(1—b?/r?— o(r)/(4m,g*) } 
g(r) is the potential as a function of separation 7, and 
b is the distance of closest approach of the two molecules 
if g(r)=0. 

For the case of gases at low temperatures where 
quantum effects are relevant, Uehling and Uhlenbeck 
have stated the Boltzmann equation quantum me- 
chanically and arrive at expressions for the transport 
coefficients essentially by correspondence from the 
classical formulation. Again focusing our attention on 
the coefficient of viscosity, we find that Eqs. (1) and 
(2) remain unchanged. But the expressions for the 
integrals 2°” have been altered in that now y?= }h?q?/ 
m,kT, and O'"(g) is replaced by Y'" (q). For t= 2: 


4n __ (14+1)(1+2) 
) 


oe) (1+3) 
"S 


sin*(niy2(g)—m(q)), (6) 


y° l 


where q is the energy or wave-number parameter, / the 
angular momentum quantum number, and 7,(qg) the 
phase shift. In the correspondence with the classical 
theory :(q) has the same significance as x(g,b). 

» It has been customary to facilitate calculations by 
reducing the appropriate quantities in the above 
equations to molecular units. Hence we write g*=0q; 
()* (q*) =O (q)/o?; and T*=kT/e. o and ¢ are pa- 
rameters derived from the intermolecular potential 
functions. Since we are presently interested in collisions 


of like molecules, m,= 4m. We now define 


p= 8m,€0?/h?= 16’ mo kT /h?T*, (7) 


and obtain for 2°”, 


2m,\4 
(pita ( ) Qi” 
eo’ 
( - )( 


4 


YF 


4q”* ‘) 
nm pr* 


4 (q*)*+8O* (g*)dq*. 


pT* 


T 
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TABLE I. Condensed table of Q* (g*) for He* and Het 
calculated from LJ1 and MR5 


He? 
MRS5 


20.936 
11.070 
5.6405 
3.5064 
3.0330 
3.1317 
3.1747 
2.9923 
2.6667 
2.3165 
2.0116 
1.7785 
1.6272 
1.5655 
1.5974 
1.7156 
2.1102 
2.4913 
2.6748 
2.4163 
2.2289 
2.1417 
2.0231 
1.8558 
1.7263 
1.6212 
1.4933 


MRS5 Ljt 


997.41 17.883 
225.23 9.7087 
83.630 5.0266 
35.957 3.1764 
15.593 2.8125 
6.1178 2.9465 
1.9696 3.0095 
0.8427 2.8513 
1.5330 2.5552 
3.1689 2.2333 
4.9844 1.9537 
6.3919 1.7429 
7.1122 1.6118 
7.1614 1.5691 
6.7181 1.6185 
5.9928 1.7514 
4.3426 2.1637 
3.0352 2.5471 
2.1897 2.7148 
2.5238 2.4437 
2.5832 2.2574 
2.2259 2.1876 
2.1394 2.0710 
1.9466 1.9214 
1.8119 1.8092 
1.7045 1.7208 
1.5750 1.6164 


q* LJi 


0.125 980.28 
0.250 222.00 
0.375 82.305 
0.500 35.265 
0.625 15.202 
0.750 5.9042 
0.875 1.8746 
1.000 0.8333 
4.135 1.5823 
1,250 3.2485 
1.375 5.0681 
1.500 6.4629 
1.625 7.1627 
1.750 7.1906 
1.875 6.7296 
2.000 5.9912 
2.25 4.3269 
2.50 3.0165 
3.00 2.1891 
3.50 2.5550 
4.00 2.6224 
5.00 2.2464 
6.00 2.1785 
8.00 1.9976 
10.00 1.8786 
12.00 1.7874 
15.00 1.6803 


III. METHOD OF CALCULATION 


For the virial coefficient calculations we had com- 
puted tables of 3°; (2/+-1)m(q*) as a function of q*. 
Individual values of (2/+-1)ni(q*) were obtained for 
low / by numerical integration of the Schrédinger 
equation; for higher values of 1 we did not tabulate 
individual phase shifts, but only the total contribution 
to the summation made by all the phase shifts of high 
l. Details of the integration patterns are given in the 
earlier papers.’ Fortunately, the sum in Eq. (6) con- 
verges rapidly with increasing J. It was verified that, 
by using only the phase shifts obtained by numerical 
integration, the error in 0®* would be no greater than 
1 part in 10°, 

We then converted all values of (2/+-1)ni(q*) directly 
to values of 4:(qg*) for insertion into the reduced form 
of Eq. (6). Since He‘ obeys Bose-Einstein statistics the 
transport cross section is obtained by summing over 
even | only; for He’, obeying Fermi-Dirac statistics, 
we take 2 the sum over odd / plus } the sum over even /. 
Q* was calculated for g=0 to g=15 at spacings of 
Aq=}, for He’ and Het each according to LJ1 and to 
MRS. 

A scheme was developed whereby one could compute 
simultaneously the three integrals required to solve 
was 


Eq. (2) for uz as a function of temperature. Q(¢”* 
2, 3, 4 by applying Weddle’s rule 
to Eq. (8) with each of the four sets of 0®* values as 


obtained for /= 2, s 


input data. Since the integrands approach zero at 
larger g* as the temperature is increased, we tabulated 
made by the integrand at 


the contribution to QQ’ 
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rasBce IT. Viscosity uw in micropoise as a function of temperature 
calculated for gaseous He’ and Het from the potentials MR5 and 


Ll 


Het 


wimyMRS wi-LJt pu LJt MRS wi rm Ljt 


0.349 
1.693 
2.015 
2.746 
2.839 
4315 
4.085 
5.036 
6.081 
7.151 
8.197 
9.193 
10.790 
11.826 
15.364 
18.363 
22.36 
27.12 
41.46 
36.49 
41.24 
45.93 
50.79 


1.823 
$149 
4.162 
5.234 
6.355 
8.475 
10.121 
11.236 
11.950 
12.429 
12.796 
13.128 
13.729 
14.204 
16.427 
18.860 
22.44 
26.86 
40.92 
$5.61 
39.96 
| 1406 
| 47.96 


0.310 
1.571 
2.998 


0.343 
1.701 
3.001 
3.528 
$624 
4.852 
4.4590 
5.338 
6.382 
7.507 
& O48 
9771 
11.636 
12.869 
17.075 
20.55 
25.08 
40.40 
$5.20 
40.70 
45.80 
| 50.69 | 
[55.49 } 


1.539 
2.598 
3.555 
4.582 
5.621 
7.408 
8.571 
9.248 
9 O84 
10.039 
10.385 
10.749 
11.446 
11.983 
14.288 
16.008 
19.901 
23.93 
27.63 
$1.93 
45.96 
49. 96 


10.012 
10.996 
11.599 
12.017 
12.370 
12.716 
13.369 
13.883 
16.208 
18.672 
22.25 
26.04 
40.67 
$5.42 
49.64 
43.71 
47.58 


11.633 

12.860 

17.017 

20.44 

24.92 
430.19 

34.05 

40.41 

45.48 

50.29 

55.02 
Classical calculation 
41.01 

37.10 

42.82 

48.09 

53.01 


g* = 15. In this way we could estimate the uncertainty 


in wy and ye due to the omission of phase shifts for q* 


greater than 15, 
IV. RESULTS AND DISCUSSION! 


In Table I we present a condensed listing of 0®*(q*) 
for the four cases investigated to illustrate the depend 
encies of the final results on the phase shifts. We notice 
that for low q* MRS gives larger Q* than does LJ1; 
this trend is reversed for higher g*. Also, we see the 
vast divergences between Q* for He* and for Het 
disappear at higher g*, where the phase shifts depend 
more sensitively on the potential than on the mass and 
statistics of the particles. 

Table II shows some selected values of yw; and pe 
from 0.1°K to 40°K obtained from the present calcu 
lations. The contribution of the second order correction 
for LJ1 can be obtained from the ratio y2/u; according 
to Eq. (2). The correction for MRS is similar in magni 


Space limitations make it obviously impractical to report 
here all the numerical results obtained in the present calculations 
A detailed listing of the quantities used in the computations 

ni(q*), ow gy(2.2)” 229 O20" and mw for the four cases 
discussed—has been deposited as Document No. 5064 with the 
ADI Auxiliary Publications Project Photoduplication Service, 
Library of Congress, Washington 25, D. C. A copy may be secured 
by citing the Document number and by remitting $38.75 for 
photoprints, or $10.50 for 35 mm microfilm, Advance payment is 
required, Make checks or money orders payable to: Chief 
Photoduplication Service, Library of Congress 
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Fic. 1. Comparison of calculated and measured viscosity data 

of gaseous He‘ as a function of temperature. Lower section shows 

details below 5°K. Calculated results po LJ1, present work ; 

~ i — LJ1, present work ; yi— MRS, present work ; 

O m- +p de Boer’; wi, Buckingham and Scriven.’ 

Measured results: 4 Becker and Misenta"; g Becker, Misenta, 
and Schmeissner"; @ van Itterbeek ef al." 


— dd dh 
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tude. Numbers in brackets have been obtained by 
extrapolating the correction factors from lower tem- 
peratures. At 30°K the uncertainty in 2°" and 2°* 
due to the g* cutoff is about 0.1%; above this tempera- 
ture it increases rapidly. Since at 30°K the correction 
factor, of the order of 0.8% for both He® and He’, is 
changing very slowly with temperature, we feel that 
the accuracy of the calculated ys is limited by that of 
wy. At 30°K and below the uncertainty in y; arising 
from the g* cutoff is less than 0.01%; but at 40°K it 
becomes about 0.2% for Het and somewhat smaller 
than 0.1% for He’. 

At the end of Table II we list for comparison purposes 
some values of yu; calculated from the classical expres- 
sions using the parameters of LJ1 and the tables of 
92%) (classical) compiled by Hirschfelder et al.? The 
difference between the quantum-mechanical y; and the 
classical 4; amounts to less than 4% at 40°K; at this 
same temperature the ratio 4; (He*) wi(He*) from the 
quantum-mechanical calculation is 1.156, very close to 
the classical value of 1.152. 
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In Figs. 1 and 2 the results of the present calculations 
are compared with some previous ones and with experi- 
mental viscosity data. The upper sections of each figure 
show the over-all behavior of u up to 40°K along with 
the measurements of Becker and Misenta" in the liquid 
hydrogen region. The lower sections show the details 
in the interesting region below 5°K (previous quantum 
calculations have not been extended above this tem- 
perature). Only de Boer’ has given data to make the 
second order correction and then only for He‘ up to 
2.7°K. Consequently, we have graphed ye for LJ1 and 
i for the remaining calculations as well as for our LJ1 
results; except for de Boer’s points (open circles) we 
have drawn in yw; only when these values differ from 
those of ye for LJ1. 

The figures show that for He* up to 2.7°K de Boer’s 
calculations are entirely consistent with the present 
ones. However, for He’, the results of de Boer and 
Cohen® diverge considerably from ours in the region 
0.5°K to 4°K. We ascribe this difference to the differ- 
ence between the two phase shift calculations as noted 
earlier.’ After a careful survey of our computing pro- 
cedures we can find no evidence of error in our values. 
The results of Buckingham and Scriven’ obtained with 
a different potential show good agreement with the 
LJi values, except for a small systematic deviation 
for He* and a strange looping between 3.5°K and 4°K 
for He‘. On the other hand, the large divergences of 
MRS from the rest of the calculations were indeed 
unexpected. 

It appears that of the potentials discussed above 
LJ1 gives the best over-all fit to the available experi- 
mental data and is clearly superior to MRS5. For He’ 
the only low-temperature viscosity measurements of 
which we are aware are those of Becker, Misenta, and 
Schmeissner.” Actually, the points as reported by these 
authors and shown in Fig. 2 are for He’ gas containing 
about 6% He‘. Becker ef al.* and Cohen, Offerhaus, 
and de Boer have shown that the viscosity of He’-He* 


TABLE III. Comparison of experimental heat conductivity 
data* with viscosity calculations for gaseous Het. 


4 
m= (g)™ mu 


micropoise 


Heat conductivity -LJ1 


hi X10~° cal/sec deg cm 


0.794 
0.928 
1.33 
1.58 
1.95 
5.26 
5.61 
5.85 
6.24 
6.35 


T°K 


1.62 
2.00 
2.78 
3.25 
3.94 
14.7 
16.8 
18.0 
20.1 
20.9 


micropoise 


4.26 
4.95 
7.13 
8.47 
10.46 
28.21 
30.09 
31.38 
33.47 
34.06 


4.11 
4.87 
6.87 
8.21 
10.15 
28.54 
31.17 
32.62 
35.06 
35.97 


* See reference 15 


u E. W. Becker and R. Misenta, Z. Physik 140, 535 (1955). 

Becker, Misenta, and Schmeissner, Phys. Rev. 93, 244 (1954) ; 
Z. Physik 137, 126 (1954) 

4 Cohen, Offerhaus, and de Boer, Physica 20, 501 (1954). 
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mixtures is very nearly an additive function of the 
viscosities of the pure components. The experimental 
points can then be corrected accordingly with a re- 
sulting closer agreement with u2(He*®)—LJ1. Even with 
this correction, the fit is not so good as the Becker 
et al. He‘ data with u2(He*)—LJ1. On the other hand, 
the He* measurements of van Itterbeek and co-workers 
lie about five to ten percent above the LJ1 calculations. 
However, since we are trying to find a potential function 
from which we may calculate transport properties 
consistent with experiment, we cannot reverse the 
argument and give more weight to a particular set of 
experimental data because it agrees more closely with 
our calculations. We are tempted to favor the experi- 
ments agreeing with u2—LJ1 because of the good fit 
this potential gives to the viscosity measurements in 
the 14°K to 21°K region. However since any potential 
other than the true potential (and we know LJ1 is not 
the true potential) can give realistic results in one 
temperature range and entirely erroneous results in 
another, we still cannot determine which viscosity 
experiment yields the data closer to the true low- 
temperature values. Unfortunately, the calculations 
from MRS shed no light on this problem. Though 
ui— MRS is consistently lower than the experimental 
and other calculated values, there is an indication from 
the trend of the points measured at the lowest tempera- 
tures that below 1.2°K MRS may be the more realistic 
potential for viscosity calculations. 

In the first approximation, the thermal conductivity 
coefficient of the gas, A,, is directly proportional to yy; 
by the relation \;= (5/2)C,u1, where C, is the specific 
heat per unit mass. At all but the lowest temperatures 
C, is well approximated by 3k/2m, so that \y= 1.8644y). 
Hence \,(T) may be easily obtained from Table II. 
Ubbink and de Haas"® have measured the thermal con- 
ductivity of gaseous He‘ at several temperatures. In 
Table III we have reproduced their results below 40°K 
and have listed the corresponding viscosity values for 
comparison with u;—LJ1. We note that below 4°K the 
measurements are higher than u;—LJ1 and about half- 
way between the two sets of observed viscosity data. 
Between 14°K and 21°K the measurements are con- 
siderably lower than y,;—LJ1. In the region between 
18°K and 21°K the experimental points are about 
midway between yi—MRS5 and wi—LJ1. Ax may be 
obtained from \; and an expression similar to Eq. (2) 
employing the same integrals with only slightly different 
numerical coefficients. 

We have previously admitted as a source of uncer- 
tainty in the calculations the fact that we do not know 
the true form of the potential, and of course the true 
constants. An additional uncertainty arises from the 
possibility that the theory for calculating transport 
properties at very low temperatures may not be exact. 


“yan Itterbeek, Schapink, van den Berg, and van Beek, 
Physica 19, 1158 (1953) 
16 J. B. Ubbink and W. J. de Haas, Physica 10, 451 (1943) 


GASEOUS 


He’ AND He‘ 


50 


#. MICROPOISE 


3S 


10 0 40 50 


20 3 
i 


hic, 2. Comparison of calculated and measured viscosity data 

of gaseous He’ as a function of temperature. Lower section shows 

details below 5°K. Calculated results wo LJ1, present work ; 

ui—LJ1, present work; ui MRS, present work ; 

) pi ~LJ1, de Boer and Cohen’; wi, Buckingham and 

Scriven.’ Measured results: a4 Becker and Misenta"; @ Becker, 
Misenta, and Schmeissner.'” 


As yet no theory has been proposed which develops 
the quantum-mechanical transport equations starting 
from quantum mechanics; nor has it been shown that 
the equations used here, developed by correspondence 
from the classical equations, are entirely rigorous. It is 
highly probable that the equations used here are capable 
of yielding satisfactory numerical results. However, 
before we can place complete confidence in the method 
we require that the quantum effects, such as sym- 
metry and the appearance of bound levels, be treated 
according to first principles. 

We conclude that at the present we have a qualitative 
picture of transport phenomena at low temperature; 
but the quantitative details can be filled in only when 
we obtain more experimental data or a rigorous theory 
combined with a more realistic potential function, 
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a Button Source across Magnetic Fields* 
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The velocity with which the plasma from a button source propagates across magnetic fields has been 
measured as a function of the experimental parameters. These experiments revealed that the velocity of 
the plasma front is a slowly varying function of the magnetic field strength from one to six kilogauss and 
increases monotonically with the voltage applied to the source condensers. Measurements of the arrival 
time of the plasma front versus distance from the source show that it moves across the magnetic field with 
constant velocity. When the source orientation is such that the force exerted by the magnetic field on the 
discharge current is in the direction of propagation the velocity is increased, and vice versa. 


I, INTRODUCTION 


HE experiments reported here are a continuation 

of the work of one of the authors (W.H.B.) and 
his co-workers in which a “blob” of plasma is fired 
from a button source in a direction perpendicular to a 
magnetic field.’~* The great variety of curious and 
unexpected phenomena observed seem to indicate that 
the plasma does not move as an amorphous “blob” 
but must possess some sort of structure which is stable 
for the length of time involved in the experiments (a 
few microseconds). We shall refer to this structure as a 
plasmoid. The purpose of the series of experiments 
reported here is to gain some insight into the structure 
of these plasmoids, the way in which they are formed, 
and the mechanism by which they move across mag 
netic fields. 

Undoubtedly the simplest method of observing plas- 
moids is the use of photographic time exposures of 
their recombination light as they cross the magnetic 
field. This method has been widely used and has proven 
invaluable-—particularly for the study of the interaction 
of two or more plasmoids. It of course yields no infor- 
mation on the electric or magnetic properties of the 
plasmoid, its velocity, or extension in the direction of 
motion. These properties are best investigated by the 
use of electrical probes (or, in the case of magnetic 
effects, loop probes). 

Most of the work reported here has been concerned 
with the simplest quantitative data that can be obtained 


from probe measurements with good reproducibility ; 

* Work was performed under the auspices of the U. 5. Atomic 
Energy Commission 

+ On leave of absence from the Naval Research Laboratory, 
Washington, D. C 

!'W.H. Bostick, University of California Radiation Laboratory 
Reports UCRL-4478, 1955 and UCRL-4487, 1955 (unpublished) 

? Bostick, Zizzo, and Cook, University of California Radiation 
Laboratory Report UCRL-4423, 1954 (unpublished). 

‘ Bostick, Lasher, Finkelstein, and McIntosh, Atomic Energy 
Commission Report TID-7503, 1956 (unpublished), pp. 355-372 

‘ Bostick, Lasher, and McIntosh, Atomic Energy Commission 
Report TID-7503, 1956 (unpublished), pp. 373-9 

®W.H. Bostick, University of California Radiation Laboratory 
Report UCRL-4695, 1956 [Phys. Rev. 104, 292 (1956) ]. 

*V.G. McIntosh and W. H. Bostick, University of California 
Radiation Laboratory Report UCRL-4688, 1956 [Rev. Sci. 
Instr. (to be published) ] 
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namely, the velocity of the front edge of the plasmoid 
as a function of significant experimental parameters 
such as magnetic field strength, the voltage applied to 
the condensers which are discharged through the source, 
and the orientation of the source with respect to the 
magnetic field. In order to obtain reproducible velocity 
measurements, we found it necessary to use a probe 
several centimeters in length, so that there would be no 
possibility of the plasmoid missing the probe or merely 
grazing the tip. Unfortunately, such long probes can 
yield little information about the interior structure of 
the plasmoid. They probably distort or destroy the 
structure of the plasmoid in the immediate vicinity of 
the probe. : 

In studying a phenomena whose nature is still mostly 
a matter of speculation, it seems worthwhile to perform 
experiments which have no other motivation than the 
possibility that something interesting may happen. 
Several experiments of this type are reported in Sec. 
VITL. 

The experimental apparatus has been reported else- 
where.’~® In all the experiments described below, the 
capacity of the source condensers was 0.12 microfarad 
unless indicated otherwise. A brief description of each 
experiment and its principal results follows. 


II. PROFILE OF THE PLASMOID FRONT 


In this experiment the probe was moved along the 
lines of the magnetic field and hence perpendicularly 
to the trajectory of the plasmoid. The orientation of 
the source was such that the current in the arc was 
parallel to the magnetic field. The time of the first 
probe signal corresponding to the arrival of the leading 
edge of the plasmoid was measured and is shown plotted 
against the distance of the probe from its central 
position in Fig. 1. Also shown is the exper ted time of 
arrival if the plasma is emitted from the source with a 
constant radial velocity independent of angle. 


III. ARRIVAL TIME vs DISTANCE OF PROBE 
FROM SOURCE 


The time of arrival of the plasmoid front was meas- 
ured as a function of the separation distance between 





MOTION 


the source and probe for constant field strength and 
source voltage. In this experiment three orientations of 
the source were used. They were: (a) The current in the 
arc was perpendicular to the magnetic field and in such 
a sense that the force due to the interaction of the 
source current and external field would tend to increase 
the velocity of the plasmoid. (b) Same as above, except 
the source current had the opposite sense so that the 
force would tend to decrease the velocity. (c) Current 
in the source was parallel to the field; in this case the 
external field would exert no force on the current. 
The experiment was repeated for each of the three 
source orientations for two values of the source voltage. 
The results are shown in Figs. 2 and 3. 

It will be noticed that the arrival time varies linearly 
with the separation distance, indicating that once the 
plasmoid is formed its front moves with constant 
velocity across the field. This was an unexpected result 

particularly in view of the fact that the magnetic 
field must have varied considerably along the trajectory 
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of the plasmoid. Indeed, a separation distance of 15 cm 
places the probe outside of the field coils where the 
field must have become quite small and perhaps have 
reversed its sign. 

The slopes of the curves yield velocities for the source 
orientations (a), (b), and (c) of 9.1, 6.5 and 7.9 cm/psec 
with a 10-kilovolt source voltage and 7.3, 4.4 and 5,2 
cm/yusec with a 5-kilovolt source voltage. This depend 
ence of the velocity on the source orientation is quali 
tatively what should be expected. That is, when the 
orientation of the source that the external 
magnetic field should increase the velocity, the velocity 


is such 
is indeed increased and vice versa. 


IV. VELOCITY vs SOURCE VOLTAGE 


The voltage applied fo the source condensers was 
varied and the magnetic field was held constant. The 
velocity was obtained by dividing the separation dis- 
tance between the source and probe by the arrival 
time, making no allowance for the finite time required 


OF 
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Fic. 2. Arrival time vs probe distance (source voltage 10 kv), 


for the formation of the plasmoid. ‘The experiment was 
performed with the three source orientations of Sec. ITI 
for two-values of the magnetic field and source voltage. 
Velocity measurements were also made for the case of 
zero magnetic field. The experimental results are shown 
in Figs. 4, 5, and 6.: 

It is seen that the velocity increases smoothly with 
the source voltage as well as displaying the expected 
The unusual 
behavior of the velocity-vs-source voltage curve for the 


dependency on the source orientation 


case of zero magnetic field should be noted in Fig. 6. 
An abrupt change in the velocity is seen in the neighbor- 
hood of 7.5 kilovolts. Apparently something drastic 
happens in the way the plasmoid is formed at this 
voltage. This is even more strikingly demonstrated by 
the shapes of the probe signals. Above 7.5 kv the 
signals vary smoothly with time, being first negative 
and then positive later. As the voltage is decreased 
kv, the signals rapidly degenerate into 


below 7.: 
uninterpretable hash. A possible explanation is that 
for high currents through the arc of the source the 
plasma is contained by the pinch magnetic field, and 


some order is introduced into its subsequent expansion 
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Fic. 3. Arrival time vs probe distance (source voltage 5 kv) 
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Fic. 4. Velocity vs source voltage with source current 
parallel to field 


For lower currents the pinch magnetic field is unable to 
contain the plasma. 


V. VELOCITY vs ENERGY STORED IN THE 
SOURCE OF CONDENSERS 


The question arose as to whether the velocity of the 
plasmoid was simply a function of the energy discharged 
(and hence the peak current) through the source or not. 
Consequently 1, 2, 3, and 4 condensers in parallel were 
discharged through the source, the voltage being ad- 
justed in each case so that the energy stored would be 
the same. These results are shown in Table I for four 
different values of energy. 

The velocity is seen to be only a function of the 
energy discharged (and hence the peak current) 
through the source within the experimental errors. 


VI. VELOCITY vs MAGNETIC FIELD 


The voltage applied to the source condensers was 
held fixed, the magnetic field was varied, and the 
velocity was determined as in Sec, IV. The experiment 
was repeated for two values of the source voltage for 
each of the three source orientations. The results are 
shown in Figs. 7 and 8, 
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Fic. 5. Velocity vs source voltage. 
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AND BOSTICK 

A surprisingly small influence of the magnetic field 
on the plasmoid velocity is indicated over the range 
from 1 to 6 kilogauss. It is interesting to note that for 
the 5-kilovolt source voltage and orientation (a) of Sec. 
III, the velocity actually increases with increasing field 
strength. 


VII. POLARIZATION EXPERIMENT 


A conducting body moving through a magnetic field 
should become polarized. The polarization field is 


given by 
E=— (1/c)VXH. 


For a magnetic field of 3000 gauss and a velocity of 
10° cm/sec, both of which are easily attainable, this 
gives an electric field of 30 volts/cm, which should be 
easily measurable. 

To detect the polarization, we constructed a probe in 
the form of a dipole with the electrical connections at 
the center. This was placed in the beam from the source 
in such a way that the positively charged part of the 
plasmoid would hit the upper half of the dipole and the 


TABLE I. Velocity (in cm/ysec) vs energy stored 
in source condensers. 


\No. of 
Nal 

K nergy . 
FE, 
Ey 
E; 
E, 


negatively charged part would hit the lower half. If 
the direction of the magnetic field was reversed or if 
the probe was rotated 180°, the signal was expected to 
change sign. If the probe was placed parallel to the 
field, no signal was expected. The probe behaved as 
was expected. Three probe signals for the different 
probe orientations are shown in Fig. 9. An attempt to 
obtain quantitative data from the signal (polarization 
field vs magnetic field, etc.) was not successful. We 
attributed this to the difficulty of striking the probe 
with the plasmoid in the same way under all conditions. 


VIII. MISCELLANEOUS EXPERIMENTS 


We shall briefly describe some experiments which 
produced no quantitative data but had rather interest- 
ing results. We tried to shoot the plasmoid through a 
small hole in a baffle. A hole of 0.65-cm diameter was 
cut in a copper plate. This was placed in front of the 
source. With or without a magnetic field, plasma passed 
through the hole. This was observed both photographi- 
cally and with a probe. With a magnetic field the stream 
of plasma stretched out in a direction parallel to the 
field and perpendicular to its velocity, as was the case 
in the preceding experiments. 
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Fic. 6. Velocity vs source voltage at zero magnetic field 


A wire screen with a 2-mm mesh was placed in front 
of the source. The plasmoid passed through the screen. 
This was observed photographically. 

It was thought that since plasmoids scatter one 
another, perhaps they could be bounced from a copper 
plate. A copper plate was inclined at an angle to the 
plasmoids’ trajectory and placed in front of the source. 
Its face was parallel to the magnetic field. Time- 
integrated photographs revealed that the plasmoids 
did not bounce from the plate. 

Both theory and experiments indicate that a plasmoid 
should be electrically polarized in a direction perpen- 
dicular to both its velocity and the magnetic field. It 
seemed likely that if this field were to be shorted out 
by a stationary conductor, the plasmoid would be 
brought to a stop. A copper plate was inserted into the 
system. It was orientated in such a way that it was 
perpendicular to the magnetic field. It was placed so 
that its edge would bisect the plasmoid. The results 
were not those that were anticipated since time-inte- 
grated photographs revealed that the plasmoid com- 
pletely traversed the region of the copper plate. 
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IX. CONCLUSIONS 


In most of the experimental work that has been done 
thus far on plasmoids, unexpected results have been 
commonplace. It is gratifying to find some features of 
the behavior of plasmoids which are reasonable, This 
is the case in the qualitative dependence of the velocity 
of the plasmoid on the orientation of the source with 
the field the 
voltage applied to the source condensers. The flatness 
of the profile of the plasma front also is understandable 
the 
velocity is much greater for zero magnetic field than 
for finite field, and hence the plasmoid can be expected 
to expand more rapidly along the field lines than when 


respect to external magnetic and on 


in view of our measurements which show ‘that 


it moves perpendicularly to them 


Fic. 9. Probe signals ob- 
tained with a polarization 
detector probe, (a) Probe 
orientated perpendicular to 
the field. (b) Probe rotated 
through 180°. (c) Probe 
orientated parallel to the 
field. In all cases the source 
voltage was 7 kv and the 
field was 3000 gauss. 





50 HARRIS, THEUS 

Our measurements have been plagued by lack of 
reproducibility of the probe signals. This (together with 
a lack of understanding of the behavior of probes in a 
magnetic field) has restricted us in having to rely on 
the first arriving probe signal for quantitative data. 
Even this is not as reproducible as would be desired. 
This can be seen from the relatively large spread of the 
points about the experimental curves. Apparently, the 
way in which the source fires is sensitive to a number of 
factors which at present are uncontrollable. 

At present we have only crude estimates of the num 
ber of ions emitted from the source and the composition 
of the resulting plasma (i.e., percentages of deuterium 
and titanium ions). We do not even know to what 
extent the many phenomena observed are peculiar to 
the titanium-deuterium A few experiments 
have been done with sources constructed from other 
electrode materials, but much further work needs to be 


source, 


done. 


AND BOSTICK 

One experimental parameter which has not been 
varied in our experiments is the pressure of the residual 
gas. In the range of pressures (about 10~* mm Hg) at 
which the experiments reported here were done, the 
residual gas is expected to have a negligible influence. 
At higher pressures (about 10-* mm Hg) quite different 
phenomena have been observed. It would be of interest 
to extend the velocity measurements into the range of 
higher pressures. 
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Paramagnetic Resonance of Free Radicals at Millimeter Wave Frequencies* 


AREND VAN ROGGEN, LIEN VAN ROGGEN, AND WALTER GorDY 
Department of Physics, Duke University, Durham, North Carolina 


(Received September 21, 1956) 


Paramagnetic resonance experiments have been made at 36 
kMc/sec and at 75 kMc/sec on single crystals and on solid and 
liquid solutions of the free radicals: diphenyl picryl hydrazyl 
(DPPH), p-anisy! nitrogen oxide, and 2-(pheny! nitrogen oxide) 
2-methy! pentane-4-one-oxime-N-pheny] ether. The measurements 
indicate fields axially symmetric about the paramagnetic element 
in the first two, with g,,;=—3.0035, g, = 2.0043 for the first and 
gu= 2.0095, gy = 2.0035 for the second. The third radical has a 
lower symmetry with g, = 2.0042, ¢, = 2.0064, and g, = 2.0083 along 
the principal axes of susceptibility. The hyperfine structure of 


DPPH in dilute solution (earlier observed by others) consists of 


INTRODUCTION 
JARAMAGNETIC resonance measurements at milli 


meter-wave frequencies have certain advantages 
over those at lower frequencies. Because of the com 
mensurately higher magnetic fields at ‘the higher fre 
quencies, the field-dependent components of the reso 
nance are more widely separated. When there are in 
the sample two radicals with g factors differing only 
slightly, the resonances might overlap at the lower 
fields and be resolved at the higher ones. From the 
resonance condition, y= g8H/, it follows that when the 
observation frequency is held constant two components 
with g factors differing by a small Ag will occur at 
fields differing by: 


AH = (Ag/g)H = (Ag/g)(hv/ gp), 


* This work has been supported by a contract with the Office 
of Ordnance Research, Department of the Army 


(1) 


' 
five components, arising from interactions with the two N™ nuclei 
of the N' group. The other two radicals of the present study 
were found to have in dilute liquid solution a triplet hyperfine 
structure arising from interaction with a single N' nucleus. This 
structure is interpreted as indicating that the odd electron is 
localized mainly on an N=0O group in each radical. The 
anisotropies in the g factors are believed to arise mainly from a 
residual spin-orbit coupling. A sensitive millimeter-wave magnetic 
resonance spectrometer employing superheterodyne detection with 
a crystal multiplier as the beat frequency oscillator is described 


if g is independent of H, as is found true for the radicals 
under investigation. Whenever AH is measurable at 
different frequencies, the higher the observation fre- 
quency the smaller is the Ag which can be detected and 
the more accurately a given Ag can be measured. 

One of the three free radicals included in the present 
study, diphenyl picryl hydrazyl (DPPH), has already 
been investigated rather thoroughly in the lower 
centimeter-wave region. The resonance of this radical 
was first detected by Holden, Kittel, Merritt, and 
Yager.' Later it was found to have an N" hyperfine 
structure in dilute solution by Hutchison, Pastor, and 
Kowalsky,? who also made measurements on single 


crystals and showed that the g factor is not exactly 
1 Holden, Kittel, Merritt, and Yager, Phys. Rev. 75, 1614 
(1949) ; 77, 147 (1950) 
2 Hutchison, Pastor, and Kowalsky, J. Chem 
(1952) 


Phys. 20, 534 
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isotropic but varies from 2.0035 to 2.0041 depending 
upon the orientation of the crystal in the magneti 
field. This latter observation, made at 23 kMc/sec, was 
later confirmed at the same frequency by Kikuchi and 
Cohen,’ who found a similar and somewhat larger 
anisotropy in the picryl m-amino carbazyl radical. Dr. 
Kikuchi suggested that we include single crystals of 
DPPH in the present study and kindly supplied us 
with a sample of the radical. More recently Livingston 
and Zeldes* have found that the line width as well as 
the g factor for single crystals of DPPH has a slight 
orientation-dependence. The other two radicals included 
in the present study (see Table I) have not been so 
thoroughly investigated as DPPH although their reso 
nance in the powder form has been previously detected. ! 


EXPERIMENTAL ASPECTS 


In general, the apparatus used for paramagnetic 
resonance absorption consist of a microwave power 
source, a measuring cell (cavity), and a microwave 
detector, followed by electronic devices that either dis 
play the resonance curve directly or record its derivative 
on a chart. Bolometer detection was employed in our 
measurements in the wavelength range above 5 mm 
(frequencies below 60 kMc). In the 3- to 5-mm wave- 
length range, however, we were able to achieve the 
best sensitivity with superheterodyne detection. Insuffi 
cient power is available in this range for operation of a 
spectrometer of high sensitivity with bolometer detec 
tion, yet enough is available for generation of excessive 
low-frequency noise in the simple, crystal video spec 
trometers. Superheterodyne detection avoids the low 
frequency noise in crystals by making possible amplifi 
cation of the signal at high i.f. frequencies. In a magneti: 
resonance spectrometer for which it is not necessary to 
vary the observation frequency in the search for the 
resonance, such detection presents no particular diff 
culties. 

A block diagram of our 3-5 mm wave magnetic 
resonance spectrometer is given in Fig. 1. It employs a 
crystal multiplier for beat oscillator as well as for signal 
power. The signal source is a 1N53 Sylvania crystal 
which generates harmonic power from the fundamental 
power of a Raytheon 2K33 klystron. The multiplier in 
which the crystal is mounted is tuned for optimum 
Another 1N53 
crystal serves as local oscillator and mixer detector. 
This crystal is mounted in an equivalent multiplier 
with an additional connection for a coaxial output of 
the rectified crystal current. This multiplier is fed by a 
second 2K33 klystron. Microwave energy from the first 
multiplier passes a tuned, resonant cavity and mixes in 


output energy in the third harmonic. 


the second multiplier to form a 30-Mc/sec beat, which 
is brought out via a coaxial cable into an 1.f. amplifier 
with a 3- to 4-Mc/sec band width at 30 Mc/sec. 
4C. Kikuchi and V. W. Cohen, Phys. Rev. 93, 394 (1954) 

‘R. Livingston and H. Zeldes, J. Chem. Phys. 24, 170 (1956) 
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Diagram of millimeter-wave magnetic 
resonance spectrometer 


Changes in absorption in the sample cavity are repro 
duced as amplitude modulation of the i.f. output. In a 
measurement, the magnetic field is varied at a constant 
rate by a synchronous motor, and in addition a small 
16-cps sine-wave modulation is continuously applied to 
the field. When the magnetic field reaches the proper 
value for resonance absorption, the rectified output 
from the if. strip consists of a 16-cps sine wave, the 
amplitude of which is proportional to the derivative of 
the absorption curve. ‘This i.f. output is amplified again 
in a narrow-band audio amplifier, tuned with a twin-T 
to 16 cps, and is then fed into a lock-in detector. The 
final output is displayed on a direct current recorder 
which shows the derivative of the absorption plotted 
against the magnetic field 

With such a spectrometer, considerable care must be 
taken to keep the frequency drift and instability small 
The klystrons were water-cooled and heat-insulated, 
and the whole system was rigidly mounted, Even so, 
sufficiently constant to remain 
within the 4-Mec band-width of 
the i.f. amplifier. Frequency drifts resulted in spurious 


the beat note was not 
during a measurement 


noise. Such drift effects can be eliminated by electronic 
stabilization of the oscillator frequencies or by locking 
the two oscillators together. However, a simpler, more 
convenient method was found to reduce the drift noise 
greatly: the source klystron was subjected to a saw 

tooth frequency modulation of 180 cps so as to sweep 
its frequency periodically through the response range of 
the mixer. Although the signal was reduced by this 
modulation, the drift noise was so much more decreased 


that the over-all signal-to-noise ratio was greatly im 


proved The audio amplifier was not blocked by the 


180-cps sweep since it passed only in the 16-cps region 


where, obviously, no harmonics from the sweep occur 
The output from the if. strip was displayed on the 
monitor oscilloscope, which does not respond to the 
broader cavity resonance. This monitor was used as a 
check on tuning conditions. ‘To facilitate tuning, another 
monitor oscilloscope was made to display the energy 
mode of the signal klystron. Power for this monitor was 
fed out of the wave guide by means of a Bethe-hole 
coupler and was detected by a 1N24 crystal. Frequency 
The 


measurements were made in the usual manner 
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mixer-multiplier had a crystal current meter (built into 
the if. amplifier circuit) that allowed reading of 
optimum working current. 

The cavity was of the right cylindrical type, oscil- 
lating in the 72o,, mode. It was of the transmission 
type, having two coupling irises to connect it with the 
input and output wave guide. The cavity was tunable 
with a plunger and had in the opposite end-plate a 
centered hole through which the sample could be 
inserted, 

The magnetic field strength necessary for resonance 
at 75 kMc/sec is about 27 kilogauss, if one assumes a g 
value of approximately 2.0. This field was made with a 
12-inch Varian magnet by use of special tapered pole 
pieces. The resulting homogeneity was not good, how- 
ever. The apparent line width is a function of sample 
size and reaches a constant value only for samples 
having as small a volume as 0.10.10.2 mm. Hence, 
for observation of correct line widths very small samples 
were field 
made with a nuclear magnetic probe, as explained in 


necessary. Magnetic measurements were 


the next section. 


RESULTS ON SINGLE CRYSTALS 


Single crystals of (I) diphenyl picryl hydrazyl, 
(11) p-anisyl nitrogen oxide, and (III) 2-(pheny! nitro- 
gen oxide)-2 methyl pentane-4-one-oxime-.V-pheny! 
ether, structural formulas for which 
Table I, have been measured. The measuring procedure 
was similar to that employed by Kikuchi and Cohen.’ 
During measurements the crystals were mounted on a 


are shown in 


TABLE I. Observed spectroscopic splitting factors and line width 
for some single crystals of organic free radicals 


Line widths 
in gauss 

at 36 «at 75 

kMec/ kM« 


sec sec 


yy = 2.0035 


2.0043 


OCH, «2 0095 


= 2.0035 


= 2.0042 
2.0004 


| ke = 2.0083 
4 >» « » 
X 4 . Va 


2- (phenyl nitrogen oxide )-2-methy! pentane 
4-one-oxime-N-pheny! ether 
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Fic. 2. Resonances at 
36 and 75 kMc/sec of 
two DPPH crystals 
mounted with their axes 
yarallel and perpendicu- 
ar to the magnetic field. 
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Pyrex rod and inserted into the cavity in such a way 
that they could be rotated to orientations in which the 
longest axis was perpendicular, or parallel, to the mag- 
netic field. The observed shift in resonance value is due 
to anisotropy in the g factor for the crystals. For 
accurate measurements two crystals were mounted 
together on the rod; the resonance line of one of the 
crystals served as marker for the other. The resonance 
lines of two DPPH crystals, one mounted parallel and 
one mounted perpendicular to the magnetic field, are 
shown in Fig. 2. The distance between these lines was 
calibrated with a recording that gives six hyperfine 
structure lines from Mn*+ as an impurity in ZnS. The 
difference in g value for both lines is 0.0008, which 
corresponds closely to the difference in g value measured 
at 24 kMc/sec by Hutchison, Pastor, and Kowalsky.? 

To obtain the absolute g factor at these frequencies 
we calibrated the magnetic field with a nuclear reso- 
nance probe containing D,O. The samples of DO and 
the free radical were made as nearly as possible of the 
same size and were placed alternately in the same spot 
within the magnetic field. The g factors for DPPH 
agree satisfactorily with those measured? at 24 kMc/sec. 
Once calibrated in this way, the DPPH resonances 
were used as a secondary standard for measurement of 
the g factors of the other two radicals. 
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Figure 3 gives the perpendicular DPPH marker 
against the lines from radical (II) in perpendicular and 
parallel orientations. This yields an anisotropy of 0.0060 
in the g factor of this radical, with g values of 2.0035 
and 2.0095 for the perpendicular and parallel orienta- 
tions. Radical (III) does not have axial symmetry, but 
instead has three different g values along orientations 
perpendicular to each other. Figure 4 shows these lines 
against the perpendicular DPPH marker. The various g 
values are given in Table I. No dependence of g upon 
observation frequency was evident within the accuracy 
of the measurements, ~+0.0002 at 36 and 75 kMc/sec. 

The g factors for the first two radicals listed in 
Table I have axial symmetry. Although the detailed 
crystal structure is not known, it seems reasonable that 
the axis of magnetic symmetry is along the — N—N 
bond in the DPPH and along the NO bond in the other 
radicals. The resonance in single crystals of the first two 
radicals (hyperfine structure absent) is described by the 
spin Hamiltonian : 

= g, BHS.+¢,8(HS:+H,Sy), (2) 
with the effective spin S=4 and with the g,, and gu 
values listed in Table I. The resonance frequency is: 

v= gBH/h, (3) 
where 
(g,,2 cos*0+ gr? cos’), (4) 








Fic. 3. Resonances at 75 k Mc/sec for parallel and perpendicular 
orientations in H of crystals of radical (II) (p-anisyl nitrogen 
oxide) compared with that for the perpendicular orientation of 
DPPH. 
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where @ is the angle between // and the symmetry axis. 

As might be anticipated from its complex chemical 
formula, the magnetic symmetry of the third radical 
listed in Table I is lower than that of the first two. Its 
resonance in the single crystal is described by the spin 
Hamiltonian : 


KH = B(g AS, +g, S,+ gell S,), (5) 


where S=4 and where g,, g,, and g, are the ¢g values 
along the principal axes of magnetic susceptibility. The 
experimentally determined values of g,, gy, and g, are 
listed in Table I. The resonant frequency for an arbi 


trary orientation is given by Eq. (3), with 


g= (g;* cos’6,+ ¢,? c0s0,+ g,? 08"6,)', (6) 


yu 
where 6,, 6,, and 6, are the angles between H/ and the 


respective axes—x, y, and z. 
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Fic. 5. Resonance of radical (II) (Table I) in dilute benzene 
solution (upper curve) and in the same solution when frozen 
(lower curve) 


Diamagnetism of the associated rings, which has been 
suggested® as a possible cause of the anisotropy earlier 
found in DPPH, appears to be much too small to 
account for the observed anisotropy of the other two 
radicals of this study, if indeed it can account for the 
smaller anisotropy found in DPPH. If the effective 
induced dipole-to-electron distance is assumed equal to 
the radius of the benzene ring plus the ~C—N 
tance, an anisotropy of 0.1 gauss per benzene ring due 
to ring diamagnetization is estimated at 75 kMc/sec 


dis- 


for a g factor of 2. This procedure of course gives only 
an approximation of the actual benzene ring effects; 
but, since the observed orientation effects are a hundred 
to five hundred times larger in these free radicals, it 
does not appear likely that the ring diamagnetization 
is the principal cause of the anisotropy. It seems more 
probable that the anisotropy in g for each radical arises 


primarily from a residual spin orbit coupling. This 


interpretation is in agreement with the nuclear couplings 
found in dilute solutions, which suggest that the odd 
electron density is mostly concentrated on a two-atom 
group. The fact that the hyperfine structure is elimi- 
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nated by exchange interaction in the solid crystals does 
not mean that the greater concentration of electronic 
spin is not still on the -N—N— or —NO group, nor 
does it mean necessarily that the residual spin orbit 
coupling would also be erased by the exchange inter- 
action. 

It may be seen from Table I that the width of the 
individual line is approximately proportional to the 
observation frequency (or magnetic field). This is as 
expected from Eq. (1) if the line width arises mainly 
from a slight difference in effective g values for different 
radicals in the crystal, caused perhaps by such condi- 
tions as vibrational motions and slight imperfections in 
the crystal structure. 


HYPERFINE STRUCTURE 


In dilute liquid solutions the anisotropy in g is 
averaged out by the tumbling motions of the radicals. 
In addition, the exchange interaction which averages 
out the nuclear hyperfine structure of the concentrated 
crystals is broken down by separation of the radicals so 
that their electronic wave functions no longer overlap. 
The isotropic terms in the nuclear coupling can then 
lead to an observable hyperfine structure. Under these 
conditions the spin Hamiltonian is: 


= gBH-$+>, A.S-1, (7) 


The nuclear interactions are usually smal! as compared 
with gBH, and the Back-Goudsmit effect (strong-field 
case) is observed. The line frequencies are then given by: 


hy= gBH+>°, A\M 1, (8) 


where A; is the coupling constant of the 7th nucleus in 
the radical and M,, is the nuclear magnetic quantum 
number. 

The hyperfine structure of DPPH in dilute solutions 
has previously been found.? Five components were 
observed. This qualitative fact alone shows that the 
unpaired spin is associated equally with the two nitro- 
gens of the radical. The magnetic coupling constant A 
to each N is 10 gauss. 

In the present work we have found that the reso- 
nances of radicals (II) and (III) (listed in Tables I 
and II) when in dilute benzene solution have triplet 
hyperfine structures arising from interaction of the 
electron spin with only one N™ nucleus. See Figs. 5 


TABLE IT. Hyperfine structure of radicals in benzene 
solutions at 36 kMc/sec 


Radical* 
Il 


Number of components 

Width of components (gauss) 
Total hyperfine spacing (gauss) 
N* coupling constant (gauss) 
Width when frozen (gauss) 


* For names and formulas see Table I 
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and 6 and Table Il. The coupling constant is almost 
the same in the two radicals. No evidence for splitting 
or significant broadening of the lines by proton moments 
is found. It seems reasonable, therefore, that the un- 
paired spin is associated mainly with a single NO group 
in each radical. Although it probably exchanges between 
the N and O (as it does between the two N’s of DPPH), 
because O has the greater electronegativity the odd 
electron probably spends more time on the N than on 
the O. This is in agreement with the slightly larger 
coupling constant for N“ of the NO than for one of the 
N’s in DPPH on which the odd electron spends at 
most only half the time. Since in the liquid solutions 
the anisotropic components of the nuclear couplings are 
averaged out by the tumbling motions of the radicals, 
the observed couplings must therefore arise from s 
orbital contributions of the nitrogens to the wave func- 
tions of the odd electrons in each radical. 

Marked changes in the resonance of the dilute solu 
tions (which were all about 0.001 mole percent in 
benzene) were observed to occur upon freezing of these 
solutions. See Figs. 5, 6, and 7. In radicals (11) and 
(III) the hyperfine structure was smeared out into a 
broad, unresolved resonance approximately equal to, or 
broader than, the total hyperfine span. This can be 
attributed to a cessation of tumbling motions upon 
freezing, and thus to a restoration of the anisotropy in g¢ 
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Fic. 6. Resonance of radical (III) (Table I) in dilute benzene 
solution (upper curve) and in the same solution when frozen 
(lower curve). 
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Fic. 7. Resonance of 
DPPH in dilute benzene 
solution (upper curve) and 
in the same solution when 
frozen (lower curve) 





50 GAUSS 


and any orientation dependent nuclear interactions. An 
interesting difference occurred, however, for DPPH 
Upon DPPH 


collapsed into a single line of total width significantly 


freezing, the hyperfine structure of 
less than that of the hyperfine spread (see Fig. 7) and 
approximately equal to that observed for the concen 
trated polycrystalline DPPH. One possible explanation 
of this phenomenon is a phase separation of the DPPH 


SO that the DPPH 1S 


in which exchange 


and the benzene upon freezing 
concentrated in small crystallite 
interaction, which averages out the hyperfine structure, 
can occur, A more questionable interpretation 1s erasure 
of the hyperfine structure through a super-exchange 
interaction involving the benzene molecules in the 
frozen solutions 

of radicals (11) 


in mixed solvents of benzene and polystyrene 


We made some preliminary studies 
and (III 
The concentration of the free radical was held constant, 
and the viscosity of the solution was changed by varying 
the relative amounts of benzene and polystyrene. As the 
viscosity ol the solution was increased by this process, 
the structure of the resonance was observed to change 
from the resolved triplet hyperfine structure to the 
broad, resonance observed for the 


We think that 


broadening corresponds to a cessation of the tumbling 


unresolved com 


pletely frozen solution the onset of 
motions of the radicals which in the less viscous solu 
tions average out the anisotropic components of the 


resonance, 
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Dependence of the Ratio of Piezoelectric Coefficients on Density 
and Composition of Barium Titanate Ceramics* 


Don Beriincourt AND H. H. A. Krugcer 
Clevite Research Center, Cleveland, Ohio 
(Received June 29, 1956) 


The ratio of piezoelectric coefficients —d,,/d;, was found to decrease from about 2.5 for polarized barium 
titanate ceramic of high porosity to 2.2 for porosity near zero. The ratio increases up to 2.9 for ceramic 
with 2% porosity containing 12 weight % calcium titanate. For single crystal barium titanate the ratio 
~dy/dy, is 2.5, which checks well with x-ray data for the ratio of thermal strain in the ¢ and a directions. 


The value for ceramics of lowest porosity does not, therefore, approach that for the single crystal. 


HE original x-ray data of Megaw' showed no 

change in the volume of the unit cell as a barium 
titanate crystal changed abruptly from cubic to tetrago- 
nal symmetry at the Curie point. From this Mason? 
concluded that there should be no volume electro- 
striction in a barium titanate crystal, and hence that 
the piezoelectric coefficients should satisfy the relation 
dys 2d4,. This implies that the piezoelectric response 
“to hydrostatic pressure (coefficient d,) vanishes. He 
noted, however, that this is not the case with polarized 
polycrystalline ceramic barium titanate, and that 
roughly ds 2.5ds,. Mason proposed that the in- 
equality in the ceramic was due to the pores which 
would allow a sidewise contraction of domains without 
causing a corresponding external contraction, whereas 
an expansion along the ¢ axis would cause a change in 
external dimensions. 

We have found that in polycrystalline ceramic barium 
titanate the ratio d4;/ds, is strongly dependent upon 
composition. If the above conclusions are correct, on 
the other hand, one would expect a strong dependence 
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Fic. 1. Ratio of piezoelectric coefficients as function of relative 
porosity. Porosities less than 0,03 were obtained by firing in 
oxygen. 
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* Supported by the Office of Naval Research. 

1H. D. Megaw, Proc. Roy. Soc. (London) 189, 261 (1947). 
2W. P. Mason, Piesoelectric Crystals and Their A pplicationYio 
Ulirasonics (D. Van Nostrand Company, Inc., 1950), pp. 305-306. 
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of this ratio upon density, with the value approaching 
—2 for density near the theoretical maximum. Our 
measurements have shown that for a given composition 
the ratio —d33/d3; does indeed decrease as the density 
increases (see Fig. 1 and Table I). Porosities less than 
0.03 were obtained by firing in oxygen. With density 
increasing from 5.45 to 5.985 g/cc (90.5% to 99.5% of 
single crystal density), the ratio —d43/d, was found to 
range from 2.56 to 2.22. Even wider variation in this 
ratio is, however, available by compositional change, 
as shown in Fig. 2 and Table II. For a given CaTiO; 
addition the ratio is lower for the purer base material, 
a barium titanate powder prepared in our laboratories. 
This may, however, be the result of the lower density 
obtained with the commercial raw material rather than 
compositional purity as such. 

We have recently measured the piezoelectric coeffi- 
cients ds, and d, for a barium titanate crystal in the 
hope of shedding more light on this matter. The crystal 
selected had very little twinning in relatively large 
areas as removed from the melt. A small bar 7.0 mm 
long by 1.5 mm wide by 0.83 mm thick was cut from 
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TABLE I. Dependence of the ratio d3;/d3; on density. 
Porosity 


Paotual 
ie, 
diai* r dis/dii Pau-ray 


74.5 2.48 0.0943 
~78.9 2.56 0.0875 
76.4 2.53 0.0793 
79.7 2.39 0.0575 
79.1 2.34 0.0344 
-85.0 2.26 0.0111 
90.4 2.26 0.0111 
—111.2 2.22 0.0053 


Density 
g/cc 


5.45 
5.49 
5.54 
5.67 
5.81 
5.95 
5.95 
5.98, 


* din 1072 coulomb/newton 


this crystal with the length along a crystallographic a 
axis. A poling field of 3 kv/cm was applied as the 
crystal was cooled through the Curie point in order to 
prevent “180°” twinning. The piezoelectric coupling 
coefficient k3; was calculated from the resonant and 
antiresonant frequencies of the fundamental mode. 
Young’s modulus (1/s,,") and the piezoelectric coefti- 
cients d3; and gs, were obtained from the measured 
frequency constant, “free” dielectric constant, K43", 
and coupling coefficient. Values are listed below : 


ks, =0.397, 
11.3 10" newtons/m?, 
224, 
— 26.6 volt mm/newton, 


52.6 micromicrocoulombs/newton. 
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TABLE II Dependence of the ratio ds;/d3,; on composition 


Porosity 

Paotua 
_—, 

daa/ds Para 


0.028 
0.026 
0.021 

0.016 
0.0198 


Density 
Density x-ray 
% CaTiOs g/cc a/c ty das 


Pure BaTiOs base 
6.017 97.5 229 
5.85 66.6 167 
5.80 58.0 150 
5.74 §2.1 139 
5.66 43.4 124 


Commerical BaTiOs be 

6.017 78.0 190 244 
5.85 58.0 149 ».57 
5.80 44.3 120 2.70 
5.71 $4.4 103 $00 
5.66 10.0 93.6 3.12 


0.054 
0.054 
0.057 
0.049 
0,045 


The response to a calibrated hydrostatic pressure was 
measured, giving d, = 26.0 micromicrocoulombs/newton, 
The ratio d33/d3; for this crystal was thereby found to 
be —2.50. Now it is interesting to note that more 
recent x-ray work of Kay and Vousden** gives — 2.4 to 

2.8 for the ratio of thermal strain in the ¢ and a 
directions. Thus single crysta] data are in accord with 
the hypothesis that the ferroelectric strains are a func 
tion of total polarization. The ratio dy3/d3; in ceramics 
of 8° porosity, which is typical of commercial products, 
is close to that for the single crystal. This agreement is, 
however, fortuitous; the densest ceramics deviate sub 
stantially from single crystals in the ratio d33/d3,. 


4H. F. Kay and P. Vousden, Phil. Mag. 40, 1019 (1949) 
4H. F. Kay, Repts. Progr. in Phys. 18, 230 (1955) 
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Effect of Pressure on the Curie Temperature of Polycrystalline Ceramic 
Barium Titanate* 


Hans JArre, Don Beriincourt, AND J. M. McKee 
Clevite Research Center, Cleveland, Ohio 
(Received June 29, 1956) 


The Curie point of polycrystalline barium titanate is found to increase proportionally to the square of an 
applied planar (two-dimensionally isotropic) compressive stress 


UBLISHED results on the dependence of the Curie 

point of single crystal barium titanate on hydro- 
static! and two-dimensional? compression have stimu- 
lated interest in the effects of applied pressure on the 
Curie point in polycrystalline barium titanate ceramic. 
Merz! found that hydrostatic pressure up to 2.4 10 
newtons/m? (2500 atmospheres) caused a linear de- 
crease with a slope 5.71 10~* °C/(newton/m?*) for the 
Curie point of a barium titanate crystal. Forsbergh? 


* Work supported by the Office of Naval Research. 
1W. J. Merz, Phys. Rev. 78, 52 (1950). 


2 P. W. Forsbergh, Jr., Phys. Rev. 93, 686 (1954). 


found that a two-dimensional pressure in the plane 
perpendicular to the polar axis of the crystal caused a 
quadratic: increase of the Curie point expressed by 
3.0% 10~'® °C/(newton/m?)*. Sawaguchi’ has, however, 
pointed out that a linear term in the Curie point shift 
is to be expected theoretically, 

The construction of thin spherical shells of barium 
titanate ceramic led to a means of obtaining substantial 
two-dimensional compressive stresses. The stress com- 
ponents in an extremely thin spherical shell of radius r 
and wall thickness ¢ under uniform hydrostatic load Po 


+E. Sawaguchi, Busseiron Kenkyu 74, 27 (1954) 
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Fic. 1. Curie point dependence on pressure (see text). 


on the outside are tangential compressive components 
P= Po(r/2t) and a radial compression P, decreasing 
from Po on the outer to 0 at the inner wall. Average 
values for Py and P, can readily be calculated for finite 
wall thickness.‘ The stress tensor for any point in the 
shell may be regarded as the sum of a hydrostatic 
stress tensor with three equal orthogonal components 
P, and a two-dimensionally isotropic compression with 
components Py— P,, Pg— P,, 9. 

In this investigation, a matched pair of ceramic hemi- 
spherical shells, electroded on both surfaces, were 
joined together with an epoxy cement. The outer 
diameter and wall thickness of these shells were 4.8 
and 0.22 cm, respectively. The electrode connection to 
the inner spherical surface was brought out at the 
junction of the hemispheres; the outer surface was not 
electroded near this connection. 

The sphere was placed in an oil-filled pressure vessel, 
and the desired hydrostatic pressure was applied by a 
hydraulic pump. An automotive spark plug provided 
one lead for capacitance measurements, and the metal 
walls of the pressure vessel provided the other. A ther- 
mocouple was attached to the surface of the sphere for 
accurate temperature determination, and the thermo- 
couple leads were brought out through a gland nut. 

The capacitance between the inner and outer spherical 
surfaces was measured as a function of slowly increasing 
temperature at several pressure levels. The Curie point, 
defined as the temperature of minimum inverse di 
electric constant, was found to increase approximately 
quadratically with the applied pressure. In Fig. 1, 

*A. E. H. Love, Mathematical Theory of Elasticity (Cambridge 
University Press, New York, 1934), Chap. 5, Sec. 98 
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Fic. 2. Inverse dielectric constant vs temperature 
at several levels of planar stress. 


curve A shows this relationship with P, as abscissa; 
curve B shows our measurement of Curie point vs 
hydrostatic pressure for a solid ceramic cylinder. The 
points near curve D correspond to those on curve A but 
with pure two-dimensional stress (Py— P,)™ as abscissa 
and shifted upward by a temperature interval equal to 
the observed shift of the Curie point caused by hydro- 
static pressure of magnitude (P,)y. Curve D is a 
parabola fitted to two points. 

The curves of inverse dielectric constant vs tempera- 
ture (plotted without correction for the influence of 
the hydrostatic pressure) indicate that the influence of 
two-dimensional compression on the Curie temperature 
T. in the Curie-Weiss law «=C/(T—T-.) is smaller 
than on the Curie point defined by the maximum of ¢ 
(Fig. 2). 

The approximately quadratic increase in the Curie 
point of polycrystalline ceramic barium titanate with 
planar compression, as seen in Fig. 1, curve D, is 
expressed by the relationship: 7,= To+3.46X 10~'*P?, 
where 7, is the Curie point at a stress P in newtons/m? 
and 7» the Curie point at zero stress. 

The quadratic dependence may be regarded as the 
product of a domain alignment factor and a linear term 
according to Sawaguchi’s theory. We surmise that 
Forsbergh’s single crystals in his pressure mounting 
may have shown some 90° domain structure, and that 
in his case also alignment by stress may have caused a 
quadratic term in Curie point shift with stress. 

We thank Dr. H. G. Baerwald, who suggested the 
shell as a means of obtaining high two-dimensional 
stress, for many stimulating discussions; Mr. John 
Blakesley for preparing the spheres; Mr. Frank Augus- 
tine for the pressure equipment; and Mr. Bernard 
Jaffe, who assisted in some of the measurements. 
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Lattice Constants and Brillouin Zone Overlap in Dilute Magnesium Alloys 


F. W. von BATCHELDER AND R 


F. RAEUCHLE 


United States Naval Research Laboratory, Washington, D. C 
(August 7, 1956) 


The lattice constants of primary solid solutions of indium, aluminum, and cadmium in magnesium have 
been determined as a function of composition. A sharp change in (c/a) has been found only for magnesium 
indium. The linearity of the (c/a) vs concentration curve for magnesium-aluminum has suggested that 
electron zone overlap does not necessarily lead to axial ratio anomalies and that changes in short-range order 


may be needed to explain such anomalies. 


I. INTRODUCTION 


N a number of papers on the variation of the lattice 

constants of magnesium on alloying, there has been 
an increasing acceptance of the idea that the variation 
of the axial ratio is determined primarily by the elec- 
tronic concentration of the alloy and not by atomic 
concentration or other purely atomic properties. This 
idea is due largely to the experimental work of Hume- 
Rothery and Raynor’ and Raynor,’? who made accurate 
measurements of the variation of the lattice constants 
of magnesium with the addition of various solute 
metals. They found that indium and aluminum 
additions caused a sharp change in the (c/a) vs com- 
position curve at about 0.75 atomic percent, and that 
tin and lead additions caused a break at somewhat 
lower concentrations, while for cadmium and silver 
additions no such break was apparent. This sort of 
evidence seemed to indicate that the presence and 
position of the break was determined by the valency of 
the solute. 

Jones** has given simple theoretical treatments of 
the problem in which he has calculated the variation 
of (c/a) as a function of electronic additions, based on a 
Brillouin zone model. In this model the addition of 
trivalent and quadrivalent solutes to magnesium results 
in an expansion of the Fermi surface and a resulting 
overlap at the second Brillouin zone boundary in the 
(001) direction. This gives rise to a sharp change in the 
axial ratio at the electron concentration where overlap 
occurs. 

Salkovitz and Schindler® have recently initiated an 
extensive study of the electronic properties of dilute 
magnesium alloys. They have measured the Hall 
constant,® the thermal coefficient of resistivity,’ and 
with Kammer the thermoelectric power*® for a number 


1 Hume-Rothery and G. V. Raynor, Proc. Roy. Soc. (London) 
177, 27 (1940-1941) 

2G. V. Raynor, Proc 
and A180, 107 (1942). 

3H. Jones, Proc. Roy. Soc. (London) A147, 400 (1934) 

*H. Jones, Phil. Mag. 41, 633 (1950) 

5. I. Salkovitz and A. I. Schindler, Phys. Rev. 91, 234(A) 
(1953). 

6 A. I. Schindler and E. I. Salkovitz, Phys. Rev. 91, 1320 (1953); 
Phys. Rev. 98, 1552(A) (1955) 

TE. I. Salkovitz and A. I. Schindler (private communication) 

’ Kammer, Salkovitz, and Schindler, Phys. Rev. 100, 1257(A) 


(1955) 


Roy. Soc. (London) A174, 447 (1940); 
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of dilute magnesium alloys including those of indium 
and aluminum. They have interpreted their measure- 
ments’ as indicating zone overlap occurring between 
1.5 and 2.3 atomic percent in the magnesium-indium 
system and between 1.0 and 1.3 atomic percent in 
magnesium-aluminum. 

These regions of overlap differ considerably from the 
concentration at which Hume-Rothery and Raynor 
found breaks in their lattice parameter measurements. 

The present work was undertaken, partly to find out 
whether the break in (c/a) vs composition as deter 
mined on the same samples that were used for the 
measurements of the electronic properties would reveal 
a better agreement with measurements, In 
addition, since the number of alloys in the critical 
concentration region was larger than those available to 
Raynor, it was hoped that more detailed information 
on the shape of the curve in the region of the break 
would be obtained. It was also hoped that these 
measurements would permit evaluation of the 
assumption that the observed breaks are functions of 


those 


an 
the electronic concentration alone. 


Il. LATTICE CONSTANT DETERMINATION 


The dilute magnesium alloys of indium, cadmium, 
and aluminum used in the investigations of Schindler 
and Salkovitz and of Kammer were used to obtain 
precision lattice constants at room temperature (25°C), 
These alloys were originally obtained from the Dow 
Chemical Company with an accurate ‘analysis of the 
alloying element present. Filings for x-ray analysis were 
obtained by filing the alloys in a dry box, which was’ 
evacuated, filled with purified argon, re-evacuated 
and refilled with purified argon. The filings were 
placed in quartz tubes which were sealed under vacuum, 
annealed at 310°C for 16 hours and quenched in water. 
The tubes were then broken and the filings screened 
sieve. The lattice constants were 
determined from diffraction 
back-reflection symmetric parafocusing camera with 
iron (Fe) radiation (Fe Ka;=1.93597 A; Fe Kay 

1.93991 A) using Jette and Foote’s’ modification of 


Cohen’s method. 


with a 325-mesh 
patterns made with a 


9 FE. R. Jette and P. D. Foote, J. Chem. Phys. 3, 605 (1935) 
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TABLE I, Lattice spacings for magnesium alloy systems in angstrom units. All values are at 25°C 


Atomic percent ae spacing in A 
25°C 


System solute at 


3.2095* +-0.00027 
3.2093 4-0.0001° 
3.2085*4-0.0001* 
3.2072°4-0.00014 
3.2062°+-0.00017 
3.2059 4-0.00017 
3.2045°+-0.00017 
3.2030 +-0.0001* 
3.2021°+-0.0002? 
3.20114+4-0,0001 
3.2003’ 4-0,0001¢ 
3.2082*+-0.0002° 
3.2072°+-0.0001! 
3.20544-0.00014 
3.2009 +-0.0001° 
3.19047 4-0.00017 
3.2089 4-0.0003# 
3.2083*+-0.00017 
3.2077*4-0,0001! 
3.2071%4-0.0001° 
3.2060 4-0,0001° 
3.2053? 4-0.00014 
3.2010 4-0,00007 
3.1962°4-0.0001! 


Pure Mg (Dow) 
Pure Mg (N.J.Z.) 
Mg-Al 


The results of the lattice constant determination are 
tabulated in Table I, together with the unit cell volumes. 
The errors listed are the 95% confidence limits similar 
to those used by Jette and Foote.’ These data are 
presented graphically in Figs. 1, 2, 3, and 4. 


III. DISCUSSION 


An examination of Figs. 1 through 4 shows that only 
in the magnesium-indium system are the deviations 
from linearity significant. Indeed the points for the 


other systems can be fitted (by least squares) to 
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Fic. 1. Lattice constant ao (in angstroms) of primary solid 
solutions of indium, cadmium, and aluminum in magnesium vs 
atomic percent of solute 


Volume 
unit cell 


46.4858 


co spacing in A Axial ratio 
at 25°C c/a 


1.6235° 
1.62358 
1.6236! 
1.62384 
1.6238 
1.6238 
1.6239! 
1.6241? 
1.6242? 
1.6242 
1.62417 
1.6236° 
1.6236 
1.6236’ 
1.6240° 
1.6244° 
1.6238? 
1.62408 
1.6242° 
1.6246? 
1.6252! 
1.6256? 
1.6278! 
1.6315° 


5.2107!4-0.0002¢ 
5.2106°+-0.0000° 
5.2094: +-0.0001! 
5.208 1'!+0.0001? 
5.2066' 4-0.0001° 
5.2060 +-0.0001° 
5.2039'+-0.0001° 
5.2021°+-0.0001° 
5.2009* +0.0002° 
5.1994'+0.0001! 
5.19799 +-0.00018 
5.2088 +-0.00018 
5.2074 +-0.0000° 
5.2045*+-0.0001* 
5.1983?+-0.0001° 
5.1827°4-0.0001° 
§.210724-0.0002° 
5.2106'+-0,0001° 
5.2103°+0.0001° 
§.2103*4-0.00018 
5.2105°+0.0001* 
5.21067+-0.0001# 
5.2116°+.0.0000° 
5.2146'+-0.0001! 


straight lines with an exterior standard deviation 
roughly equal to the precision of the measured points. 
In addition, the standard deviation for the magnesium- 
aluminum points are not significantly different from 
those for the magnesium-cadmium points. Thus, 
Jones’ model in which indium and aluminum should 
behave similarly does not explain the data. Indeed 
McClure” has shown that local distortions are probably 
necessary to explain observed departures from linearity 
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Fic. 2. Lattice constant co (in angstroms) of primary solid 


solutions of indium, cadmium, and aluminum in magnesium vs 
atomic percent of solute. 


© 7. W. McClure, Phys. Rev. 98, 449 (1955). 
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Fic. 3. Axial ratio (c/a) of primary solid solutions of indium, 
cadmium, and aluminum in magnesium vs atomic percent of solute. 


in the axial ratio composition plots of dilute magnesium 
alloys. 

The measurement of the electronic properties men- 
tioned earlier seem to give a more positive indication of 
Brillouin zone overlap than do the present lattice 
constant data. The rough agreement, for the 
magnesium-indium system, between the position of the 
break in the electronic properties and that in the 
lattice constants may lend credence to the belief that 
the breaks have a common origin. Yet if they do, one 
must explain the absence of a significant deviation in 
the magnesium-aluminum lattice constant data. Thus, 
for the present at least, the validity of the zone overlap 
approach must rest primarily upon measurements of 
the electronic properties (such as those of Salkovitz and 
Schindler). 

The plot of cell volume vs concentration (Fig. 4) 
shows the discontinuity in the indium-magnesium to 
best advantage. The plot is linear both above and below 
the inflection point. Both straight line segments when 
extrapolated to 0% indium pass through the cell 
volume of pure magnesium. Thus, indium shows two 
distinct atomic volumes in magnesium solutions, 
depending on its concentration. Since the atomic 
volume of a solute atom should depend primarily on 
nearest neighbor interactions, the discontinuity in the 
atomic volume of indium in magnesium suggests a 
sharp change in nearest neighbor interactions, and 
consequently a change in short-range order. Such a 
suggestion would lead to an explanation of the differ- 
ences in the lattice constant behavior between indium- 
magnesium and aluminum-magnesium. If one accepts 
the electronic data as proof that overlap takes place in 
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Fic. 4. Unit cell volume (in cubic angstroms) of primary solid 
solutions of indium, cadmium, and aluminum in magnesium vs 
atomic percent of solute. 


both systems, it would follow that only in indium- 
magnesium is overlap accompanied by changes in local 
ordering. That is, overlap may or may not be accom 
panied by changes in local ordering and it is the latter 
change which is reflected in the lattice constants. Such 
a conclusion is highly tentative and must be tested by 
short-range order measurements on the alloys involved. 


IV. SUMMARY 


All the experimental evidence for the magnesium- 
indium alloys shows a sharp change in measured 
properties between 1.5 atomic percent indium and 2,3 
atomic percent indium which can be interpreted in 
terms of a Brillouin zone model. The magnesium 
aluminum alloy curves indicate no significant deviations 
from linearity in the x-ray data, while measurements of 
the electronic properties show a break between 1 and 
1.3 atomi 
the break in the axial ratio vs composition curve is a 


percent aluminum. The assumption that 


purely electronic effect or more accurately that overlap 
always gives rise to such a break is not proved by the 
x-ray data. An alternative explanation based on changes 
in short-range order of the break in the magnesium- 
indium lattice constant-concentration curve has been 
suggested 
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Microwave Resonance Relations in Anisotropic Single-Crystal Ferrites* 


J. O. Artmant 
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 
(Received July 5, 1956) 


The ferromagnetic resonance relations in magnetically anisotropic single-crystal ferrites have been re 
examined. Detailed analyses are presented for spherical ferrite specimens possessing first order anisotropy 
Generalized nomograms are presented which relate the microwave resonance frequency to the static magnetic 
field H, the anisotropy parameter K/M, and the static field orientation angle. These curves are derived for 
both negative and positive anisotropy specimens with H lying in a (110) crystal plane 

Below magnetic saturation a simple multi-domain structure is suggested by crystal geometry in w hich the 
domains are lamellar in form. The orientations of the magnetizations in these domains are assumed to be of 
two varieties which alternate in sequence. Equilibrium and resonance results are given for such a configura 
tion when H is applied in the [110] direction. Two resonant frequencies are found for a given H, depending 
on whether the microwave field is perpendicular or parallel to H. For both positive and negative anisotropy 


crystals, nomograms are given relating the resonance frequencies to H, K 


VM, and M. The resulis depend 


sensitively on the magnetization M. The nature of the magnetization curve predicted from this structure is 


discussed 


The angular variation of resonance field and the positions of the secondary resonances found in recent 


experiments by Tannenwald are in accord with thec 


I, INTRODUCTION 


HE ferromagnetic relations in 
netically anisotropic single-crystal ferrites have 


been re-examined. The basic theory had been considered 


resonance mag- 


previously by various authors.'~* The results can be 
derived quite generally ; however, the detailed analyses 
described in this paper were done for spherical ferrite 
specimens possessing only first order anisotropy. The d 
magnetic field in all cases was chosen to lie in a (110) 
crystal plane, This is the geometry generally selected for 
microwave measurements since, in this plane, effects in 
the hard, easy, and intermediate crystal magnetization 
directions can be examined by orienting the magnetic 
field appropriately 

Results are given first on the assumption that the 
specimen exists as a single magnetic domain. Generalized 
nomograms are presented for both negative and positive 
anisotropy crystals which relate the microwave reso 
nance frequency to the static magnetic field /7, anisot 
ropy parameter A/ M, and static field orientation angle 
¥. The nature of the gradual alignment of the mag 
netization M to H is discussed in detail. Simplified 


formulas are given for the “quasi-lineup’’ region in 


which the angle between M and H becomes very small. 


* The research reported in this document was supported jointly 
by the U.S, Army, U.S. Navy, and U.S. Air Force under contract 
with the Massachusetts Institute of Technology 

t Presently at Gordon McKay Laboratory, Harvard University, 
Cambridge, Massachusetts 

'H. J. Zeiger, Lincoln Laboratory (private communication) 

*J. Smit and H. G., Beljers, Philips Research Repts. 10, 113 
(1955). 

*H. Suhl, Phys. Rev. 97, 555 (1955) 

* Derivations similar in some respects to references 1 through 3 
had been given for antiferromagnetic resonance by C. J. Gorter 
and J. Haantjes, Physica 18, 285 (1952), J. Ubbink, Phys. Rev. 86, 
567 (1952), T. Nagamiya, Progr. Theoret. Phys. (Japan) 6, 350 
(1951), and K. Yosida, Progr. Theoret. Phys. (Japan) 7, 25 
(1952). 
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Expressions are also given for the susceptibility tensor 


components. 

Below magnetic saturation a simple multi-domain 
structure is suggested by crystal geometry in which the 
domains are assumed lamellar in form. The 
orientations of the magnetizations in these domains are 
assumed to be of two varieties, disposed in an alter- 
nating sequence.® The treatment of such a configuration 
is simplest when H is applied along a [110] direction. 

Following the methods of Smit and Beljers? the multi- 
domain structure is shown to have two resonant fre- 
quencies, depending on whether the microwave mag- 
netic field is oriented perpendicular or parallel to H. 
Nomograms are given for both positive and negative 
anisotropy crystals which relate the resonance fre- 
quencies to 7, K/M, and M. The resonances predicted 
from this multi-domain structure are found to depend 
sensitively on M. Further details of the multi-domain 
analysis are given in the Appendix. The magnetization 
curve predicted from this structure is also derived. 

The data from some recent experiments are compared 
with the theory. 


to be 


II. CONDITIONS FOR EQUILIBRIUM AND 
RESONANCE SINGLE-DOMAIN CRYSTALS 


In order to demonstrate conveniently ferrite prop- 
erties in microwave resonance experiments, a standard 
crystal and field arrangement has become customary ; 
results are given specifically for this geometry but can be 
derived readily for other cases. The crystal, in the form 
of a sphere, is mounted on a rotatable post with a [110] 
crystal axis parallel to the axis of rotation. The micro- 
wave and dc magnetic fields are perpendicular to each 
other and lie in the (110) plane normal to the axis of 
rotation (see Fig. 1). 


* The structure is similar to that used by Smit and Beljers* 
to explain ferromagnetic resonance effects in uniaxial crystals 





MICROWAVE 

The directions of the [010], [001 ], and [100] crystal 
axes define the triad (8.4.8) The de magnetic field H is 
applied in the (110) plane that passes through the 2 axis 
and makes an angle y with the 2 axis. See Fig. 2.6 The 
magnetization M is inclined at the angle @ to the 2 axis. 
The projection of M on the x-y plane is inclined at the 
angle @ with respect to #. 

The total energy per unit volume is, considering 
magnetostatic and anisotropy contributions only, 


K,[ sin?(20)+-sin‘@ sin?(2@) ] 
—MH{cos0 cosp+sind siny sin(}4r+¢@) ]+3rM?. (1) 
The equilibrium point is found from the requirement 
that the net torque on M be zero. This yields the 
equations: 
OE 4/0 
dE4/00 


-MH siny sin(@ 
MH {siny sin(j4r+@) cosé—cosy sind], 


) sind, 


where 


E4=({K,{sin?(20)+sin‘@ sin? (2) }. 


To evaluate the ferromagnetic resonant frequency wy 
and the susceptibility tensor components, departure of 
M from equilibrium is considered. Neglecting damping 
effects, wy is given by 


, ([yMH cosy cos 
M siné 
tyMH siny sin(}x+¢) sind-+yE.00] 
X[yMH siny sin(4a-4 
—[yMH siny sin(jr—@) cosd+yEage P}', (3) 


>) sind+yE age | 


where ¥ is the gyromagnetic ratio and E494= 0° 4/0009, 
etc. 

Instances occur in which the point of zero torque is not 
stable. In such cases the expression inside the square 
brackets (shown above) is negative. Also, as will be dis- 
cussed below, more than one stable equilibrium point 
may exist for given H and wy values. The proper choice 
would follow from the requirement that the total energy 
given in Eq. (1) be minimal. 

A susceptibility tensor x may be defined, relating the 
magnetization to the applied external microwave field. 
This is not a true susceptibility but, nevertheless, still 
is a convenient way of expressing the ferrite properties. 
Axes (1,2,3) are chosen: ‘‘1,”’ perpendicular to the plane 
formed by M and the [ 100] direction; ‘‘2,”’ normal toM 
and lying in the M—[100] plane; “3,” parallel to M. 
With reference to this coordinate system, the tensor is: 


( Xi jki2 0 
jeu X22 0 |, (4) 
0 O. aegl 


* Strictly speaking, the_(110) plane and [110] direction shown 
in this diagram are an (011) plane and [011 ] direction, respectively. 
The somewhat incorrect notation will, however, be used through 
out this paper. 
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Principal axes in a cubic crystal. 


where the elements are 


4ryM vE Avo 
X11 (111. cos vH, sind-+ ), 
D M 


4ryM sw VE aoe ) 


sind M sin’0 


a 
Ha 


-. yl, coto+ 


vE 1) ) (5) 
M sino] ’ 
Y Ka Ap ) 
M sino/’ 


w+ 1/T?4 J (2w/ 7), wy given by 


4nryM 
jw : vH 4 cow 


0 


’ 


with D equal to wy’ 


[100] 


eo (iii) 
— (001) 
(110) PLANE 


4 
[110] 


Fic. 2. Spatial configuration of M and H. 
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Fic. 3. Single-domain resonance relations in cubic crystal; 
K\/M negative 


iq. (3), and 
H =H sin sin(@ 
H,=H sin sin(4r+ 9), (6) 
Il, = H cosy. 


-4 9), 


The properties of the normal modes of oscillation of 
the ferrite follow immediately from diagonalization of 
this tensor, 


A. Negative Anisotropy Crystals 


From energy considerations it is evident that M lies 
in the given (116) plane. The formulas, Eqs. (2) and (3), 
apply with @=2/4. Normalized curves relating (w/y), 
|K,/M| to 1/|K,/M| for various values of y are given 
in Fig. 3.7 These curves converge to (w/y)/|Ki/M 

4/3 for 7 =0. Values of y in the three principal crystal 
directions 0, 54°44’, 90° must be considered specially. 

y equal to 54°44’ corresponds to the [111] line, an 
easy anisotropy axis. 6 always equals y in this direction 
and the resonance condition is simply wy/y=H 
+ (4/3)|K,/M 

Initially M is not lined up with H for the y=0° ((100 | 
direction) and y=90° ([110] direction) curves. M is 


7 Adapted in part from calculations by P. E. Tannenwald and 
Marjorie M. Campbell, Lincoln Laboratory, Massachusetts Insti- 
tute of Technology 


gradually pulled into alignment as H is increased from 
zero. The w/y curves bend toward the w/y=0 line which 
is reached when H/| K,/M|=2 and H/|K,/M|=1, re- 
spectively ; at these points 6 equals y. M remains parallel 
to H along the right-hand portions of these curves for 
which the resonance conditions are 


wy/y=H—2|K,/M\, 
wu/y=((H—|Ki/M|)(1+2|K,/M|)}', 


respectively. 

For all other y values, M is gradually pulled in toward 
H from the [111] direction; the direction of M ap- 
proaching that of H asymptotically as H approaches 
infinity. The w/y curves tend upward as shown. In some 
instances for a given y, a particular w/7y may correspond 
to several values of H/. In an experiment in which the 
microwave frequency is fixed and the dc magnetic field 
slowly varied, several ferrite resonances would be 
observed. 


B. Positive Anisotropy Crystals 


The curves relating (w/y)/(K,/M) to /(K,/M) for 
various values of w are given in Fig. 4. These curves 
converge to (w/y)/(K,/M)=2 for H=0. For y=0° M 
lies parallel to H. This is the [100] direction, an easy 
anisotropy axis for which the resonance relation is 
simply wy/y=H+2K,/M. For values of y between 0° 
and 54°44’, M lies in the (110) plane and is tipped in 
toward /7 asymptotically from the [100] direction. For 
values of » between 54°44’ and 90°, M is drawn in 
toward H from the [010 ] or [001 | direction.* These will 
be termed “skew” orientations. As H is increased from 
zero these skew solutions curve in toward the (w/y)=0 
line. At the point ¢=42, corresponding to (w/y)=0, M 
has been pulled into the (110) plane. However, M is not 
parallel to H. As H increases further, M, lying in the 
(110) plane, is asymptotically pulled into alignment 
with H. 

The solution for y= 90° is a limiting case in which M 
always lies in the (100) plane while “skewly” oriented. 
At H/(K,/M)=2, (w/y)/(K,i/M) is zero. At this point, 
¢=4m and M has become parallel to H. M then remains 
parallel to H as the field is increased. The right-hand 
portion of the curve is then obtained, for which the 
resonance relation is 


[ (H+ K,/M)(H—2K,/M) }}. 


wH/Y 


The solution for ~=54°44' is another special case. 
Three types of single domain solutions are possible, all 
equivalent to each other and yielding the same w/y vs H 
curve. These are: the given (110) plane solution corre- 
sponding to M being tipped in from the [100 } direction ; 
and two skew solutions corresponding to M being tipped 
in from the [010] and [001] directions. As H increases 


* A graphical method for obtaining some of these equilibrium 
conditions was given by R. M. Bozorth and H. J. Williams, Phys. 
Rev. 59, 827 (1941). 
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from zero, the resonance curve bends toward the (w/7) 
=( line which is reached when H/(K,/M) is 1.483. The 
w/y solution for M parallel to H is a straight line 
inclined at 45° and terminating at 17/(K,/M)=4/3. 
The curves intersect as shown. For all points to the 
right of 17/(K,/M)= 1.466, the lineup solution has the 
lower total energy. At this point, indicated by a dotted 
line, a jump is made from one curve to the other. The 
resonance relation for the lineup solution is wy/y=H 
— (4/3)(K,/M). As in the negative anisotropy case, 
multiple ferrite resonances may be observed under 
appropriate conditions. 


III. EQUILIBRIUM AND RESONANCE CONDITIONS 
WHEN M AND H LIE IN THE (110) PLANE; 
QUASI-LINEUP CONDITIONS 


As discussed in Sec. I, M will lie in the (110) plane 
for negative anisotropy crystals and also for positive 
anisotropy crystals when sufficiently high de magnetic 
fields are applied. When M lies in the (110) plane, the 
azimuth angle @ equals 4x. The equilibrium conditions, 
Eq. (2), simplify to 

OE 4/00= MH sin(y—@). 


The resonant angular frequency wy, Eq. (3), is now 


WH | ( 


siny YE Aee 
a 


sind M sin’@ 


yE aw y 
x (211 costo y)+ )| . (8) 
M 


In the limit of large magnetic fields, /7/|K,;/M|>>0, M 


tends to become parallel to H and (¥—6)= approaches 
zero. This condition, for which M lies in the (110) plane 
and |e|/<$5°, will quasi-lineup.”” M_ can 
become parallel to H only in the three principal crys 
tal directions for which 044/00=0. Since 0F,/00 

K, sin@ cos6(3 cos*@—1), these correspond to y=0 

0°, 54°44’, and 90°. 

Putting @ equal to y in Eq. (8) does not yield the 
proper limiting lineup formula originally derived by 
Bickford.’ The correct relation is obtained as follows: to 
the first order in € the resonance equation is 


WH ; Ease Eaw\ | 
( ) = (1 + He cot0+ Ca , )} 
¥ M sin’ M 


(1/M)(dE, ‘O0). 
Hence, 


WH cow Eneeo Eao\)} 
( ) |(4+ Eset )(4 . )]. (9) 
¥ M M sin’ M 


This relation between wy and 6 is equivalent to the 
relation between wy and W derived by Bickford. The 


“é 


be termed 


From the equilibrium condition He 


*L. R. Bickford, Jr., Phys. Rev. 78, 449 (1950). 
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I'1c. 4. Single-domain resonance relations in cubic crystal; 


K,/M positive 


present w/v vs y plot is not the same as the w/y vs 6 plot 
since y and @ are not necessarily equivalent. These 
cone lusions hold also In the presence ol second order 
anisotropy : 


Fo, = 7g K of sin® (2) sin? (28) sin*@ | 


The more general relation for ¢ is 


I Ky 
sin cos6(3 cos’é D(«, { cnt), 
MI y) 


1 K, Ky 
€ fo + 1°, (0) | 
i M M 


where € is now expressed in degrees and 
F’, = 57.296 sin@ cos0(3 cos*0—1), 


F's = 57.296 sind cos0(3 cos*8— 1) 4 sin’@ 


F, and F; are plotted in Fig. 5. 

In Figs. 6 and 7 the resonance nomograms are plotted 
for very high fields where the lineup formulas apply and 
for which, in addition, the resonance relation, Eq. (9), 
can be approximated by 


cow Eee Ave 
‘ ( hk sot | ) (I 1) 
M M sin’? M 
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Fic. 5. Tilt angle functions F; and F, 


Substituting for the anisotropy terms, 


WH K, 15 
I1+ (2 { sin‘? 10 sint#), 
oY Mf 2 


Figures 6 and 7 should be compared to the previous 
Figs. 3 and 4 

The susceptibility tensor [see Eq. (4)] described 
earlier simplifies greatly under lineup conditions. Equa- 


tions (5) become 


4ryM VE A006 
X11 (wi { ), 
D M 
4nryM ¥ y Eaeo 
(wi t+— cotdk set ), 
D M M sin’ 


4ary “( ’) 
D Tt} 


As before, D is given by wy?—w*+1/T*+ j(2/T), 
where wy is now obtained from Eq. (9). 


IV. FERROMAGNETIC RESONANCE IN THE PRESENCE 
OF MAGNETIC DOMAIN STRUCTURE 


Resonances which are not predictable by the single- 


domain analysis curves of Sec. II have been observed 


experimentally in ferrites.*~“ These resonances, in many 
cases, have been presumed to be a consequence of the 
domain structure existing below magnetic saturation. 
Effects of this nature in magnetically uniaxial crystals 
have recently been analyzed by Smit and Beljers.? 
Nagamiya'® has considered domain structure effects in 
Fe;0, when the magnetic anisotropy has tetragonal 
symmetry. Treatment of the multiple-domain structure 
problem in crystals with cubic symmetry is, in general, 
very involved. One situation for which a solution can be 
obtained readily in both negative and positive anisotropy 
crystals occurs when H lies along a [ 110] direction. 

In the analysis that follows, the domains are assumed 
to be lamellae of two varieties arranged alternately. The 
lamellae are presumed to be equal in volume. The planes 
of the lamellae are perpendicular to the dc magnetic 
field direction. Orientations in which these planes are 
parallel to the magnetic field direction are shown in 
the Appendix to be unlikely. The treatment of the 
equations follows very closely that of Smit and Beljers. 

A. Negative Anisotropy Crystals—H in 
[110] Direction 


The two types of domains expected correspond to 
magnetizations lying in the (110) plane tilted equally 
with respect to the [110] direction. The domains are, 


therefore, of types 1 and 2 in which the orientation of M 
in) and (0,=" 


is specified by the parameters (6), ¢) 


91, 2 


nomenclature corresponds to that used previously. 


im), respectively (see Fig. 8). The angle 


The total energy per unit volume for this multi- 
domain structure is: 
E=}K,{ sin®(20,)4+-sin‘#, sin?(2@,) 
+ sin?(20.)-+-sin@, sin? (22) | 
4MH{ sind, sin(jr+¢1)+sind sin({r+¢e) | 
+3aM*{ (cos0,+cosb,)?+ (sind; sing; +sin8, sing,)* 
+ (sind; cos; + sind, Coss)? | 
4. or M*{ sind, ( os(ir ) ) SinBs« os(ia d») P. (13) 
The first term represents the crystal anisotropy 
energy ; the second, the magnetostatic energy ; the third, 
the demagnetization energy for the net magnetization in 
the spherical sample; and the fourth, the demagnetiza- 


the 
domain demagnetizing factor is taken as 4x. The equi- 


tion energy of poles on the walls of the domains 


” P. E. Tannenwald, Phys. Rev. 99, 463 (1955). 
uP, E. Tannenwald, Phys. Rev. 100, 1713 (1955), 
2 R, L. White and I. H. Solt, Jr., Hughes Research Laboratory, 
‘ulver City, California (private communication) 
4 C, Hubbard, Harvard University (private communication). 
“A. F. Kip and R. D. Arnold, Phys. Rev. 75, 1556 (1949), 
observed similar effects in single crystals of iron. 


16 T, Nagamiya, Progr. Theoret. Phys. (Japan) 10, 72 (1953). 
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Fic. 7. Resonance relations in cubic crystal at very high magnetic field; K,/M positive 
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Vic. 8. Multidomain structure in negative anisotropy crystal; 
H in [110] direction. 


and 
1K ,[ 2 cos46+-sin’0(3—4 sin’#) | 
+4MH sind+- 42M? cos20+2M? cos’6, 
kM? c0s204+-7M? cos, 
K, sin'0,+-4MH sind sinp 
4M? sin’. 


Koyo; 


(16) 


Foy 


Koi¢1 IM? sin’6, 


Keio 


The (w/v), resonance corresponds to microwave excita- 
tion perpendicular to H while the (w/y),, resonance 
corresponds to excitation parallel to H. 

In Fig. 9, families of the multiple-domain w/y vs H 
resonance curves are shown superimposed on the usual 
single-domain y= 90° resonance curve (refer to Fig. 3) 
M, H, and wy/y are expressed in units of |K,/M|. For 
each value of M/|K,/M| both the (w/7), and (w/y),, 
curves are shown. 

The energy, equilibrium, and resonance conditions 
are, if one expresses all quantities in units of | K,/M_,"° 


E= —4[sin?(20)+-sin’@ ]—H sind+ 42M sin’, 
H = (3 sin*@—2+- (4/3)xM) sind, 
(Ta 


17) 


sin’@) (9 sin’?@— 2 
+-(4/3)rM(3 


(w iv) 


) 
2 sin’6) | 
-( (5 sin’?0— 2)+-(4/3)rM ]}}, 
sin’) (9 sin*@— 2) 
+ (4/3)rM (1 


. (18) 
(w/y) y= {C1 
sin’6) | 


‘[(5 sin’@— 2) ]}4. 


For (4/3)rM> 2, equilibria exist for all values of 
6, but are not stable below field values than 
(2) (4/3)eM —4) (corresponding to 6=sin~{_ (4)! }) sincé 
(w/y),, vanishes at this point. The (w/y),, curves are 
similar in form to semicircles. (w/v), vanishes for all 
values greater than (4/3)rM-+1. This is the point 
6= 9/2, at which the multiple-domain structure ceases 
to exist. The (w/y), resonance terminates on the single- 
domain curve at 0= 2/2, H= (4/3)4M-+1 at the value 
(w/y),={[(4/3)eM J (4/3)eM+3]}'. As H decreases, 


(w/v), increases, reaching a value of 


I(- 11 x)(~)] 
penweionees commas 
25 § 3 3 


© Henceforth, the quantities (w/y), M, and H will be expressed 
in units of |K,/M|. 


less 


at 0=sin*(%)!, H=(#)'[(4/3)rM—#]. The values 
of (w/y), in the unstable region below H= (#)! 
X((4/3)aM — 4] are indicated by dashed lines. 

When observing (w/7),, two resonances may be seen 
as the dc magnetic field is increased from zero upward. 
The one at the lower field corresponds to the multiple- 
domain resonance. The one at the higher field is the 
usual single-domain resonance. If (w/y), is too large, 
then only the single-domain resonance will be seen. If 
(w/v), is too low, then no resonance will be seen. 

When investigating (w/y),, two resonances may be 
seen as H is varied, both due to multiple-domain reso- 
nance. If (w/y), is too high, no resonance will be 
observed. 

As anticipated, the total energy for this multiple- 
domain structure at a given H is never greater than the 
energy for the single-domain structure. 

A “gross susceptibility tensor” x, may be defined in a 
manner similar to that of Sec. II. The axes of the 
reference system are as follows: “1,” perpendicular to 
the (110) plane; “2,” direct ed along the [100] axis; “3,” 
parallel to H. 


The tensor elements [see Eq. (4) ] are: 


4nM°*A sind 


AC—2 


4rM°C sin’d 
X22 ‘ . ’ 
AC-—2 


4a M?D cos*6 


X 933 
BD-? 


4a M?z sin’ 
Kg21=Kg= —_——_ > 


AC—-2 


Kgi2 


where A, B, C, and D are defined through Eqs. (15) and 
(16) and z= (w—7/T)M sin6/y. 


B. Positive Anisotropy Crystals—H in 
[110] Direction 


The analysis is quite similar to that of the negative 
anisotropy case. Two types of domains are postulated, 
corresponding to magnetizations lying in the (100) 
plane tilted equally with respect to the [110] direction. 
The orientation of the magnetizations in these domains 
is specified by the angular parameters (6,;= 47, ¢:) and 
(0.= 4a, bo= 4r—¢). See Fig. 10. The total energy per 
unit volume for this type of structure is given by 
Eq. (13). 

The equilibrium conditions 0F/00,=0, 0F/06.=0, 
dF /dp,=0, and AF /d¢2= 0 are, as anticipated, satisfied 
by 0:=0.= 49 and ¢1=¢, ¢2= }9r—¢1. 

The equations of motion about the equilibrium point 
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Fic. 9. Resonance relations in cubic crystal; K,/M negative; H in [110] direction 


case are: 


w w Eoyo,= 4K ,(2—sin?26)+-4MH sin(4ar+¢)— 42M’ sin29, 
M sind } =(AC)!, M sind (BD), A 
L 8 Kayo. hn M?, 


Y Y 
, Eoie1= Ky cos \MH sin(4 (2 
where A, B, C, and D have been defined previously in tae pCO m wae 4 oF _ ne 
terms of the energy derivatives. See Eq. (15). ~ 42M? sin2p+ 44M? sin?(4ar—$), 
The expressions for the energy derivatives in this /¢,¢.= 44M? sin2p+41M? sin? ({r—$). 


again yield the two resonance conditions: 





70 O. 


Families of the multiple-domain w/y vs H resonance 
curves are shown superimposed on the single-domain 
y= 90° resonance curve in Fig. 11. M, H, and wy/y are 
normalized by being expressed in units of K,/M. 

The energy, equilibrium, and resonance relations for 
the chosen structure are, expressing quantities in units 
of K,/M: 


E=}(sin?2¢)—H sin(ir+¢) 


+49M (1+sin2¢), 


q sin4dg+ (4/3)aM cos2p 
2 cos(ir+¢) 
={{2—sin?26+H sin(jx+¢) 


+-(4/3)rM sin*(}9r—¢) |[.2 cos4o 


(w/¥)s 


+H sin(ha+)+44M sin? (jr—¢) }}}, 


{{2—sin?2¢+H sin({r+¢) 


(w/¥)n 
4a M (1+-sin2¢) |[ 2 cos4@ 


+H sin(jar+¢)— (4/3)9M sin2¢ }}!. 

When observing (w/y), a total of none, one, two, or 
three resonances may be seen as the dc magnetic field is 
increased from zero upward, The number of resonances 
seen depends on the values of (w/y) and M. The reso- 
nance at the highest field value is the usual single- 
domain resonance. The (w/y), resonance terminates on 
the single-domain curve at H= (4/3)mM-+-2 at which 
@=41n. Similarly none, one, or two resonances may be 
seen when investigating (w/y),). 

As expected, the total energy for this structure at a 
given H is never greater than the energy for the single- 
domain structure. 

A “gross susceptibility tensor” x, may be defined as in 
Part A of this Section. With reference to the coordinate 
system used previously, the tensor elements are now: 


4x M?°A sin*(ia+¢) 


’ 


4 M°B sin? (4a—$¢) 
BD-—2# 
4a M’z sin(i3r+¢) 
Kol Kg ’ 


AC—2# 


where z= (w— j/T)M/y and A, B, C, and D are detined 
through Eqs. (15) and (20). 
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V. MAGNETIZATION CURVES PREDICTED FROM 
POSTULATED MULTIDOMAIN STRUCTURE 


The form of the magnetization curves when H is 
applied in a [110] direction follows immediately from 
the analysis of the previous section. For the negative ani- 
sotropy case H = (3 sin*@—2)-|K1/M,|+-(4/3)xM, sind 
and the observed magnetization M1. equals M, siné. If 
we write f=sind= M.../M, and express H and | K,/M,| 
in units of M,, the following relation is obtained: 

H= (3 f?—2) f-|Ki/M,|+(4/3)rf, (24) 
where 1> f> (#)!. 

Similarly, for positive anisotropy, 

sin4dd 
H K,/M,+(4/3)rM, 
2 cos(i94-+¢) 


cos2h 
2 cos (4a +) 


and 


Movs= M, sin(irt+¢). 
M »/M,, then, in reduced units, 


1]-Ki/M+ (4/3)mg (25) 


If g=sin(in+¢) 


H = 2[ 29’- 
1>g>1/V2. 


These formulas, of course, would not be expected to 
apply at low magnetic field values at which the simple 
multidomain structure would not exist. A derivation 
leading to similar formulae has been given by Bozorth.” 
However, the geometrical shapes of the domains and the 
domain-wall demagnetization energy factors are not 


discussed. 


VI. COMPARISON OF THEORY WITH RECENT 
EXPERIMENTAL RESULTS 


Detailed investigations on single-crystal ferrites have 
recently been reported by Tannenwald.-" In his paper 
on a group of Mn ferrites (crystals with negative 
anisotropy), Tannenwald" states that no combination 
of K,/M, K2/M, and g gave a good fit to the angular 
variation of resonance field observed. This apparent 
discrepancy between the calculated angular variation of 
resonance field and the experimental results can now be 
removed. For example, the experimental values found 
for Mn-Zn ferrite at 77°K and 9.198 kMc/sec are shown 
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Fic. 10. Multidomain structure in positive anisotropy crystal; 
H in [110] direction. 


'7R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., New York, 1951), pp. 578-579. 
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in Fig. 12.18 From the field values at 0°, 54°44’, and 90° 
(4054, 2670, and 3146 oersteds, respectively) the follow 
ing parameters were computed : K,/M 399 oe, K2/M 

— 121 0e, w/y = 3256 oe. Two curves of resonance field 
vs orientation angle were computed from these data and 
plotted in Fig. 12. In the first, the magnetization M was 


considered to be parallel to the magnetic field H. In the 
second, the angle between M and H was taken into 


account by applying the first order angle correction as 


Data furnished by P. E. Tannenwald (private communi 


cation). 


given in Eq. (10). As expected, the experimental data lie 
on the second curve. 

At a frequency of 9.150 kMc/sec, Tannenwald ob 
served additional ferrite resonances under appropriate 
temperature conditions, These secondary resonances 
occurred at magnetic fields below that necessary for the 
usual resonance. The secondary low-field resonances 
were not found when the crystal was magnetized in the 
easy direction; nor were they found at all at 23.0 
kMc/sec. . 

The explanation for these effects is quite direct in 
terms of the magnetic domain structure discussed in 
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Sec. IV. 23.0 kMc/sec is apparently too high an 
operating point for observation of the secondary reso- 
nances. No domain structure effects would be expected 
in the easy crystal direction. The curve relating low- 
field resonance point to temperature in Mn-Fe ferrite 
(Fig. 12 in reference 11) is reproducible when one uses 
Tannenwald’s results for K,/M, the nomogram in 
Fig. 9, and M values which, for example, range from 591 
cgs units at 40°K to 577 cgs units at 138°K. These M 
values are within"the range of values deduced from the 
magnetization data of Pauthenet" and the x-ray density 
data of Verwey and Heilmann.” Although some of these 
crystal data have been criticized by Gorter,” the ques- 
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curve *2~ 
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tion is rather moot since magnetic moment and density 
measurements have mot been made on the spherical 
specimen actually used in Tannenwald’s microwave 
experiments. (Variation of properties in different por- 
tions of even a given ferrite crystal is quite common.) 

The results for positive anisotropy crystals obtained 
in this paper can be applied to the phenomena observed 
by Tannenwald in Co ferrite.*? The variation of 
resonance field with direction (Fig. 4 in reference 10) can 
be reproduced with fair accuracy using the nomogram 
of Fig. 4. A better fit should be obtained by considering, 
in addition, second order anisotropy, but these more 
general calculations have not been made. An approxi- 
mate calculation for the angular variation of resonance 
field was made in the same manner as in the Mn ferrite 
case discussed previously. The results are shown in 
Fig. 13.% From the three principal direction field values 
(2850, 9750, and 7700 oersteds) at 90°C and 23.8 
kMc/sec the following parameters were computed: 
K,/M = 1826 oersteds, K2/M = 1830 oersteds, w/7 = 6502 
oersteds. The two curves of resonance field vs orientation 
angle computed from these data are plotted in Fig. 13. 
In the first, M was considered as parallel to H. In the 
second, the first order angle correction of Eq. (10) was 
applied. Some discrepancies still exist between the ex- 
perimental data and the second curve. This is not too 
surprising. First, the first order angle correction proba- 
bly is not adequate. The first order correction is con- 
sidered adequate for 5° or less but here corrections of as 
much as 12° were encountered.“ Secondly, the data are 
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Fic. 13. Variation of resonance field with crystal orientation angle (positive anisotropy crystal). 


#R. Pauthenet, Compt. rend. 230, 1842 (1950). 

FE. J. W. Verwey and E, L. Heilmann, J. Chem. Phys. 15, 174 (1947) 

% £. W. Gorter, Philips Research Repts. 9, 295, 321, 403 (1954) 

*” The parameters and resonance points given by Tannenwald for Co ferrite at 90°C and 23.8 kMc/sec have been recalculated using 
analyses described in earlier sections, From the hard- and easy-direction resonance point values, one obtains K,/M = 2070 oe, g=2.43, 
(w/y)/(K,/M) = 3.37. Using, in addition, the intermediate axis direction resonance point value, one obtains Ki/M = 1826 0e, K2/M 
= 1830 0¢, g= 2.61, w/y = 6.502 oe, (w/y)/(Ki/M) =3.56. These values differ somewhat from those given by Tannenwald.” 

*% Experimental data were furnished by P. E. Tannenwald (private communication). ; 

™ A plot, very much the same as curve 2, can be obtained from the nomogram of Fig. 4. Owing to neglect of second order anisotropy, 
this curve is raised in the region*near 90°. 
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not internally consistent, since the resonance points do 
not quite lie on a curve symmetrical about = 90°. The 
crystal may be sufficiently misaligned to cause detect- 
able skewness in the observed points. 

The secondary peaks observed (Tannenwald’s Fig. 3) 
were, as expected, absent in the easy direction of 
magnetization, The appearance of the secondary peak 
in the [110] direction can be understood by referring to 
the multidomain nomogram of Fig. 11. At a frequency 
(w/7)/(Ki/M)=3.37 two secondary peaks would be 
seen if an (4/3)rM/(Ki/M) curve of value 0.9 is 
intercepted. This apparently is what has happened, the 
two secondary peaks blending to form a blob. A more 
detailed comparison is not possible since the Co ferrite 
resonances are very broad. Moreover, as in the Mn case, 
data on the magnetic properties of the sample used in 
the microwave experiments are not available. 

We have taken further data on Co ferrite at a fre- 
quency of 47.3 kMc/sec at room temperature and at 
50°C. At room temperature, K,/M was 3.6 kilo-oersteds 
and the g value was 3.3. The resonances were several 
thousand oersteds in width, making observation diff- 
cult. An indication of multiple-domain effects was seen. 

Low-field resonances have been seen also by Hubbard 
in Ni ferrite’ and White and Solt in Co ferrite,” but 
their data are at present only preliminary. 

Smit and Beljers? have reported observations of 
(w/7),, in a uniaxial crystal. Observations of (w/7),, on 
cubic ferrites apparently have not yet been made. 
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APPENDIX—EQUILIBRIUM AND RESONANCE 
RELATIONS IN PRESENCE OF MAGNETIC 
DOMAIN STRUCTURE 


A. Negative Anisotropy Crystals—H in 


[110 | Direction 


Three types of the lamellar domain structure such as 
that described in Sec. V were considered. Each corre- 
sponded to magnetizations lying in the (110) plane 
tilted equally with respect to the [110] direction. The 
model finally adopted had the domain walls oriented 
perpendicularly to the dc magnetic field. The energy per 
unit volume in this arrangement was given in Eq. (13). 
The alternative structures differed in the orientation of 
the domain walls. In the first alternative the domain 
walls were parallel to Hg, and perpendicular to the 
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[100 } direction. In the second the walls were parallel to 
H,4, and parallel to the (110) plane. The domain energy 
term of the first model, 


kM" sin, cos(4a— 1) — sind, cos(44— 2) |, 


is replaced by 
ba M? (« 080; — cos0e)? 
and 


}aM*{ sind, cos(fa+¢1) — sind, cos(4a+¢o) |, 


respectively, for consideration of these alternative 
models. At the equilibrium point 0=0;= 91-6), d2=¢1 
im, the domain energy term for the first alternative 
model has a positive value 214M? cos*#, whereas the 
corresponding term for the other two models is zero, 
Hence, this model was not considered further. The 
second alternative yielded solutions in which the (w/y), 
curve sloped upward to the right as H was increased. 
Only one resonance would have been seen in this case. 
Hence, this alternative was also discarded. 
B. Positive Anisotropy Crystals —H in 
[110] Direction 


As in the negative anisotropy case, three types of 
lamellar domain structures were considered. Each corre- 
sponded to magnetization lying in the (100) plane tilted 
equally with respect to the [110] direction. The model 
finally chosen (as in the negative anisotropy analysis) 
had the domain walls oriented normally to the de 
magnetic field. The energy per unit volume for this 
model (as given in Eq. (13)) included a domain energy 
term 


kM sind, cos(4a— 1) — sind, cos(Aw— do) F. 


At equilibrium, 6,=62.= 59, ¢=¢1= 49— do, this domain 
energy term is zero, 

The two alternative structures corresponded to walls 
oriented parallel to the de field. The first alternative 


examined had walls in the (110) plane with the domain 
energy 


baM* sind, sin(4a— 1) — sind, sin(4a— dz») F. 


This domain energy gives a positive contribution at 
equilibrium. Hence, this model was discarded, 

The second alternative had a structure composed of 
walls in the (100) plane. The domain energy was 
}2M*(cos0,—cos62)*. This formulation yielded the iden 
tical equilibrium condition as the finally adopted case. 
However, the (w/y), curve in this instance was below 
the (w/v), curve of the first model and did not corre 
spond to available experimental data. This model also 
was not considered further. 
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Ferromagnetic Resonance in Metal Single Crystals* 


J. O. ArTMAN 
Gordon McKay Laboratory, Harvard University, Cambridge, Massachusetts 
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Microwave susceptibility expressions for ferromagnetic resonance have been derived for metal single 
crystals possessing crystalline anisotropy. Crystals of uniaxial and cubic magnetic symmetry are considered. 
When the magnetization M is aligned with the applied field H, the results are equivalent to those of Kittel. 
When a simple multidomain structure occurs on a crystal face, two resonances are found for a given H. 
These correspond to microwave excitation being perpendicular or parallel to H. These multidomain reso 
nances are related to H, saturation magnetization M, anisotropy parameter K/M, and the ratio of skin 
depth to domain width. Thus domain spacings can be inferred from microwave measurements. In particular, 
predictions of the theory are compared with the microwave measurements of Kip and Arnold and magnetic 
domain pattern observations in the literature. Secondary resonances found in Ni by Reich can also be 


attributed to a multidomain structure 


I, INTRODUCTION 


HE tensorial properties of conducting ferromag- 

netic media have been used by Young and 
Uehling' to describe resonance phenomena observed in 
microwave cavities. The Young and Uehling deriva- 
tions were given for microwave magnetic suscepti 
bilities of the form 


x jx O 
jk y Ol, (1) 
0 Y @ 


but can be generalized immediately to susceptibilities 
of the less restrictive form 


(xu je O 
jma x2 O ' (2) 
0 0 X33 


Derivations of the ferromagnetic resonance relations 
applicable to single crystals with magnetic anisotropy 
have been given recently by Smit and Beljers,? Zeiger,’ 
and Suhl.* Extensions to simple multidomain configura- 
tions have been given by Smit and Beljers,? Nagamiya,® 
and by Artman.* The above analyses refer to noncon 
ducting ferromagnetic substances for which propaga 
tion-depth effects are usually ignored so that the de and 
rf demagnetizing factors are the same. In this paper we 
will modify the analyses so as to apply to conducting 
ferromagnetic media. Formulas will be given for crystals 
of cubic and uniaxial magnetic symmetry. 

The susceptibility tensor derivation follows from 


* The research in this document was supported by the U. S 
Air Force under contract with Harvard University ; 

1 J. A. Young, Jr. and E. A. Uehling, Phys. Rev. 94, 544 (1954) 

2]. Smit and H. G. Beljers, Philips Research Repts. 10, 113 
(1955) hehe 

2H. J. Zeiger, Lincoln Laboratory (private communication) 

‘H. Suhl, Phys. Rev. 97, 555 (1955) 

6 T. Nagamiya, Progr. Theoret. Phys. (Japan) 10, 72 (1953) 

*7. O. Artman, Phys. Rev. 100, 1243(A) (1955), Proc. Inst 
Radio Engrs. 44, No. 10, 1284 (1956) ; Phys. Rev. 105, 62 (1957), 
preceding paper. 


examination of the free energy. First, orientation of the 
magnetization M necessary for static equilibrium in the 
presence of a dc magnetic field H is determined. The 
tensor susceptibility components (2) are then evalu- 
ated from consideration of small gyrations of M about 
the equilibrium direction. The propagation relations 
and the cavity perturbation equations are next ob- 
tained by the procedure of Young and Uehling. When 
the crystal is a single magnetic domain and H is applied 
along a principal direction, the results are equivalent 
to those derived first by Kittel.” Simple structures in 
which the crystal is composed of many magnetic 
domains are also considered. Observations made by 
Kip and Arnold® in Fe, by Reich® in Ni, and by Ohtsuka” 
in Co are compared with theory. 


Il. SINGLE-DOMAIN ANALYSIS 
(a) Cubic Crystal-Disk in (011) Plane 


Consider a thin disk lying in a (011) plane as shown 
in Fig. 1. H lies in this plane and is inclined at the 
angle y to the [100] axis. M is inclined to the [100] 
axis at the angle 6. The azimuth of M with respect to 
the [010] axis is @. The free energy per unit volume, 
considering just first-order anisotropy and magnetic 
contributions, is 


F =1K,[sin*(20)+-sin'd sin? (2) ] 
MH cos# cosy+sind sin sin(4a+¢@) 
+4 4rM?{_n cos*0+-n sin’6 sin? (44+) 
+ (1—2n) sin*O cos*(ja+¢) ], (3) 


where K, is the first-order anisotropy energy constant 
and 4an is the demagnetization factor in the plane of 


7C. Kittel, Phys. Rev. 73, 155 (1948). 

*A. F. Kip and R. D. Arnold, Phys. Rev. 75, 1556 (1949). 

*K. H. Reich, Phys. Rev. 101, 1647 (1956) and private com- 
munication 

” T, Ohtsuka, Technical Report No, 187, Cruft Laboratory, 
Harvard University, August 30, 1953 (unpublished). ’ 
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he disk. The angular derivatives of the free energy are 
iF /dp=1K,(2 sind¢ sind ] 
— MH siné siny cos(ir+¢) 
-2nM?(1—3mn) sin’@ sin(}a+2), (4) 
OF /00=1K,{ 2 sin40+4 sin*@ cos sin? (2) } 
— MH —sin@ cosp+-cosé siny sin(jx+¢) | 
+ 22M?*{ —n sin20+-n sin20 sin?(44+-¢) 
+ (1—2n) sin26 cos?(44+¢) | 


At equilibrium, 0//00=0F /d@=0. These relations are 
satisfied by ¢=4m and the equation 


MH sin(y—@) = K, sin@ cos0(3 cos’@—1). (5) 


Lineup of M with H can occur only for roots of the 
equation sind cos6(3 cos*@—1)=0, namely, 6=0, 2/2, 
cos"'4/}. 

To evaluate the tensor components and resonance 
relations, second-order derivatives must be calculated. 
Since the rf fields are confined to a very small depth, 
the effects of dynamic demagnetizing fields in the plane 
of the metal can be ignored. The rf demagnetizing 
fields perpendicular to the plane of the disk do not 
enter as such but will be accounted for later by the 
boundary conditions at the metal-air interface. We 
consider a thin lamina in the interior of the specimen 
parallel to the plane of the disk. In Eqs. (4) H is re- 
placed by the internal field H’, where H’=H—4xMn. 
The angle y between the [100] axis and H is replaced 
by y’, the angle between the [100] axis and H’. The 
demagnetization term involving M®* is dropped. The 
second-order derivatives of these modified equations 


evaluated at @¢= 7/4 are 


0°F’/00? = K ,{ 12 sin‘@— 13 sin*0+-2 | 
+-MH’ « os(yp’- -6), 
0°F'/d¢? = 2K, sin'0+MH' sind siny’, 


PF’ /d006 = 0. 


(6) 


F has been replaced by F’ in these equations. The 
y 
resonant angular frequency w’ follows from the equa- 


tion? *; 
w’ 1 OF’ PF’ OF’ \ 24) 
me rr * 
7 M sind 06? Og’ O00 


[100] 





fon) 
Fic. 1. M and H in cubic crystal, disk and H in (011) plane 
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where y is the gyromagnetic ratio. Axes (1,2,3) are 
selected: (1) normal to M and in the plane of the disk; 
(2) perpendicular to the plane of the disk; (3) parallel 
to M. With reference to this system the susceptibility 
tensor elements are: 


4nM 1 oF’ 

D (5 sin’é d¢? ) 

4nM 1 °F’ 

D & or ), 

4aM / wo 
(", 


jk 21 


jk 
where 


(9) 


in which wo is the microwave angular frequency and 
1/y7 the ferromagnetic resonance breadth. Young and 
Uehling have considered plane wave propagation in 
metals whose magnetic properties are specified by the 
tensor (1). As shown in the Appendix, their formulation 
can be carried over to media specified by the more 
general tensor (2). For rf propagation in direction 2 and 
surface excitation in direction 1, the perturbation on 
the cavity is 


1 Aw» ig ' 
Grit) 
@) Wy 41rwya 


(1+ xis) (+x 22) an 
XI J , 
1+X22 


(10) 


where o is the conductivity. If, in (7) and (9), 
(1/M sin*0)(0°F’/d¢*) is replaced by (1/M sin’) (02F’/ 
Og’) +4rM, then the resulting expression for 1+, is 
found to be identical with [ (1+-x1:)(1+y22)—K |/ 
(1+-x22) in Eq. (10). Hence the perturbation of the 
cavity is governed by 
(1x11) (1+ x22) —K° 
1 | X22 
1 Or’ 
4 u| | inut| 

M sin’é d¢? 

1+ , (i) 


Ww , Wo ‘ 1 2wo 
he been 
7 Y ya" 9 


w\? 1 PF’ 1 Or’ 
( ) | , itr | (12) 
| M 00M sin’ d¢? 


Situations in which M is parallel, or almost parallel, to 
Hare frequently of interest. If the quantity ~—d=x« 





ie, 
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Fic. 2. M and H in cubic crystal, disk and H in (010) plane. 


becomes small, 
K, 1 
»-= sin# cos6(3 cos’*8@—1). 
M H 
To the first order in e: 
H’ cos(y' —0) = H]—4rMn, 
HT’ sinp’/sind = 1+ He cot6—4rMn 


(14) 


Formulas (6) through (12) are modified accordingly. 
In particular, formula (12) becomes 
(12 sin'@—13 sin’@)+-H—4rMn 
M 


(2+-3 sin‘’?—7 sin’@)+H+494M —4rMn | (15) 


w\? 2K, 
( ) ( tl tnMn) 
a M 
2K, 
x( +H +-49M inn), 
M 
Ww : 4 K, 
6=cos (4/4): ( ) ( tH inMn) 
87 3M 
4K, 
x ( +H] +-49M inn), 
3M 
w\? kK, 
( ) ( +H inn) 
y M 


2K, 
x(- +H-+-49M inn), 
M 


Equations (15) and (16) are the Kittel lineup formulas. 


(16) 


(b) Cubic Crystal-Disk in (010) Plane 


The development is very similar to that of part (a). 
We now refer to Fig. 2. H lies in the plane of the disk 


ARTMAN 


and is inclined at the angle ® to the [100] axis. M is 
inclined at the angle @ to the [010] axis. The azimuth 
of M with respect to the [100] axis is @. The expression 
for the free energy per unit volume is 
F =4K,{ sin?(20)+-sin@ sin?(2) | 
—MH {sind cos(@—¢) | 

+4 44rM*{n sin*0+(1—2n) cos*é}. (17) 
The equilibrium relations, 0F /00=0F /dp=0, are satis- 
fied by 0=2/2 and 

MH sin(#—¢)=4K;, sin4¢. (18) 


M can line up with H only at @¢ values of 0 and jr. 
Analogously to (6) in part (a) we obtain 


OF’ 
K ,[2—sin*(26)]+MH’ cos(#’—¢), 
OF 
ri 
Op’ 


OF’ 


2K, cos4¢+MH' cos(*’—9), 


O00 
where ®’ is now the angle between the [100] axis and 


H’. With reference to axes (1,2,3) selected as in part 
(a) the susceptibility tensor elements are now 


4M 1 &F’ 
D & a ) ; 
4nM (1 OF’ 
D & ag? ) 


- ’ ; 4nM wo 1 
)Ki2= Jka = JK ( t ), 
D\ y 


where D is given by (9). 
For rf excitation as in part (a), the expression 
| (1 + md +x 22): K* \/(1+x22) in (10) becomes 


1 @F’ 
teat ( -— +4nit ) 
M of 


1+ 


w\? swo\? 1 wo 
6 Be ee 
Y Toys 
where now 
w\? 71 &F 1 oF’ 
( ) ( tira )( ) (22) 
v M 0 M d¢? 


When the angle 6—@=n becomes small, then to first 


order in 7 
K,/1 sin4d : 
q* ( " ), (23) 
M\H 2 


H' cos(®’ —¢) = H—4nMn. 
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Equation (22) becomes 


® s K, 
( ) -( (2—sin?2¢) t11+4eM —4eMn) 
i M 


K 
x( 2 cos4o+ H — inn), (24) 
M 


Ww 2 2K, 
At ¢=0, (*) ( +H-+4xM—4rMn ) 
¥ M 
K, 
x(2 Ht), 
M 


. 
+H+4nM inMtn) 
M 


2K, 
x(- +H iMn), (25) 
M 
Equations (25) and (24) are the Kittel formulas. 


(c) Uniaxial Crystal-Disk Containing 
Symmetry Axis [00-1 | 
We now refer to Fig. 3. H lies in the plane of the disk 
and is inclined to the symmetry axis at the angle y. 
M forms the angle @ with the symmetry axis and is 
inclined to the disk plane at the angle ¢. The free 
energy per unit volume is 


F = K, sin*@— MH (cos@ cosy+siné sin cos) 
+4 44M*[n cos’0+-n sin’0 cos’*h+- (1— 2n) sin’6 sin’? |. 
(26) 


The equilibrium relations, 0//00=0F /d¢=0, are satis- 
fied by ¢=0 and 


MH sin(y—6)= K, sin26. (27) 


Lineup of M to H can occur only for 6 equal to 0 

and 4x. Corresponding to (6) in part (a), we obtain: 
FE’ /0P = 2K, cos20+MH’' cos(y'—8), 
0°F’'/d¢?= MH’ sind siny’, (28) 

FE’ /d00b = 0, 

where y’ is the angle between the symmetry axis and 

H’. With reference to axes (1,2,3) selected as in part 

(a), the susceptibility elements are given by (8) and 

(9), Equations (10), (11), and (12) apply also. When 

the quantity Y—9= « becomes small, 


K,/1 
e= ( - sino). 
M\H 
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Fic. 3. M and H in uniaxial 
crystal, disk in plane containing 
symmetry axis. H in plane of disk 
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Relations (14) apply and the resonance formula (12) is 


Ww 3 K, 
( ) ( (2 cos20) +H iritn) 
y M 


K 
x( ‘(2 cos’) + 11+49M tMn). (30) 
M 
W $ 2K, 
At 0=0, ( ) ( +H tnMtn) 
oY M 
2K, 
x( +H+494M iru), 
M 


2K, 
+H trMn) 
M 


(31) 


«* (114-49 M —49Mn). 


Equations (30) and (31) are the lineup formulas 


(d) Uniaxial Crystal-Disk Perpendicular 
to Symmetry Axis 


Since none of the tensor elements is zero, the calcula 
tion for the general case cannot be treated by the 
simple methods given by Young and Uehling. Observa 
tions of Williams on cobalt reported by Bozorth" 
indicate that a simple one-domain structure does not 
exist at low magnetic fields; the general calculation 
therefore will not be attempted. However, if a magnetic 
field greater than (2K,/M)+49Mn is applied in 
the plane of the disk, then M can line up with H in 
stable equilibrium. Under these conditions the free 
energy per unit volume, 

F = K, sin’°@— MT] sin8 cosp 


+4 4M (1—2n) cos’0+n sin}, (32) 


is in equilibrium at ¢=0 and 6= 42. Angles are defined 
as in (c) above. The second-order derivatives are 
O?F'/00 2K,+M (I1—4nrMn), 
OF'/dg¢? = M(I1—42rMn), 
PE'/A00b=0 
"R. M. Bozorth, J. phys. radium 12, 308 (1951) 
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Fic. 4. Multidomain structure in cubic crystal of negative 
anisotropy. H in [011] direction of disk in (011) plane 


Relations (20) through (22) apply so that the reso- 
nance frequency observed for excitation perpendicular 
to H and in the plane of the disk is given by 


Ww 3 2K, 
(*) . ( -—+H+49M (1 -n)) (H~ 4M), (34) 
AY M 


III. MULTIDOMAIN ANALYSIS 


In Part II we have considered examples in which the 
direction of magnetization was constant throughout the 
specimen. Such simple structures frequently do not 
exist when the applied field is relatively small. Instead, 
patterns are found in which the crystal is composed of 
many magnetic domains—the direction of magnetiza- 
tion varying from domain to domain. As expected, these 
multidomain structures correspond to lower free energies 
than the single-domain structure. Fairly simple multi- 
domain structures occur when H is applied along 
certain of the principal directions. The theoretical 
and experimental situations have been reviewed re- 
cently by Stewart.” An earlier review was given 
by Kittel." In many instances the crystal is com- 
posed principally of an alternating sequence of just 
two varieties of domains. These two domain varieties 
correspond to two easy axes of magnetization being 
equally close to the direction of H. The ferromagnetic 
resonances expected in such structures have been given 
for certain nonconducting crystals. Smit and Beljers* 
derived the relations for uniaxial BaFe,,Oy9. Nagamiya® 
considered the case of tetragonal symmetry and applied 
his results to observations on FesO, made by Bickford. 
Artman® has applied Smit’s method to ferrite crystals 
of cubic symmetry. We consider the case of 
conducting ferromagnetic crystals in this section. 


shall 


Cubic Crystals of Negative Anisotropy 


(a) Disk in (011) Plane—H in [011] Direction 


When a field H of moderate strength is applied in 
the [011] direction of a (011) crystal face we would 


”K. H. Stewart, Ferromagnetic Domains (Cambridge Uni- 
versity Press, Cambridge, 1954). 


4 C, Kittel, Revs. Modern Phys. 21, 541 (1949). 


expect a magnetic structure to be essentially that of 
Fig. 4. The two types of domains correspond to mag- 
netizations which tend to lie close to the two nearby 
body diagonals in the disk plane. The scale of the 
domain pattern is fixed by conditions at the boundaries 
of the specimen where the main domain structure is 
modified to avoid local demagnetizing fields. As de- 
scribed in references 12 and 13 these calculations in- 
volve consideration of additional domain wall energy 
and magnetostrictive energy terms in the free energy 
expression. In the derivations presented in this and 
subsequent sections we will regard the domain width 
as a fixed parameter. This domain width will be as- 
sumed constant throughout the specimen; the domains 
will be assumed to be equal in volume. The anisotropy 
and magnetostatic contributions of just the major 
domains to the free energy will be considered when 
calculating equilibrium and resonance conditions. Such 
a simplified treatment is adequate in accounting for the 
essential features of ferromagnetic resonance observed 
in a multidomain structure. 
Accordingly, the free energy per unit volme, FP, is 


F =}K,{ sin®(20,)+sin‘0, sin?(2p,)+-sin? (262) 
+-sin'@, sin?(2¢.) |—4MH[ sind, sin(t4+¢,) 
+-sind, sin (44+-2) |+-34M*{n(cos6,+-cosb2)? 
+ (1—2n)[sind, cos(44+¢,)+sind, cos(ta+¢:2) 
+-n[ sind, sin(44+¢1)+sin® sin(far+¢2) |} 
+42M?N[sind, sin(jr+¢;) 


—sind, sin(jr+¢2) P. (35) 


The first term represents first-order anisotropy en- 
ergy; the second, the magnetostatic interaction; the 
third, the demagnetization energy for the average 
magnetization on the surfaces of the specimen; and 
the fourth, the demagnetization energy of poles on the 
domain walls. The angle nomenclature corresponds to 
that used previously in Part II. For equilibrium, 
OF /00,=0F /00,= dF /dp,= dF /0¢.=0. These equations 
are satisfied by ¢;=¢2=42, 0=0,=2—62, and 


K 
H= (- —(3 sin’ — 2) +4itn) sind. (36) 
M 


Since the applied field H and the average magnetiza- 
tion are collinear, the internal field H’= H—4rMn sind 

(3 sin’%@—2)|K,/M}|. 

To evaluate the higher order derivatives we proceed 
as in Part II. H is replaced by H’ and derivatives of 
the surface demagnetization term are dropped entirely. 
The dynamic demagnetizing fields on the domain walls, 
however, do contribute to these derivatives. We shall 
assume that the static demagnetizing factor V can be 
replaced by a dynamic demagnetizing factor NV’. N’ 
can be approximated from the static solution for an 
ellipsoid whose axes are proportional to domain length, 
domain width, and skin depth. Smit? has shown that 
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the oscillating charges on the domain walls couple the 
gyroscopic precession of the magnetizations in such a 
way that fwo resonant frequencies are found for a given 
H, These correspond to microwave excitation parallel 
or perpendicular to the domain walls. In our notation, 
the formulas of Smit are: 


(*) 2 (= oF’ ) 
ohe site 
Y + M 00 ? 00 100» 
2 OF fF’ 
* (sea) sor apan) 
M sin’97 \d$;?  dp,09: 


4K ,[ 2 cos40+sin*0(3—4 sin’@) | 
+43MH’ sind+2M2N’ cos’6, 
03°F’ /00:00.= 2M? N’ cos’, 
#F’'/d¢2= — K, sin'0+4MI' sind, 
°F’ /dp\0b2= 0. 


The plus and minus solutions correspond to excitation 
parallel and perpendicular to the domain walls. The 
susceptibility tensor elements are defined with refer- 
ence to the following coordinate system (1,2,3): (1), 
normal to H and in the plane of the disk; (2), per- 
pendicular to the plane of the disk; (3) parallel to H. 
The nonzero tensor elements are: 


4rM 2 Or =F’ 
( + ) sin, 
D, LM sin’?@\ dg)? 0d, 
4r My 2 (— OF’ 
+) | 
D, (M\ 00)? 00,00, 
4nM/w 1 
() +- ) sind, 
dD, v 


4nM 2 CF PF’ 
2 ( - ) cos’6 | 
Op ’ Ob 102 


= Wo 2 1 
Jeter. 
{ Y vi" 


For rf propagation in direction 2 and surface excita- 
tion in direction 1, the cavity perturbation is given by 
(10). Hence the perturbation of the cavity depends 


with 


ri a ‘00? 


jko1 jk 


DUM sin’ 

where 
2wo 
+f. (40) 
yT 


upon: 
(1+-x11) (1+-x22) —«? 


1 t X22 
oy’ 


2 
tn] ( ) +4eM 
M sin*é \dg\0d2 


=1+ 
w\? wo\? 1 20 
( ) ( ) ' 2 ' j 
Ties cele bis | 


sin’é 
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Fic. 5. Multidomain structure in cubic crystal of negative 
anisotropy. H in [100] direction of disk in (011) plane 


oO? fr’ 
(— 
M sind 0g" 


where 
ap’ 
) +-4arM 
Op Ode 
2 /@F FF’ 
x ( f ), (42) 
M\ 002 00,005 
For propagation in direction 2 and excitation along 3, 


the cavity perturbation (see Appendix) depends upon 
1+Xx33 


(b) Disk in (O11) Plane—H in [100] Direction 


There are four easy axes of magnetization nearest 
the [100] direction of an (011) surface. Two of these 
lie in the (O11) plane, two in a plane perpendicular to it. 
When a sufficiently high field is applied in the [100] 
direction, the magnetic structure would be expected to 
consist largely of two types of domains in which the 
magnetizations lie in the plane of the disk. See Fig. 5, 
Using the same nomenclature as in part (a), the free 
energy is 
F =}K,{ sin?(20,)+-sin‘@, sin?(2,)+sin?(20.) 

+ sin‘, sin?(2p.) |—4MH{ cosb,+ cosh, |+-49M? 
| (1—2n){sin@; cos(4r+-q,)4 sind, cos(4m t-.)}? 
«1 +n(cos0;+ cosh,)? 
| +-n{ sind; sin(4r-+-¢,)+ sind, sin(4a-+¢q2))}? 


+ ba M?N[ cos; COSD, |, (43) 


The equilibrium conditions are satisfied by 0;=0.=8, 


ci lor, do = 5/4, and 


i] (K,/M) cos6(2—3 sin’0)+49Mn cosh. (44) 


The internal field is 11’=/1—49rMn cosé. The second- 


order derivatives are 
OF’ /002 = 4K \[ 2 cos40+-sin’6(3—4 sin’6) | 
tM’ cos6+1M2N’' sin’, 
nM?N’ sin’, 
K, sin’#, 


PE" /00,005 (45) 
Or '/dg;* 


PF’ /dp Od» 
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Fic. 6. Multidomain structure in cubic crystal of positive 
anisotropy. H in [101] direction of disk in (010) plane. 


Here, the plus and minus solutions (37) correspond, 
respectively, to microwave excitation perpendicular and 
parallel to the domain walls. 
ments are 


The nonzero tensor ele- 


rid Aa 
_ ) cos’6, 
Ob; Ib ,Od2 


OF’ ) 
00,004 
4nM / wo §=1 
( +— ) cos, 
D_ y 7 
OF’ 


+ ) sin’#, 
Op Oho 


where D, is given by (40). For rf propagation in direc- 
tion 2 and surface excitation along 1, the cavity per- 
turbation depends upon 


(1 tru) (l +x22) -« 
1 + x22 


2 ig id i 
twit| ( —-— ) + init] cos’6 
M sin’? 0g; 06 ,0¢2 
—— oH, 


Ww 2 Wo 2 1 2wo 
( ) ( ) 7 +H 

Y ve a a 

er’ 

) +-4arM 

06 :0b> 


2 {°F oF’ 
x ( _ ) (48) 
M\ 002 00,002 


For propagation in direction 2 and excitation along 3, 
the cavity perturbation depends upon 1+-x33. 


4nM 2 Pr’ 
X11 ( 


D_ M sin’ 
4nM 2 (— 


—D. M\ a0 


. kar yk 


4nM 2 (= ’ 
D, M sin’ 


X33= 
Og? 


(47) 


where 


(“) { 2 (— 
y/. 1M sin’?d \ dg? 


Cubic Crystals of Positive Anisotropy 
Disk in (010) Plane—H in [101] Direction 


Since the [100] and [001] directions are easy direc- 
tions of magnetization, a structure similar to that of 


Fig. 6 is expected for moderate values of H. Using the 
nomenclature of II(b), 


F =}4K,{sin?(20,)+sin‘@, sin?(2g;) 
+sin?(26,)+sin‘@, sin?(2p») ] 
—4MH[(sind, cos(44r—¢1)+sind, cos(ia—¢») | 
n(sin6; cosp;+sinO, cosd.)* 
+- eu es sing; +sinb, sings)” 
+ (1—2n)(cos6,+cos6.)? 
+49M?N[ sind, cos(ia—¢1) 
—sinb, cos(4a—¢») F. 


6,= 1/2, ¢=$i=1/2—d2 


(49) 


Equilibrium is obtained for 6; = 
and 
Ki sin4g 
H= ——-+4nMn cos(inr—¢). 


(50) 
2M sin(he— ¢) 


The internal field is H’=H—42rMn cos(ixn—@). The 
second-order derivatives are 
#F’/00,2=4K [2—sin?26]+4MH’ cos(ix—¢), 
#F’ /0:00.=0 
&#F'/dp, = K, cos4o+4MH' cosiiar—o) 
+2M?2N’ sin*?(ia—o), 


#F’/0b,:0b.= 1M?N' sin? (4x—¢). 


The plus and minus solutions for (w/y)’, Eq. (37) 
correspond, respectively, to excitation parallel and per- 


pendicular to the domain walls. The nonzero tensor 
elements are 


oe i 


+— -) sin?(jr+¢), 


4nM 2 (— 
00 00» 


D, M\ 00; 


X22= 


Sa M 2 (— 


oF’ 
D, M Ob, dg\0de 


4nM wo 
j= (3 i _ 
D, y 7 


(52) 
sin(jr+¢), 


JKi12= Jkun= 


oF’ 
—< ) sine ™—$), 
80;° 30,00. 


_4eM 2 #F’ 
X33= (- 


D- M 


where D, is given by (40). For propagation in direction 
2 and excitation along 1 the cavity perturbation de- 
pends upon 


(1 +x) (1 +x22)—K«? , 
1+ x22 


2 (/?F' @&F' 
sa ( +— "hail sin (44+¢) 
0" 00,005 
——-~—.-—, (53) 


wo 1 2wo 
( )- -(- )+ T +3 y 
7? ¥T 
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where 


w\? 2/?F’ oF’ 
8 Dako 
. + M 06? 00,004 
OF’ 


2 id i 
x ( - ) . (54) 
M sin*9\ db; 060d» 


For propagation in direction 2 and excitation along 3, 
the cavity perturbation depends upon 1+ x33. 


Uniaxial Crystals 
(a) Disk in Plane Containing [00-1] Axis—-H in This 
Plane and Normal to [00-1] Axis 


As indicated in Fig. 7, a simple multidomain structure 
may be expected under these circumstances. If angles 
are defined as in II(c), the free energy per unit volume is 


F=}K,[sin’0,+sin’, | 
—4MH[sin0; cosd;+ sind, cos@» | 
+42M*[n(cosd,+ cos62)*+-n (sind; cosp, 
-+-sinO, cosd2)?+ (1—2n) (sin#; sing, 
+sin8, sings)? |+44M?\ 

| sind; cosd, 


sinO, cose |?. (55) 


0, and 


1 — 62, p= 2 
H={[(2K,/M)+49Mn | sind. 


Equilibrium is achieved for 6= 4, 
(56) 


The internal field is H’=1/—4rMn siné. The second- 
order derivatives are 
°F’ /002 = K, cos204+-4MH’ sind+2M?N' cos*6, 
0°F" /00,00,= 2M? N’ cos’, 
&F'/dboe=4MH' sind, 
0F'/d,0d.= 0. 


The plus and minus values of (w/7)’, Eq. (37), corre- 
spond, respectively, to excitation parallel and perpen- 
dicular to the domain walls. The tensor elements and 
the cavity perturbation relations follow from (39) 
through (42). 


SYMMETRY AXIS 
[00-1] 


Fic. 7. Multidomain structure in uniaxial crystal. Disk in 
ylane containing [00-1] axis. H in this plane and normal to 
Foo: 1) axis. 
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Fic. 8. Multidomain structure in uniaxial crystal. Disk 
and H in (00-1) plane. 


(b) Disk and H in (00-1) Plane 


The domains will be assumed to be thin sheets whose 
planes are perpendicular to H. This structure, depicted 
in Fig. 8, is the same as that proposed by Smit and 
Beljers* for BaFe,,Oy9 under similar experimental con 
ditions. If 6; and 6, are the inclination of the magnetiza 
tions measured from the symmetry axis and ¢, and @¢» 
are the azimuths measured from the direction of H, 
the free energy is 

F=4K,{sin’0,+sin’, | 

} MH sin8,; cosd,+ sind, cosds | 
n(sind,; sing, + sind, sing,)* 
t+-n(sin®; Cosp;-+sin®, Coss)? 
+ (1—2n)(cos@;+ cos@,)? 

t+4rM?N| sind, cosp;— sind, cosds |. 

Equilibrium exists for 0=0:=2—0., di=¢d2=0 and H 
given by (55). The internal field H/’=//—42Mn sind. 
The energy derivatives are given by (56). The (w/y),’ 
solutions, (37), correspond, respectively, to excitation 


+4aM? (58) 


parallel and perpendicular to the domain walls. The 
tensor components and cavity perturbation formulas 
follow from Eqs. (52), (53), and (54). 


IV. EXPERIMENTAL RESULTS 


The magnetic structure in the (O10) face of iron, a 
positive anisotropy crystal, has been studied exten 
sively. Domain patterns in Fe single crystals have been 
examined with powder pattern techniques by Williams, 
Bozorth, and Shockley’ and by Bates and collabora 
tors.'® A theoretical analysis of the expected patterns 
has been given by Neéel.’® Ferromagneti 
observations at 23.675 and 9.260 kMc/se 
on a (O10) face of a Si-Fe crystal by Kip and Arnold.’ 
They found the angular variation of resonance field at 
23.675 kMc/sec to correspond to the Kittel formula 
At the lower frequency, deviations from the expected 


resonance 


were made 


angular variation and an additional resonance peak 
were noted. See Figs. 9 and 10, This secondary reso 


4 Williams, Bozorth, and Shockley, Phys. Rev, 75, 155 (1949) 

1, F. Bates and F. E. Neale, Proc. Phys. Soc. (London) A63, 
374 (1950); L. F. Bates and C. D. Mee, Proc. Phys. Soc. (London) 
A6A, 129 (1952) 

61. Néel, J. phys. radium 5, 241, 265 (1944) 
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nance was observed when the field was along a [101 ] 
direction. 

At the higher frequency, the relations given in Sec. 
II(b) apply. The value of // in relation to K,/M is 
such that the angle between M and H is at most two 
degrees. Equations (23) and (24) can be used; no sig- 
nificant deviations from the Kittel formulas are ex- 
pected. The 9.260-kMc/sec data are much more inter 
esting. From the resonance field at equal to zero, the 
main resonance field point at ¢= 45", and the value of 
M =1575 gauss/cm’ the following crystal parameters 
are derived: 


K,/M=193 oe, K,=3.04X10° ergs/cm*, g= 2.18. 
The angular variation of resonance field predicted by 
(22) and these parameters is in accord with the experi- 
mental observations in Fig. 9. The explanation given by 
Kip and Arnold for the field deviation is essentially 
equivalent to this except that the distinction between 
H and H’ and # and ’ is not always clearly drawn. 

The multidomain analysis of Sec. HI provides a 
satisfactory explanation for the secondary resonance. 
From the experimental data and relations (50) and 
(54) @ is found to be 19°11’, and N’ is 4.59 10°. If 
the domain length L is much greater than the domain 
width w and microwave skin depth 6, NV’ is expected to 
equal 6/(6+w). The skin depth 6 is given by 


2 j 1 
nets | 
WoT Ho [ (ua’” +-q"*)! t Ma’ }! 


where yu,’ and wu,” are the real and imaginary parts of 
(53). Using a AH of 400 oersteds, u,’’ at resonance is 
found to be 270, 6 is 1.67 10~° cm and the value for 
w is then 3.4710 cm. The magnitude of the second 
ary resonance peak relative to the primary is about 
one-half the expected value. (See Fig. 10.) This can be 
accounted for by a spread in domain spacing of + 30% 
about the center value 3.47X10~ cm, a not unlikely 
result. The value of w predicted by Néel’s formula in 
the central portion of the disk is about one-seventh the 
This is not too disturbing since 


microwave value. 








Fic. 9. Resonance magnetic field vs angle between applied 
field and [100] direction in Fe crystal, where frequency is 9.260 
kMc/sec—adapted from Kip and Arnold, referenve 8, 
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Fic. 10. Resonance absorption curve at 9.260 kMc/sec showing 
double peak which occurs when # is near 45° -— adapted from 
Kip and Arnold, reference 8. 


powder-pattern observations"'® have only confirmed 
Néel’s theory qualitatively. Apparently it is very 
difficult to obtain a specimen fulfilling the ideal condi- 
tions considered by Néel. Williams ef al.,'‘ for instance, 
observed spacings five times as large as expected. 
Bates and Neale'® observed spacings in closer agree- 
ment with the theory, but did not find the spacings to 
be proportional to L! as predicted by Néel. Bates and 
Mee'® found the L! formula to be valid but found the 
domain widths to be four times larger than anticipated. 
The theoretical formula was derived for a rectangular 
specimen; the domains of closure at the edges of the 
circular sample used by Kip and Arnold may be 
modified sufficiently to account for the observed dis- 
crepancies. Finally, Kip and Arnold give evidence 
indicating that the crystal surface was strained. They 
felt that the effects of strain played a minor role in the 
resonances, this may not be true in the multidomain 
region. In summary, the Kip and Arnold data are in 
reasonable agreement with the concepts presented in 
this paper. Curves of resonance frequency vs magnetic 
field for the single and multidomain regions are shown 
in Fig. 11. The numerical data correspond to that of 
Figs. 9 and 10. 

Powder-pattern domain observations on (011) sur- 
faces of negative anisotropy crystals have been made 
by Bozorth and Walker,'’ Williams and Walker,'* and 
by Bates and Wilson.” Bozorth and Walker investi- 
gated the patterns found when H was applied along a 
[011 | direction of a 60-40 Co-Ni crystal. Williams and 
Walker saw similar patterns in a pure Ni specimen, 
reporting spacings of the order of 10-* cm. Microwave 
investigations of these particular structures have not 
been reported. Bates and Wilson” found spacings of 
the order of 10-* cm when H was applied along the 
[100] direction of an (011) Ni specimen. Bates and 


17R. M. Bozorth and J. G. Walker, Phys. Rev. 79, 888 (1950). 

4H. J. Williams and J. G. Walker, Phys. Rev. 83, 634 (1951). 

“LL. F. Bates and G. W. Wilson, Proc. Phys. Soc. (London) 
A66, 819 (1953). 
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Wilson suggested that the Ni domain structure corre- 
sponded closely to that proposed by Néel for (010) Fe 
specimens but did not attempt domain width calcula- 
tions. Reich® has recently investigated ferromagnetic 
resonance in (011) plane nickel specimens at tempera 
tures ranging down to 77°K at 9.00 kMc/sec and 4.2°K 
at 24.30 kMc/sec. At 9.00 kMc/sec Reich observed 
secondary resonances in the [100] direction at low 
temperatures. The specimens used at 9.00 kMc/sec 
were in the form of strip-line resonators. The crystal 
orientations of these strips and the design of the ap- 
paratus did not permit resonance observations in the 
[011] direction. Interpretation of the secondary reso- 
nance data is difficult since the [ 100 ] direction was not 
parallel to the axis of any of the strips. Calculations 
made from Reich’s 130°K 
domain spacing of 5X10~® cm but this must be re- 


observations suggest a 
garded as highly speculative. 

Ohtsuka" has reported on ferromagnetic resonance 
absorption at 24.00 kMc/sec in magnetically uniaxial 
to 380°C. The 


dc magnetic field was applied parallel to the long axis 


Co at temperatures ranging from 180 


of the rectangular specimens used. Since the crystal 
symmetry axis was not parallel to the specimen axis in 
any of the samples, Ohtsuka’s data must be corrected 
for the inclination of M to H ina manner similar to that 
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Fic. 11, Resonance frequency vs magnetic field curves at &=45° 
computed from Kip and Arnold data 
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of Sec. 
and have not been attempted. The anisotropy constants 
and g values reported by Ohtsuka may require signifi 
cant correction. Ohtsuka did not report any second 
ary resonance peaks. Other than those observed by 


II(c). These calculations are extremely tedious 


Williams,'' no Co domain patterns have been reported 
in the literature. 

Smit and Beljers, in their work on BaFke,,O9,? ob- 
served ferromagnetic resonance in a multidomain 
structure when the microwave field was perpendicular 
to the domain walls. No such resonance has yet been 
observed in any other ferromagnetic substance. As can 
be ascertained from the example of Fig. 11, these 
resonances occur at frequencies often far below those 
for which the microwave field lies parallel to the domain 
walls. Many of these ferromagnetic resonances are, in 
addition, very broad-—this would make detection of the 


perpendicular field resonance difficult 


APPENDIX 


Consider a medium specified by the microwave 


susceptibility tensor (2). The corresponding perme 
ability tensor is obtained by adding unity to the 


diagonal elements, yielding 


Mis jkig O 
jK2) de OU (59) 
0) 0) Maa 


For single-domain analysis, the coordinate system is 
defined as follows: (1), normal to M and in the plane 
of the disk; (2), perpendicular to the plane of disk; 
(3), parallel to M. For the simple types of multi 
domain structure considered in this paper, M is re 
placed by H in the above definitions. The microwave 
quantities b and h are then related as follows: 


b, Muh, pki, 


by Kash) + Moe, (60) 


bs Mag/ts. 


For plane-wave solutions of Maxwell’s equations for 
a highly conductive medium, one has 


VXe (1/c)db Ol, v>x*h (4ara/¢ Je, (61) 


P(n-r) |, 


b= bo exp[ jul 


h= hy exp! jul Pin-r) l, (62) 


€9 exp! jul—P(n-r) | 


Aby = 7 n(n- ho) — hy 


jwP| hy x n |, 


7 
ACEy 
where 


d qua /c* 


For propagation into the metal, 
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Two solutions are found from (63): 
(1) Parallel excitation: 


62> €3=h=h,=0, 


re AMaa, (64) 


€:/hy jol AC. 


(2) Perpendicular excitation : 


€; €4 h 3 0 


’ 
hy J(Ko1/po2)Ay, 
(65) 
A (py ifo2— Ki 2K 21) / M22, 
C4 hy joP ,/ ° 


For rf excitation at the angle a@ to direction 3, the 
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cavity perturbation is 


1 Aa 
A) 
©) Wo 


4rwoo 
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CC 


(Py sinat+P, costa) hitds, (66) 


where hy, is the normalized unperturbed field for the 
mode & in which the cavity is oscillating. If 1/Qo is the 
real part of (66) when yy; = 22= ws3= 1, K12=K21=0, then 


1 Aw 1 Cc 
a( ) —2} : (P, sin’a+ Py, cos’a). (67) 
v wo Qo (2rwoe)! 


The above analysis is an extension of that given by 
Young and UVehling.! 
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Both copper and gold introduce three acceptor levels in the forbidden band of germanium, In addition to 
the levels at 0.04 ev and 0.32 ev from the valence band, Cu introduces a third acceptor level at 0.26 ev 
from the conduction band. Identification of these levels has been made for a series of samples in which the 
Cu concentration was varied from 10% cm~* to 2 10!* cm™*, Evidence is presented confirming Dunlap’s 
observations that Au introduces a donor level 0.05 ev from the valence band and acceptor levels 0.15 ev 
from the valence band and 0.20 ev from the conduction band. In addition to these, Au also introduces a 
third acceptor level 0.04 ev from the conduction band. Studies of charged impurity scattering indicate that 
both Cu and Au sites may be triply charged by compensation. The observation that impurities with an s! 
configuration are triple acceptors is consistent with the hypothesis that the tendency to form tetrahedral 


bonds determines the acceptor action of impurities in Ge. 


I, INTRODUCTION 


LEMENTS of the third column of the periodi 
table with a s*p' configuration act as single ac- 
ceptors in germanium introducing the familiar hydro- 
gen-like states 0.01 ev from the valence band. Recent 
work on “deep level” impurities’ has shown that 
elements with an s? configuration act as double-acceptor 
impurities in germanium. The assumption that such 
impurities are substitutional leads to the generalization 
that their acceptor action is determined by the tendency 
to complete the tetrahedral bonding arrangement with 
the four nearest neighbor germanium atoms. An exten- 
sion of this generalization suggests that elements with 
an s' configuration might act as triple-acceptor im- 
purities in germanium. Two impurity elements with an 
s' configuration, copper and gold, have been studied 
by several workers. However, published results show 
some disagreement and incompleteness. 


1 See W. W. Tyler and H. H. Woodbury, Phys. Rev. 102, 647 
(1956), and references quoted therein 


Early experiments? showed that copper diffuses 
rapidly in germanium, that it acts as an acceptor, and 
that it can account for many effects of heat treatment. 
An energy level associated with copper was observed 
at approximately 0.04 ev above the valence band in 
germanium.®* The existence of a deeper level was 
deduced from measurements of the lifetime of minority 
carriers in copper-doped germanium.® The presence of 
such a level, near the center of the forbidden band, has 
been indicated by several workers employing various 
techniques.**.? Battey and Baum clearly demonstrated 
the existence of this second acceptor level and located 


*C. S. Fuller and J. D. Struthers, Phys. Rev. 87, 526 (1952); 
W. P. Slichter and E. P. Kolb, Phys. Rev. 87, 527 (1952). 

*F. J. Morin and J. P. Maita, Phys. Rev. 90, 337(A) (1953) 

*W. C. Dunlap, Jr., Phys. Rev. 96, 40 (1954). 

* Burstein, Davisson, Bell, Turner, and Lipson, Phys. Rev. 93, 
65 (1954); W. Kaiser and H. Y. Fan, Phys. Rev. 93, 977 (1954). 

— Hull, Morin, and Severiens, J. Phys. Chem. 57, 853 
(1954) 

7H. B. Briggs, reported in reference 6. See also D. H. Rank 
and D. C. Cronemeyer, Phys. Rev. 90, 202 (1953) for studies of 
“thermiated”’ germanium 
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it at about 0.3 ev from the valence band of germanium.® 
The question of the acceptor action of this deep level 
relative to the 0.04-ev level (i.e., the relative density 
of the two levels) has not heretofore been satisfactorily 
answered. For example, van der Maesen and Brenkman’® 
did not find appreciable acceptor action due to this level 
whereas Battey and Baum® found that the density of 
the 0.3-ev states was comparable to the density of the 
0.04-ev states. 

Dunlap has reported that gold introduces two ac- 
ceptor levels located at 0.15 ev from the valence band 
and 0.2 ev from the conduction band.” Morton et al. 
found a third gold level at 0.05 ev from the valence 
band which they reported to be the lowest acceptor 
level.!! Dunlap, however, reinvestigated the problem 
and presented evidence which indicates that this 0.05-ev 
level is a donor.!* 

The experiments reported in this paper represent an 
extensive re-examination of the electrical properties of 
copper- and gold-doped germanium. Emphasis has been 
placed on the use of Hall coefficient measurements as 
a function of temperature for the determination of the 
number, density, and type of impurity levels introduced 
by each of these impurities. Hall mobility measurements 
have been analyzed to determine whether charged im- 
purity scattering is consistent with a model attributing 
all of the levels associated with a given impurity to a 
single site. 


Il. EXPERIMENTAL PROCEDURE 


Copper-doped germanium samples were prepared as 
follows: Bars of single crystal germanium were cut to 
an average size of 1.5 mmX3 mm X10 mm from either 
undoped germanium ingots (uncompensated impurity 
concentration of the order of 10!? cm~*) or from arsenic- 
doped germanium ingots. Hall coefficient measurements 
were made either on the samples that were to be 
copper-doped or on companion samples,” to determine 
the initial impurity concentrations. These bars were 
etched in the usual manner and then electroplated with 
a “substantially visible layer” of copper from a bitar- 
trate solution. The samples were then placed inside a 
quartz tube in a nichrome resistance furnace. A hydro- 
gen atmosphere was maintained around the samples 
except when the samples were placed in or taken out 
of the furnace at which times nitrogen was flushed 


through the system. The samples were maintained at 


‘J. F. Battey and R. M. Baum, Phys. Rev. 94, 1393 (1954) 

9 F, van der Maesen and J. A. Brenkman, Physica 20, 1005 
(1954). 

 W. C. Dunlap, Jr., Phys. Rev. 97, 614 (1955). 

" Morton, Hahn, and Schultz, Adlantic City Photoconductivity 
Conference, November, 1954 (John Wiley and Sons, Inc., New 
York, 1956), and M. L. Schultz and G. A. Morton, Proc. Inst 
Radio Engrs. 43, 1819 (1955) 

1 W. C. Dunlap, Jr., Phys. Rev. 100, 1629 (1955). 

The term “companion samples” designates samples taken 
from a section of a crystal cut transversely to the direction of 
growth. Such samples have impurity concentrations which are 
equal to within five percent. 
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. the desired temperature for a minimum time of 40 hours 


for temperatures above 700°C and longer times (up to 
300 hours) at lower temperatures. This procedure for 
copper doping will be referred to hereafter as diffusion 
annealing. No effort made to determine the 
minimum time required to obtain a particular homo- 
geneity. However, the times that were used did produce 
samples that were homogeneous to at least a few per- 
cent. The samples were cooled by air quenching 
(dropping the sample out of the furnace). It was found 
that air quenching was sufficiently rapid to obtain 
reproducible results, whereas many samples cracked 
when quenched in oil. These quenched bars were then 
cleaned by grinding lightly and etching. Contacts were 
fused to the samples at temperatures <400°C. Indium 
was used for p-type samples; indium-2, arsenic was 
used for n-type samples. Resistivity and Hall coefficient 
measurements were made as a function of temperature 
in a cryostat previously described.! 

Gold-doped germanium samples were prepared by 
doping a germanium melt from which single-crystal 
ingots were grown. Both Johnson-Matthey and Sig- 
mund Cohn gold were used with no appreciable differ- 
ence in the results. Donor or acceptor compensating 
impurities were introduced into the crystals by adding 
single-crystal arsenic-germanium or gallium-germanium 
alloys to the melt. 


was 


III. EXPERIMENTAL RESULTS—-COPPER 
A. Hall Coefficient Studies 


’ 


The solid solubility of “electrically active” copper in 
germanium was determined by measuring the number 
of carriers resulting from the 0.04-ev copper states as 
determined from Hall coefficient data as a function of 
temperature. When necessary the initial uncompensated 
impurity concentration was taken into account. In 
computing the number of carriers, a correction was 
estimated for the magnetic field dependence of the Hall 
coefficient’ by comparing the uncompensated copper- 
doped samples with gallium-doped samples of com- 
parable carrier concentration. Such a comparison is 
made because the gallium-doped samples can be cooled 
to a lower temperature before any appreciable de-ioniza- 
tion occurs and the infinite magnetic field approxi- 
mation is more nearly approached with normal magnetic 
fields. A field of 8400 gauss was used in all the work 
described in this paper. At this field Hall coefficient 
values (as measured at 250°K) were decreased 10 to 
15°, by the above correction. The results of the solu- 
bility measurements with this correction are shown in 
Fig. 1. Above 650°C the data agree very well with the 
data of Finn,!® Fuller et al.,!® and Hodgkinson.’ There 


“4 Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1954), 

6 George Finn, Phys. Rev. 91, 754 (1953) 

Fuller, Struthers, Ditzenberger, and Wolfstirn, Phys. Rev. 
93, 1182 (1954). 

‘TR. J. Hodgkinson, Phil. Mag. 46, 410 (1955) 
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1. Solid solubility vs diffusion-annealing anapeninee for 
the 0.04-ev 
acceptor states. The filled circles represent the data of Fuller et al 


obtained from radiotracer experiments. (The concentration of 
10" cm™* corresponds to an atom fraction of 4.45X10~°.) The 
slope of the solubility curve below the eutectic point is 1.9 ev 
while just above this point it is about 1.7 ev 


is particularly good agreement with the equilibrium 
tracer data of Fuller et al. which is designated in Fig. 1 
by the closed circles. This good agreement indicates 
that essentially all of the copper that diffuses into the 
sample is evinced by electrical measurements. Below 
600°C, the present data indicate a solubility of approxi- 
mately half that previously reported.’*'” Part of this 
difference is probably because of a failure in the previous 
work to consider the presence of the deeper 0.32-ev 
level associated with copper (see below). Attempts 
were made to determine the copper solubility at 
425°C. However, for different samples held at this 
temperature for as long as 500 hours, inconsistent 
results were observed indicating that equilibrium was 
not obtained. 

In drawing the solubility curve shown in Fig. 1, 
the copper-germanium eutectic at 650°C was taken 
into account as follows: The points below 650°C were 
considered independent of those points above (except 
in determining the value at 650°C) and the best 
straight line was drawn through them. The points above 
the eutectic temperature were similarly considered. 
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Although slight, the break in the solubility curve, as 
thus drawn, is as one would expect—the solubility 
decreasing more rapidly with decreasing temperature 
just below the eutectic than just above it. 

When copper was diffused into arsenic-doped single 
crystal germanium, two additional acceptor levels were 
clearly seen. For samples in which N(Cu)<N(As) 
<2N(Cu), where N(Cu) designates copper concentra- 
tion and N(As) designates arsenic concentration, the 
temperature dependence of the Hall coefficient was 
similar to that shown in Fig. 2. The mobility for this 
and all other copper-doped samples indicated that the 
samples were homogeneous (see below). The energy 
value of the level is obtained from the slope of the Hall 
coefficient curve as plotted in Fig. 2 with a correction 
for the T*? dependence of the density of states. The 
average of six such values from samples with widely 
different copper and arsenic concentrations locate this 
level at 0.32 ev+-0.02 ev from the valence band. Since 
a linear temperature dependence of the position of the 
level does not affect the slope of the Hall coefficient 
curves as plotted, the values for the energies of the levels 
obtained in this manner are considered to be the values 
at absolute zero temperature. These results are in good 
agreement with those of Battey and Baum® and confirm 
the existence of this deep level. 

When sufficient copper was diffused into arsenic- 
doped germanium samples so that 2V(Cu)<N(As) 
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Fic. 2. Hall coefficient vs temperature for a copper-doped 

sample for which N(Cu) <N(As)<2N(Cu). This sample was 
diffusion-annealed at 625°C. 











TRIPLE 


<3N(Cu), the samples remained n-type and the Hall 
coefficient increased as the sample was cooled as shown 
by the upper curve of Fig. 3. This behavior results from 
a previously unreported acceptor level introduced by 
copper. The average of the slopes (after the 7%? cor- 
rection) of several such samples containing widely 
differing copper and arsenic concentrations gave a value 
of 0.26 ev+0.02 ev from the conduction band for this 
acceptor level. 

For samples in which 3N(Cu)<.NV(As), the Hall 
coefficient varies as shown by the lower curve of Fig. 3. 
The rise in the Hall coefficient between 300°K and 
150°K corresponds to the same level giving the charac- 
teristic 0.28-ev slope shown in the upper curve. This is 
demonstrated by the fact that if the compensation 
N(As)/V (Cu) is reduced so that the arsenic concentra- 
tion is slightly less than three times the copper con- 
centration, then the Hall coefficient rises as shown in 
the upper curve of Fig. 3. However, calculation of the 
characteristic energy for this level from data such as 
the lower curve shown in Fig. 3 consistently gives a 
value of 0.18 ev at approximately 220°K.'* One possible 
explanation of this difference is the temperature de- 
pendence of the position of the level with respect to the 
conduction band. If the position of these levels were 
fixed with respect to the valence band, the energy de 
pendence of the band gap with temperature could 
account for the observed results. The higher value 
obtained from the slope of the Hall coefficient curve is 
considered the correct value of the level with respect 
to the conduction band at absolute zero temperature. 

For samples in which 3.V(Cu)<.\ (As), Hall coeffi- 
cient data extended down to 15°K indicate only the 
0.01-ev slope characteristic of the arsenic de-ionization. 
Thus there are no levels introduced by copper between 
0.26 ev and 0.01 ev from the conduction band with 
density comparable to the three levels described above. 

Measurements of Hall coefficient as a function of 
temperature have been made on 35 samples containing 
different concentrations of arsenic and copper. Within 
the experimental reproducibility of approximately 20°, , 
data on these samples indicate that the three levels 
associated with copper appear in equal density for a 
range of copper concentration extending from 10% cm~* 
to 2X10'* cm™. For the low-resistivity copper-doped 
samples (in which the arsenic concentration slightly 
exceeds three times the copper concentration), it is 
possible to make more accurate determinations of 
impurity concentrations than for high-resistivity sam 
ples. From a series of such samples prepared at diffusion- 
annealing temperatures of 625°C and 875°C, it was 
demonstrated that the total acceptor action for the 
three levels was within 10°7 of three times the acceptor 
action of the 0.04-ev levels. These quantitative studies 


18 This value is obtained using the relations given by H. Brooks 


in Advances in Electronics and Electron Physics (Academic Press, 


Inc., New York, 1955), Vol. VII, pp. 120, 121 
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give strong support to the hypothesis that each dis- 
solved copper atom gives rise to three acceptor levels, 
and that the different levels are not associated with 


copper atoms at different types of sites. 


B. Mobility Studies 


In order to estimate the charge at copper sites, Hall 
mobility measurements on copper-doped samples were 
compared with those for samples containing only 
Column III or Column V 
similar to the comparison of zin« 


impurities, in a manner 
and gallium-doped 
samples previously reported.' In the present case, 
however, comparison is made as a function of tempera- 
ture as well as concentration of impurity. In Fig. 4 the 
mobility for an uncompensated sample containing a 
copper concentration of 1.310! cm 
with the mobilities of uncompensated samples contain 
ing gallium concentrations of 1.0% 10'® cm and 5X 104 
®. Below 80°K, as the 0.04-ev copper states lose 


IS ¢ ompared 


cm 
electrons, the copper impurity sites become neutral as 
evidenced by the marked increase in the mobility’ 
relative to that of the gallium-doped samples. At 35°K 
the number of carriers (and hence the minimum number 
of charged centers) for the copper sample is 10% cm~*. 
Although the acceptor action of copper is attributed 
to substitutional copper, it is known to diffuse at high 
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Fic. 4, Circles give the Hall mobility vs re eoge for a 


copper-doped sample which was diffusion-annealed at 650°C 
No other impurities were intentionally introduced. The lower 
solid curve is for a sample with a gallium concentration of 1.0 10! 
cm” while the upper is for a sample with a gallium concentration 
of 5X10" cm™. 


temperatures as a positive interstitial ion.’®'* If any 
interstitial copper remains in solution after quenching 
to room temperature, it might be expected to act as a 
donor impurity, compensating substitutional copper. 
Mobility studies permit an indication of possible donor 
action associated with interstitial copper. From the 
data presented in Fig. 4, it can be estimated that the 
maximum possible ratio of interstitial donor to substi- 
tutional copper in sample $152 is two percent. This 
sample was prepared at a diffusion-annealing tempera- 
ture of 659°C and air quenched. It is possible that a 
faster quench would retain more interstitial copper or 
that the interstitial copper is not ionized at room 
temperature and below. 

Comparison of mobility measurements made on 
many uncompensated copper-doped samples with Ga- 
doped samples gives no indication of scattering at- 
tributable to inhomogeneities or precipitated copper. 
For copper concentrations of the order of 10'* cm~* or 
greater, impurity banding was observed at the lowest 
temperatures.” This effect is evinced by the fact that 

F.C. Frank and D. Turnbull, Phys. Rev. 104, 617 (1950). 

* See E. M. Conwell, Phys. Rev. 103, 51 (1956) and references 
cited therein. We have observed pronounced impurity banding 
associated with deep levels in uncompensated zinc-doped ger- 
manium where zinc concentrations in excess of 10'’ cm™ can be 
obtained, 
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at the same temperature both the Hall coefficient and 
the mobility curves break from their characteristic 
temperature-dependent slopes. However, no maximum 
in either the mobility or Hall coefficient was observed 
down to 25°K in samples with 2X10'* cm~ copper 
impurities. 

It is difficult to make exact mobility measurements 
over an extended range of temperature on samples that 
go to very high resistance when cooled. Thus, no 
attempt was made to use mobility studies -to identify 
doubly charged copper sites in samples for which 
2N(Cu)=N (As). However, for several n-type samples 
in which 3N(Cu)<N (As), mobility values were com- 
pared with those for arsenic-doped samples in an 
attempt to confirm the presence of triply charged sites. 
The comparison was based on studies of the temperature 
dependence of both Hall coefficient and mobility for a 
series of arsenic-doped samples. From these studies the 
mobility of n-type germanium was determined as a 
function of the concentration of singly charged impurity 
centers and temperature. This empirical correlation 
between mobility and concentration of singly charged 
centers was not attempted below 100°K because of 
complications due to neutral impurity scattering. At 
low temperatures, particularly for the heavily doped 
samples, the concentration of neutral centers becomes 
large compared with the concentration of ionized arsenic 
centers, and the scattering from neutral centers cannot 
be considered negligible. 

The open circles in Fig. 5 show the measured mobility 
of a typical n-type copper-doped sample in which all of 
the copper sites should be triply charged according to 
our model. If one assumes the Z? scattering law, the 
charged impurity scattering for sample $123 below 
200°K should be equivalent to 9N(Cu)+N,(As) 
singly charged scattering centers. V;(As) indicates the 
number of ionized arsenic sites which may be obtained 
from the known compensation and the Hall coefficient 
data for sample $123. Data indicated by the triangles 
in Fig. 5 have been obtained from studies of arsenic- 
doped samples as discussed above and represent the 
scattering expected for 9V(Cu)+N,(As) singly charged 
centers. If it is assumed that the three levels associated 
with copper are at separate sites in the lattice, then 
only singly charged centers are present®' and the total 
scattering should be equivalent to 3N(Cu)+N;,(As) 
singly charged centers. These values of mobility are 
represented by the solid circles in Fig. 5. 

On the basis of these comparisons, mobilities for 
n-type copper-doped samples were observed to be about 
15% lower than values predicted when one assumes 
triply charged copper sites and the Z* scattering law. 
This disagreement may be attributed to the screening 


21 In view of the good agreement between copper concentrations 
deduced from the radioactivity measurements of Fuller e¢ al. and 
the electrical measurements in p-type germanium, such an assump 
tion leads to the unreasonable conclusion that there is three 
times as much copper in n-type as in p-type material. 
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action of free carriers in the arsenic-doped samples. As 
indicated by Brooks,” the ratio of carrier concentration 
to charged scattering centers is important in deter- 


mining the mobility. In copper-doped samples, triply, 


compensated by arsenic, the number of free carriers 
and thus the screening of scattering centers is appreci- 
ably less than for the comparison samples containing 
only arsenic. The Brooks correction for the screening 
effect gives agreement between the lower two curves of 
Fig. 5 to within our experimental error. Thus, these 
mobility studies are consistent with the assumption 
that copper is a triple acceptor. 


IV. EXPERIMENTAL RESULTS--GOLD 


Impurity levels associated with gold in germanium 
have been observed at 0.05 ev and 0.15 ev from the 
valence band and 0.20 ev from the conduction band. 
Morton et al.'' have suggested that these are all acceptor 
levels whereas Dunlap’s work! indicated that the 
lowest level was a donor and the upper two levels were 
acceptors. Dunlap’s concltisions were based on the fact 
that the 0.05-ev level was observed only when a con- 
ventional acceptor impurity such as gallium was 
present in addition to the gold. He demonstrated that 
within experimental error the concentration of 0.05-ev 
states was equal to the concentration of gold in the 
crystals and that each gold atom would compensate 
one gallium atom. 

We have confirmed Dunlap’s conclusions by using 
studies of the mobility to determine the charge of the 
gold impurity sites. This approach precludes the possi- 
bility of misinterpretation based on fortuitous com- 
pensation due to uncontrolled impurities in the gold or 
germanium. Figure 6 shows Hall coefficient data for 
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Fic. 5. The open circles give the Hall mobility vs temperature 
for an n-type copper-doped sample. The other two curves were 
obtained from a series of mobility measurements on arsenic 
doped crystals. The triangles give the mobility corresponding to 
a sample with 4.210'* cm™ singly-charged scattering centers 
while the closed circles give the mobility corresponding to a 
sample with 2.4X10'* cm™ singly-charged scattering centers 
(See text for discussion.) 


2H. Brooks, Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1955), Vol. VII, p. 150. 
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Fic. 6. Hall coefficient vs temperature for two p-type gold- 
doped samples. Crystal $19 (filled circles) was doped only with 
gold whereas W63 (open circles) was doped with both gold and 
gallium in the concentrations shown. (For clarity, not all the data 
are shown in the room temperature region.) 


two p-type gold-doped samples. Sample $19 was grown 
from a melt to which only gold was intentionally added. 
The Hall data indicate the presence of about 2.2 10" 
cm gold atoms and about 210" cm™* uncontrolled 
acceptor impurities in the crystal. If the 0.05-ev level 
were an acceptor level introduced by gold, these 
acceptor states have been accidentally compensated to 
about one percent of the gold concentration, a very 
improbable condition. Figure 6 also shows Hall coeffi- 
cient data for sample W63 which contains nearly as 
much gallium as gold. These data indicate that the 
0.05-ev states are in about the same concentration as 
the 0.15-ev states. 

Hall mobility data for these two samples are shown 
in Fig. 7. The rate of increase in mobility of sample $19 
on cooling is larger than expected for lattice scattering 
and is attributed to the fact that gold sites are becoming 
neutral in the temperature region of the 0.15-ev level 
freeze-out. Again, the assumption that the 0,05-ev 
states are acceptors accidentally compensated by un 
controlled donors leads to the conclusion that sample 
S19 would contain about 4.4 10'® cm™ singly charged 
scattering centers at low temperature. That this is 
certainly not the case is seen by comparing the mobility 
of sample S19 with that of S95E which contains 4.5 
X10'* gallium atoms per cm’. Sample W63 (N(Au) 
~™4,2 10" cm“) has a lower total impurity concentra- 
tion than does $19 and its mobility at room temperature 
is higher. However, in this sample, the gallium sites 
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are charged negatively at all temperatures because of 
compensation by the gold donor states. In addition, 
the gold sites become positively charged in the tem- 
perature region of the 0.05-ev freeze-out, giving a total 


of about 7.9K10" cm™* singly charged scattering 
centers, At 40°K the mobility for sample W63 agrees 
within 10% with the mobility for a sample containing 
8X10" cm™ singly charged gallium impurities. 

These mobility studies confirm Dunlap’s model that 
gold introduces a donor level 0.05 ev from the valence 
band and two acceptor levels located 0.15 ev from the 
valence band and 0.20 ev from the conduction band. 
In addition to these levels, however, we have observed 
that gold introduces a third acceptor level approxi- 
mately 0.04 ev from the conduction band. This is 
demonstrated in the typical Hall coefficient curves 
shown in Fig. 8 where for sample $162, 2.5N(Au) 
&N(As) and for sample $161, 3NV(Au)<N(As). Be 
cause of the small energy separation between the 0.04-ev 
gold states and the 0.01-ev arsenic states, it is difficult 
to separate the freeze-out of the gold states from the 
arsenic states. However, the difference in slopes of the 
two Hall coefficient curves shown and the inflection in 
the lower curve at approximately 50°K clearly demon 
strate this third gold acceptor level. Within our experi- 
mental error, the density of the states at 0.04 ev from 
the conduction band is equal to the densities of the 
other levels introduced by gold. 

For gold-doped samples such as $161, the tempera- 
ture dependence of the mobility shows very clearly the 


change in charge state of the impurities as the sample 


SAMPLE S19, p-TYPE 
b} 


N(Au) * 2.2-10°CM”® 


SAMPLE W63, p° TYPE 
N( Au) « 4.2-10 cm"> 
N(Go)* 3.7+10% cu"? 


SAMPLE S95E 
p° TYPE 
N(Go) « 4.5°10'°CM 
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lic. 7. Hall mobility vs temperature for the two p-type gold 
doped samples whose Hall coefficient data are shown in Fig. 6 
For comparison, the Hall mobility is shown for the gallium-doped 
sample S9SE. (See text for discussion.) 
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is cooled. Figure 9 illustrates this. The lower line gives 
the mobility of a sample which has a copper concentra- 
tion comparable to the gold concentration of sample 
$161. Both the gold- and copper-doped samples contain 
sufficiently high arsenic concentrations to compensate 
all the acceptor levels at low temperature. The upper 
curve gives the mobility of an arsenic-doped sample in 
which the arsenic concentration is equal to the sum of 
arsenic and gold concentrations in the gold-doped 
sample being considered. In the region of 200°K, the 
0.20-ev states become filled and the gold sites become 
doubly charged as evinced by the slight drop in the 
mobility below the arsenic-doped comparison sample at 
this temperature. Between 65°K and 40°K, the 0.04-ev 
states become filled and the mobility drops rapidly to 
values characteristic of the equivalent copper-doped 





Fic. 8. Hall coefficient vs temperature for two arsenic com- 
pensated gold-doped samples containing gold concentrations of 
approximately 1.010" cm~* (S162) and 5.410" cm~* (S161). 
For sample $162, 2N(Au) <N(As) <3N (Au); for sample S161, 
3N (Au) <N (As) 


sample. In the region below 40°K, the gold- and copper- 
doped samples contain approximately the same con- 
centration of triply charged sites. Again in making 
quantitative comparison with samples containing only 
arsenic, screening effects have to be considered as noted 
above. 

The sharp drop in mobility which is observed in 
samples such as S161 when the charge state of the 
impurities is changing in a relatively small temperature 
range is in some respects similar to effects which have 
been associated with impurity banding.” However, the 
drop in mobility noted here cannot be attributed to 
banding because (1) the concentrations of the impurities 
are much less than normally associated with impurity 
banding at these temperatures; (2) the curve of Hall 
coefficient vs temperature shows no break from the 
slope characteristic of arsenic; and (3) similar results 





TRIPLE 
have been obtained in different samples containing 
different concentrations of gold and arsenic. 


V. DISCUSSION 
A. Copper-Doped Germanium 


The above experiments show that copper introduces 
three acceptor levels located at 0.04 ev and 0.32 ev 
from the valence band and 0.26 ev from the conduction 
band. There are no other levels comparable in density 
to these three. The results support the hypothesis that 
a substitutional copper impurity atom will accept first 
one, then a second, and finally a third electron as the 
Fermi level is raised. 

These three levels must be considered in interpreting 
experiments involving the electrical properties of copper- 
doped germanium. For example, in uncompensated 
copper-doped samples a room temperature resistivity 
measurement will give a measure of the acceptor action 
of all of the 0.04-ev states and a fraction (depending on 
the concentration) of the 0.32-ev states. Also, when 
using the p-m junction technique in studying the 
diffusion of copper into n-type material, it must be 
recognized that the copper accepts two electrons before 
the sample converts to n-type since the 0.04-ev level 
and the 0.32-ev level are both below the middle of the 
forbidden band. The third level will not show acceptor 
action at room temperature, but if an n-type copper- 
doped germanium sample is cooled somewhat below 
room temperature this level becomes occupied and the 
copper sites become triply charged. Again, error can 
result if only resistivity measurements are made with- 
out consideration of the low mobility of samples 
containing multiply charged sites. 

The existence of these three acceptor levels introduced 
by copper into germanium should also be recognized in 
interpreting experiments relating to acceptor action 
induced by deforming or heat-treating germanium. 
Pearson et al.” and ‘Tweet™ have presented data indi 
cating that bending n-type germanium samples at 
650°C introduces acceptor states at about 0.2 ev from 
the conduction band. Mobilities on such samples are 
low, suggesting charged impurity scattering. The quali- 
tative similarity of both Hall coefficient and mobility 
behavior in n-type deformed crystals and n-type copper 
doped crystals suggests that these acceptor states, 
attributed to edge dislocations,” may possibly be associ- 
ated with copper.”® This suggestion is consistent with 
the known high diffusion rate of copper in germanium? 
and the recognized influence of dislocations on the 
kinetics of solution of copper in germanium.".** How- 
ever, work of Ellis and Greiner?’ and Tweet™ indicates 


*% Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954 

“A. G. Tweet, Phys. Rev. 99, 1245 (1956) 

% This possibility was first brought to our attention by A. G 
Tweet 

26 A. G. Tweet and C. J. Gallagher, Phys. Rev. 103, 828 (1956) 

27W.C. Ellis and E. S. Greiner, Phys. Rev. 92, 1061 (1953) 
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ircles give the Hall mobility os temperature for the 
n-type gold-doped sample $161 whose Hall coefficient is given by 
the lower curve in Fig. 8. The solid curves give the mobility for 
two comparison samples, the upper containing only arsenic while 
the lower is an n-type copper-doped sample, (See text.) 


that 
manium introduces a higher concentration of acceptors 


under certain conditions, deformation of  ger- 


than the equilibrium solubility of copper at the tem 
perature of deformation. These observations cannot be 
explained by copper unless it is possible to attain « opper 
concentrations higher than the equilibrium solubility 
because of high transient concentrations of vacancies 
during deformation. 

Much effort has been expended in attempting to 
identify thermally induced acceptors other than copper 
which are introduced during the heat-treatment process. 
Recently, Logan*® has published experimental results 
citing the existence of an acceptor level between 0.1 ev 
and 0.2 ev from the conduction band as evidence of 
vacancies or heretofore unidentified chemical impurities. 
His Hall coefficient data were not extensive enough to 
give an accurate value of this energy level. Again, in 
interpreting such data, the acceptor action of copper 
must be recognized. It would be extremely fortuitous 
if the levels introduced by vacancies or by deformation 
were identical with the copper levels. A re-examination 
of all of the levels introduced by heat 
deformation appears necessary to eliminate the possi 
bility that the electrical characteristics of deformed or 
heat treated samples are associated with the presence 


treatment or 


of copper. 

It has been demonstrated that hole trapping is 
observed in germanium crystals containing double 
acceptor impurities such as manganese and iron ‘which 
have been made doubly charged by compensation,'™ 
(Jualitatively similar phenomena have been reported for 


R.A. Logan, Phys. Rev 
Letaw, Jr., J. Phys. and Chem 
*W. W. Tyler and H. H 

Ser. II, 1, 127 (1956) 


101, 1455 (1956). See 
Solids 1, 100 (1956) 
Woodbury, Bull. Am 


also Harry 


Phys. Soc 
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germanium samples containing copper.” In the work of 
Baum and Battey, p-type samples were used in which 
all of the 0.04-ev states and about half of the 0.32-ev 
states were compensated. In the work of Schulman and 
Wyluda, n-type samples were used. Thus in both cases, 
samples were studied which contained either doubly or 
triply charged copper sites. Because of the effects of 
Coulomb forces on the relative capture cross sections 
of holes and electrons at such sites,'* hole trapping 
effects are expected. 

In the course of the present work, photoconductivity 
decay measurements were made as a function of tem- 
perature on both n- and p-type samples with known 
copper concentrations and compensations as determined 
from Hall coefficient measurements. A spark light source 
was used for excitation with the radiation filtered by a 
germanium window held at the temperature of the 
sample. For the uncompensated samples, decay times 
decreased as the samples were cooled—the copper sites 
acting as recombination centers. For such samples, the 
room temperature lifetime was approximately propor- 
tional to the copper concentration [for N(Cu)=10" 
cm™*, r=40 psec | whereas at low temperatures, the 
lifetimes for all samples containing greater than 10" 
uncompensated copper atoms per cm* decrease to values 
less than 3 microseconds and could not be accurately 
measured. However, for either p-type copper-doped 
samples in which the 0,32-ev states were partly com- 
pensated or for n-type copper-doped samples, decay 
times increased with decreasing temperature with ac- 
tivation energies between 0.2 ev and 0.3 ev. Samples 
with similar behavior of Hall coefficient vs temperature 
showed appreciable differences in activation energies as 
determined from photoconductive decay time vs tem- 
perature. Although hole trapping is always seen in 
samples containing multiply charged centers, non- 
exponential decay characteristics make it difficult to 
interpret the data. 


B. Gold-Doped Germanium 


Gold-doped germanium is unique in that gold intro 
duces four levels in the forbidden gap of germanium. 
One of these is a donor level located at 0.05 ev from the 
valence band. The other three levels are acceptors at 
0.15 ev from the valence band, and 0.20 ev and 0.04 ev 
from the conduction band. Results of studies of such 


*”R. M. Baum and J. F. Battey, Phys. Rev. 98, 923 (1955); 
R. G. Shulman and B. J. Wyluda, Phys. Rev. 102, 1455 (1956) 
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impurity elements as gallium (s*p'), zinc (s*), and 
copper and gold (s') are all consistent with the model 
that the acceptor action of impurities is determined by 
the tendency to complete a tetrahedral bonding arrange- 
ment with nearest neighbor germanium atoms. On the 
basis of this model, it is expected that other elements 
with an s' configuration such as silver and platinum 
should act as triple acceptors in germanium. 

Attempts were made to measure photoconductivity 
decay times as a function of temperature for gold- 
doped samples containing between 10 and 210" 
gold atoms per cm*. At room temperature the lifetime 
for all such samples was too low to be measured 
(r <3 usec). For n-type samples such as $161 and $162, 
the photoconductive decay times increased to values of 
the order of 100 microseconds at liquid nitrogen tem- 
perature. As these samples were cooled into the tem- 
perature region of the 0.04-ev freeze-out, decay times 
became as long as 1 millisecond. The usual nonexpo- 
nential behavior associated with long decay times was 
observed. Although gold-doped samples show hole 
trapping effects, the decay times associated with 
samples containing doubly charged sites are much 
shorter than for samples containing copper or the 
double acceptor impurities.” 

The presence of the level at 0.04 ev from the con- 
duction band in gold-doped germanium suggests that 
samples in which most of the gold sites are triply 
charged would make sensitive (although slow) far infra- 
red detectors at hydrogen temperatures. However, pre- 
liminary studies of the photoconductive spectrum by 
R. Newman show that whereas the thermal activation 
energy for the upper gold level is approximately 0.04 ev, 
the optically measured ionization energy is nearer 0.14 
ev. This difference may be attributed to the local 
Coulomb barrier at the multiply charged site. If this 
interpretation is correct, it is clear that the extrinsic 
infrared sensitivity associated with the ionization of 
electrons at multiply charged acceptor levels in ger- 
manium may be limited to about 0.1 ev or 12 microns. 
Such a limitation does not apply to the ionization of a 
hole from a singly charged or uncharged acceptor 
center. 
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Photolytic Darkening and Electronic Range in AgClt 
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Photolytic darkening and electron range were investigated for a series of silver chloride crystals cut from 
a single boule which was grown in vacuum by the Bridgman technique. The effect of annealing atmosphere 
on both the initial darkening rate and electron range is discussed. Darkening produced by absorption of 
light in the tail of the fundamental band is shown to have a volume and a surface component. The volume 
darkening produced in a vacuum-annealed crystal is capable of absorbing but not scattering light. The 
darkened crystal can be bleached selectively with high efficiency by exposure to light near the peak of the 
induced absorption band. Difficulty is found with interpreting the results entirely in terms of a classical 
theory for light absorption by colloidal particles suspended in a dielectric medium, Crystals annealed in air 
darken quite differently then vacuum-annealed samples and crystals heated in chlorine show little sensitivity 
to light. Somewhat smaller but regular differences in low-temperature electron range were found for the 
various crystals heat treated in different annealing atmospheres. 


I, INTRODUCTION 


HE darkening of large crystals of AgCl upon 

exposure to light in the long-wavelength tail of 
the fundamental absorption band was first studied by 
Hilsch and Pohl! and by Léhle.?* Throughout the work 
on photolysis in the silver halides there has been in- 
creasing realization of the importance of sample purity, 
stoichiometry, and condition of strain. Léhle, for 
example, concluded that in the case of very pure 
crystals a certain amount of previous handling is 
necessary for stabilization of the photochemical reaction 
products. At room temperature well-annealed and 
especially pure crystals darken slowly. Similarly, the 
electronic properties of AgCl have been shown to de- 
pend on the way in which the samples are handled.‘ 
Identical electron ranges result only when crystals are 
cut from adjacent regions of the same boule and pre- 
pared in a standard fashion by heat treatment in air 
at around 400°C. 

The present experiments on both the rate of darken- 
ing and low-temperature electronic range were carried 
out in an effort to learn more about the darkening 
process, which is imperfectly understood, and to dis- 
cover if there are any noticeable effects produced by the 
atmosphere surrounding the crystal during heat treat- 
ment. Crystals were annealed in air, vacuum, or chlorine 
in an attempt to control stoichiometry. On statistical 
grounds it can be shown® that the exact composition of 
any crystalline compound must be dependent upon the 
partial pressures of the components in equilibrium with 


t Partially supported by the National Science Foundation and 
the Research Corporation. 

* Present address: Department of Physics, University of Illinois, 
Urbana, Illinois. 

1R. Hilsch and R. W. Pohl, Z. Physik 64, 606 (1930) 

2 F. Lohle, Nachr. Ges. Wiss. Géttiningen HI, 271 (1933) 

* Photolysis in the silver halides is discussed by F. Seitz, Revs. 
Modern Phys. 23, 328, 342 (1951). 

‘F. C. Brown, Phys. Rev. 97, 355 (1955). 

'R. H. Fowler and E. A. Guggenheim, Statistical Thermo 
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545-553. 


the crystal phase. Shottky and Wagner® were the first 
to show this in the case of small deviations from 
stoichiometry. Silver chloride is a substance in which 
defects in the metal component predominate and con 
sist mainly of interstitial silver ions and silver ion 
vacancies. For these defects the theory predicts either 
an excess or deficiency of silver for a crystal in equilib- 
rium with chlorine gas depending upon the partial 
pressure of the gas.’ Moreover, equilibrium between 
the halogen gas and the crystal apparently sets in 
rapidly at high temperature as shown by Koch and 
Wagner from a study of tarnishing reactions* and more 
recently by Luckey’ for the case of bromine and AgBr. 

In the present investigation marked differences in the 
initial rate of darkening were found for vacuum or air 
anneal, and crystals treated in chlorine showed little or 
no darkening within their volume. Somewhat smaller 
but regular differences in electronic range were found 
between the samples. 


Il. SAMPLE PREPARATION 


All measurements were made on sections cut from a 
crystal grown by the Bridgman technique in a cylindri- 
cal platinum crucible measuring 1.5 cm in diameter by 
10 cm long. Apparatus used previously* was modified 
so that the crucible and contents were contained in a 
vacuum of 510-4 mm or better. The rate of lowering 
was 1.5 mm/hr and at no time was the warm or molten 
AgCl exposed to the atmosphere. Raw material for 
charging the crucible was cut from unrolled crystal 
supplied by the Harshaw Chemical Company. After 
solidification of the melt and slow cooling to room tem- 
perature, the crystal was melted out of the crucible in 
vacuum and sections 1 through 8, each about 4 mm 
thick, were cut as needed from the boule starting at the 


*W. Shottky and C. Wagner, Z. physik. Chem. BI1, 163 (1930) 

7L. G. Rees, Chemistry of the Defect Solid State (Methuen and 
Company, Ltd., London, 1954). 

®W. Koch and C. Wagner, Z. physik. Chem. B38, 295 (1937). 

*G, W. Luckey, Phys. Rev. 98, 1558 (A) (1955); G. W. Luckey 
and W. West, J. Chem. Phys. 24, 879 (1956) 





94 r, C. BROWN 


lower end, About 0.010 inch of material was removed 
from all surfaces exposed to the steel cutting saw by 
means of a tungsten carbide surfacing tool. Kerosene 
was used as a coolant during the cutting operation, but 
the slices mounted in beeswax were surfaced by using 
the carbide tool without a lubricant. This was found 
to leave a reasonably good optical surface which could 
be improved by lapping very lightly on dry filter paper. 
Then the samples were immersed in petroleum ether, 
water, nitric acid, and finally rinsed in distilled water. 
The use of sodium thiosulfate or other etches was 
avoided before or after the casting of the crystal to 
eliminate the possibility of contamination by sulfur. 
Inspection under red polarized light showed that the 
samples were moderately strained before heat treat- 
ment. Large-angle grain boundaries separated the 
cylindrical disks into two or sometimes three single 
crystal regions. The AgCl was exposed only to dark- 
room red light previous to making the darkening runs. 

Following the treatment described above, the samples 
were annealed at 400°C in vacuum, air, or chlorine as 
indicated in Table I, The annealing was carried out in 
the central region of a well-insulated horizontal tube 
furnace which was turned on after establishing the 
desired annealing atmosphere. Samples number 1 and 
2 held at 400°C for three hours then cooled uniformly 
to room temperature at the slow rate of 12°/hr. Crystals 
3 through 8 were cooled exponentially at a maximum 
initial rate of 100°/hr by turning off the furnace. 
Observation between crossed polaroids showed that 
strains did not result from this faster rate of cooling and 
earlier crystal counter work established that electron 
ranges resulted which were similar to those obtained 
with the slower, linear cooling rate. In the case of the 
vacuum and chlorine anneal the crystals rested on a 
flat quartz plate at the end of a sealed-off quartz tube 
which projected into the furnace. Pumping to high 
vacuum was achieved by a glass-metal oil diffusion 


Carefully Polished Unesposed 
Computed Reflection Loss 
Cryste! 5 Before Exposure 
Cryste! 6 After Exposure 


Crystal 
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Fic. 1. Optical density vs wavelength for sample 5, thickness 
0.509 cm, surfaced as explained in the text. The solid dots are 
before exposure and the crosses after exposure to 416-millimicron 
radiation (1.95 10'* absorbed quanta/cm*). The open circles 
show the optical density of an unexposed crystal, thickness 0.65 
cm, which was carefully polished using solvents. 
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pump which was adequately trapped. With the excep- 
tion of crystal 1, the annealing in chlorine or vacuum 
was accomplished by resting the samples directly on the 
quartz flat. In the case of the vacuum anneal of number 
1, the quartz dust was sprinkled on the flat with results 
identical to the other vacuum anneals. AgCl does not 
stick to clean quartz or Pyrex glass when heated in 
vacuum or chlorine. However, when heated in the air 
the AgCl was found to adhere very strongly to the glass 
or quartz; therefore, precautions must be taken. The 
air anneals were carried out, as for the older crystal 
counter work, by imbedding the samples in special 
reagent-grade magnesium oxide in a stainless-steel- 
lined copper box. 

In the case of the chlorine anneals, precautions were 
taken to remove air or other contaminants from the 


TABLE I. Annealing treatment and darkening rate. 


Darkening 
ratee 


A(o.d.) 


Duration Appearance 
of anneal* after 
hours cooling» 


Atmosphere 


Sample during anneal 


dark 
light 
dark 
light 


0.060 
0.015 
0.075 
0,007 


vacuum 7.0 
air, 760 mm 7.0 
vacuum 9.0 
air, 760 mm 15.0 
chlorine, 760 mm 5.5 
+ p(Cly) at 77°K4 9.0 
anneal as 5a 9.0 
+ vacuum 
chlorine, p(Cl,) 6.5 
at 77°K 
chlorine, 760 mm 5.0 
chlorine, 250 mm 
slowly cooled to 
120°C quenched 
in vacuum 


0.086 
0.129 


light 
dark 
dark 0.072 


<0.002 
0,005 


light 
light 


* Samples 3-7 were held at 400°C for the times indicated, and were then 
quenched exponentially at an initial rate of 100° per hour. Samples 1, 2, 
and 8 were held at 400°C for 2 to 3 hours, and were then slowly cooled at 
12° per hour. The numbers shown are the times above 350°C, 

» Those indicated as ‘dark’ appeared slightly dark under red light after 
removal from the annealing oven. Although these samples were heat-treated 
in the absence of ijight, a small amount of decomposition took place. 

* The change in optical density, measured at 580 my, upon exposure to 
416 mu radiation for five minutes (1,96 X10!* absorbed quanta/cm?) 

4 While the crystal was at 400°C, the chlorine was condensed out in a 
side tube at liquid nitrogen temperature. 


system. An all-glass manifold connected with the tube 
containing the sample was pumped to less than 10~-° mm 
pressure. Then the manifold was isolated from the 
pumps and gauges by turning off a large glass stopcock. 
Matheson chlorine, 99.5% purity, was admitted to the 
manifold and condensed in a side tube using liquid 
nitrogen. The stopcock was then opened briefly to pump 
off the small amount of noncondensible gases before 
warming the side arm containing most of the chlorine. 
This served to purify the gas and also permitted con- 
densation of all the chlorine in the side arm if required 
in later operations. This degassing operation always 
preceded the warming of the furnace and the heat 
treatment indicated in Table I. 


Some information concerning the purity of the AgCl 





PHOTOLYTIC DARKENING 
was had from a routine spectrographic analysis" of 
sample number one. Iron was found present to an 
amount between 0.001% and 0.10% by weight. Much 
smaller amounts of Ca, Cu, Hg, Mg, Mn, Na, Pb, and 
Si were detected. The analysis was not capable of 
revealing the presence of sulfur or oxygen in the 
crystals. The ionic conductivity of sample two was 
measured from 20°C to 350°C by means of an ac 
bridge." When plotted in the conventional way, loge 
versus 1/T, the results agreed qualitatively with the 
data of Lehfeldt.” The slope of the curve in the intrinsic 
region yielded an activation energy of 0.90 electron 
volt. The “knee” of the curve, separating intrinsic and 
structure sensitive conductivity, occurred in the vicinity 
of 150°C which would indicate a concentration of iron 
more nearly 0.001% than the higher figure mentioned 
above. 
III. OPTICAL MEASUREMENTS 


In making the measurements on photolytic darkening 
a modified Beckman model DU spectrophotometer was 
used both as a monochromator to expose the crystals 
and in its normal function to determine optical density. 
The modifications in the instrument were of a mechani- 
cal nature to permit the exposure of several small areas 
on each crystal slice and to allow for accurate, re- 
producible, positioning of samples. These changes re- 
sulted in a reproducibility of +0.002 in optical density 
over the range most used in this work. 

Darkening was produced in the crystals by light of 
416 mu wavelength. This wavelength is absorbed 
strongly enough so that only 40% of the incident light 
will pass through the 4-mm samples. For the exposures 
at a nominal 416 my, an exit slit width of 2 mm was used 
in order to keep exposure times down to a reasonable 
level. As a consequence of this wide slit opening, the 
emerging light beam had a half-width of 20 my. The 
intensity of the emerging light beam was measured 
using a General Electric vacuum thermocouple of the 
type found in the type DW-60 radiation meter and a 
Leeds and Northrup model 2284B voltage galva- 
nometer. In turn, the thermocouple was calibrated 
against a standard lamp obtained from the National 
Bureau of Standards in the manner recommended by 
the Bureau. The photon flux at 416 my was about 
1.1X10" quanta per square centimeter per second. 
Although the absolute value of the incident intensity is 
uncertain to 20%, the relative uncertainty in the 
exposures on any given crystal is no more than 2%, 

Several trials were made to show that variability was 
not being introduced by straining the crystals during 
handling. For example, the darkening experiments were 
made after the electronic measurements for all the 
samples discussed here and it was shown that this 


1” New England Spectrochemical Laboratories, Ipswich, Massa- 
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Fic. 2. Darkening results for sample 3, characteristic of crystals 
annealed in vacuum. Plotted are the changes in optical density 
produced by the absorption of various amounts of 416-my 
radiation. 


procedure had little effect on the subsequent rate of 
darkening. 

Sample 1 was investigated at four spots across its 
surface and the initial darkening rates were found to be 
uniform across the crystal. In addition, to eliminate the 
possibility of a large anneal-induced surface non- 
uniformity, crystals 1 and 2 had their surfaces machined 
a few thousandths just before the optical measurements 
and crystals 3 and 4 were left with the surface as ob- 
tained from the anneal. Matching heat treatments 
yielded similar results. 

One of the difficult technical problems associated 
with this investigation was the attempt to produce 
surfaces with reproducible optical properties. Since 
exactly similar optical surfaces were not achieved, the 
change in optical density rather than the total optical 
density is compared for the various crystals. In Fig. 1 
may be seen the difference in apparent optical density 
between a carefully polished sample* and a sample 
whose surface has been milled by using a round-nosed 
tungsten carbide bit mounted in a fly cutter as men- 
tioned in Sec. II. 

The darkening produced by exposure at room tem- 
perature to various amounts of 416-my radiation is 
shown in Figs. 2 through 4 where we have plotted the 
change in optical density against wavelength. Figure 2, 
which is drawn for crystal 3, is representative of the 
results for a vacuum anneal. A rapid initial darkening 
occurs with a distinct peak at about 580 millimicrons. 
On the other hand, air-annealed crystals showed a 
slower initial darkening with a less well defined absorp- 
tion peak as illustrated by Fig. 3. Crystals heated in 
an atmosphere of chlorine showed little or no initial 
darkening and the peak formed after long exposure was 
very small as indicated by Fig. 4. 

In order to further illustrate the darkening behavior 
of a rapidly darkening crystal, the results obtained for 
the vacuum anneal of number 3 were plotted with the 





BROWN AND 


teposere ot 416 my 
195510 Quente/cm* 

o— 10 +10" , 

o— 410210 

Sleoch of S60 my 


. 
S210” Guente/cm 


’ {pom ys 
400 600 700 00 900 1000 


Wevelengrn (* microns) 


Fic. 3. Darkening results for crystal 4, typical 
of air-annealed samples. 


change in optical density as ordinate and the exposure 
in quanta absorbed per cm* as abscissa. This semi- 
logarithmic plot may be seen in Fig. 5 with curves 
presented for several wavelengths. The saturation of 
the absorption peak near 580 my may be clearly seen. 
It is also to be noticed that the plateau for the peak 
breaks upward at the same time that the tail of the 
absorption curve begins to rise.f 

During the early part of the darkening of a rapidly 
darkening crystal, up to about 10'’ absorbed quanta 
per cm’, the darkened region can be seen as a purplish 
spot spread through the volume as observed in trans- 
mitted light. The spot cannot be seen by scattered light. 
If the same crystal is further exposed to 416-millimicron 
radiation, the additional darkening which occurs ap- 
pears to be localized on the surface. This surface layer, 
visible in scattered light, can be completely removed by 
taking a 0.001-inch cut across the surface of the crystal 
leaving the volume darkening which is visible in trans- 
mitted light only. In examining Figs. 2, 3, and 4 it is 
important to note that by the time about 2x10" 
quanta are absorbed, the absorption peak due to silver 
in the volume of the crystal appears to be completely 
formed, Thereafter, further long exposure causes the 
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Fic. 4, Darkening results for crystal 7 which was heat-treated 
and cooled in an atmosphere of chlorine The small darkening 
shown was localized very close to the surface 

t Curves of this general shape have been reported by N. Nail 
et al., Phys. Rev. 98, 1557(A) (1955). They give evidence that the 
first rise and plateau are due to volume darkening and depend 
strongly on crystal purity 
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entire curve to rise at the same rate and this is due mainly 
to the production of darkening on the surfaces.” It is the 
volume part of the darkening which will be most 
interesting to us in the discussion to follow. 

An effort was made to detect any wavelength- 
dependent scattered light from illumination of the 
darkened portion of a vacuum-annealed crystal. The 
unexposed part of sample number 6 was given a second 
long anneal in vacuum then darkened by light of 416 
my. After absorption of 4.2X10*, quanta/cm? the 
extinction, characteristic of volume darkening, shown 
in curve (a) of Fig. 6 was produced. The crystal was 
mounted in a special holder in a Model DU spectro- 
photometer having a photomultiplier attachment. By 
means of collimating holes and a small mirror, light 
from the monochromator was allowed to strike the 
crystal in the normal fashion to produce and measure 
the darkening, or conversely the darkened region was 
illuminated from below with a beam parallel to the face 
exposed to the photomultiplier. By moving the crystal, 
light scattered in a direction 90° to the incident beam 
could be compared for a darkened and an undarkened 
adjacent region of the crystal. It was estimated that 
scattered light amounting to less than 0.001% of the 
incident beam could easily be detected. No wavelength- 
dependent scattering was observable from the darkened 
volume of the crystal. 

Hilsch and Pohl! reported that selective bleaching of 
the adsorption band could be produced by illumination 
within the band itself. To test this our crystals, 
darkened in both the volume and on the surface (ab- 
sorption of about 4X 10'* quanta per cm’), were illumi- 
nated with 580-my light near the absorption maxima. 
The results shown in Fig. 2 for a vacuum-annealed 
crystal indicate a strong bleaching effect at the wave- 
length of the incident light. An air-annealed sample, 
Fig. 3, bleached only slightly and in the case of the 
chlorinated sample, Fig. 4, there is practically no bleach- 
ing effect. 

The bleaching curves of Fig. 2 and Fig. 3 were pro- 
duced by long exposure to 580-my light having a 
spectral half-width of about 60 my. Bleaching under 
more controlled conditions is shown in Fig. 6, where, as 
mentioned above, volume darkening only is produced 
by absorption of 4.2 10'* quanta per cm? at 416 mug. 
See curve (a), Fig. 6. Now further absorption of 
approximately the same number of quanta at 580 
millimicrons (in the spectral band shown) resulted in 
curve (b), Fig. 6. On the other hand, if the bleaching is 
carried out at 520 my instead of 580, absorption of 
4.210" quanta per cm? produces the somewhat 
smaller effect shown by curve (c). Note that the 
bleaching at 580 my is highly efficient. Extended 
illumination at 580 my (over a wider 60-millimicron 


4 Production of silver on the surface is responsible for the 
second upward turn of the curves in Fig. 5. This was pointed out 
in a private correspondence by G. W. Luckey of the Eastman 
Kodak Laboratories. 
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bandwidth) is capable of bleaching almost the entire 
absorption band. Repeated exposure to 416-my light 


will again produce darkening. 


IV. ELECTRON RANGE 


Before the darkening experiments and directly after 
the heat treatment, the samples were inserted in the 
crystal counter apparatus described previously in con- 
junction with a measurement of electron mobility.‘ 
They were slowly cooled to 86°K where the ionic 
conductivity is frozen out and a collecting voltage of 
3500 volts can be applied. The pulse-height response of 
the crystals to Co gamma rays, of energies 1.1 and 1.3 
Mev, was used as an indication of electron range. 
Analysis of the pulse-height distribution was made by 
observation of a large number of superimposed pulses 
recorded by photographing an oscilloscope screen. 
Carrier range in these samples was considerably less 
than in the mobility work referred to above, probably 


TABLE IT. Electronic properties of the crystals annealed as shown 
in Table I. Crystal counter data at 86°K. 


Trap 
density, N* 
em“ 


4.5 10'5 
1.310" 
4.0 10 
1.3 10" 
6.4 10"" 
1.6 10" 


Trapping 
time, T» 
msec 


18.7 
67 
21 
67 
13 
52 


Schubweg, 
wecm 


Thic kness, 
dem 


0.356 
0.351 
0.378 
0.399 
0.509 
0.509 
0.368 
0.353 
0.421 


Saturation, 
Sample a 


0.050 
0.120 
0.053 
0.160 
0.024 
0.097 


0,14 
0.33 
0.14 
0.38 
0.05 
0.19 


2.8 10" 
1.9 10"* 


30 
43 


0.23 
0.23 


0.081 
0.097 


* For an applied potential of 3469 v 

+ From T =w/pE and for mobility « «274 cm*/v sec. 

¢ Computing the thermal velocity as discussed in the text and taking the 
trapping cross section ¢ =10°' cm?, 


due to the presence of impurity. Electrons drift on the 
average only a fraction of the way through the thickness 
of the crystals. 

Cobalt-60 gamma rays produce ionization in AgC] 
predominantly by Compton effect with a maximum 
energy of the recoil electron in the vicinity of 0.94 Mev. 
A fraction of the scattered gamma ray energy will be 
absorbed within the crystal, so one expects an energy 
loss distribution with a peak in the neighborhood of 
1.0 Mev. The charge, Q, induced on the electrodes of 
the crystal by an absorption of energy £ is given by 
O= (Ee/e), where e is the electronic charge, e=7.5 
electron volts, the energy per electron-hole pair,‘ and 
y is the degree of saturation of the crystal counter. 
This latter quantity is given, for a volume release of 


ionization, by 
w w 
[1- —(1—¢ ws) 
d d 


where w is the mean range or “schubweg” and d the 


y= 
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Fic, 5. Change in optical density vs exposure for vacuum 
annealed crystal 3, The rise in the curves at about 10!'* absorbed 
quanta/cm? is due to the production of silver near the surface 


crystal thickness.'* Except for crystals 2 and 4, y was 
taken as approximately equal to w/d since wd. A 
sharply peaked pulse-height distribution showed this 
to be a reasonable procedure. In the case of air-annealed 
samples 2 and 4, the distribution was noticeably 
broader, w was of the order 0.35, and w/d was estimated 
from the more exact expression given above. The 
charge, Q in coulombs, was found from the peak of the 
observed pulse-height distribution. Table II gives the 
values of y and of w computed from Q. 

Since electron mobility, yu, is equal to 274 cm?*/ volt sec 
at 86°K in AgCl, the mean time before trapping, 7, 
can be found by using the relation w=y/7, where £ is 
the electric field. By computing the thermal velocity of 
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Fic. 6. Bleaching of the volume component of darkening in 
sample 6 (vacuum-annealed following the treatment indicated in 
Table I). Curve (a) shows the darkening produced by absorption 
of 4.2 10"* quanta/cm?*. Further absorption of the same number 
of quanta at 580 my produces curve (b). On the other hand, 
absorption of 4.2%10'* quanta/cm* at 520 mu produces the 
curve (c) 


4N. F. Mott and R. W. Gurney, Electronic Process in Ionic 
Crystals (Oxford University Press, London, 1940) 
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Tasre IIT. Quantum efficiency, assuming the Mie theory, for the 
production of silver, sample 3, thickness 0.378 cm. 


Absorbed Absorption Silver 
quanta/cm?* constant, 570 my atoms/cm?** 
Ne kimm™') Ni 


1.90 10" 0.022 
7.00% 10'" 0,068 
1.95 10" 0.045 
1.39 10"* 0.066 


Efficiency 
Ni/No 


0.86 
0.41 
0.17 
0.0035 


1.64 10" 
3.08 XK 10'* 
3.36 10" 
4.90 10'* 


* Estimated from the Mie theory, assuming spherical particles of silver 
600 A in diameter, 


the conduction electrons'® and assuming a cross section 
for trapping, one can compare the number, N, of traps 
per cm’, The results are presented in Table IT. 

We assume above that only electrons are mobile at 
low temperatures in these crystals. This was shown to be 
the case for air-annealed samples prepared by remelting 
Harshaw AgCl.4 The assumption was tested in the 
present investigation for the samples having larger 
values of y. Beta rays which stop in a crystal near one 
electrode used to release ionization, and the pulse- 
height response observed for both polarities of collecting 
voltage. Hole ranges as large as the electron ranges were 
certainly not observed, and because of the small pulse 
heights, the drift of positive holes was not clearly 
demonstrated in any of the samples. 


V. DISCUSSION 


The absorption curves which we obtained in the case 
of rapidly darkening crystals, see Fig. 2, closely re- 
semble those obtained by Loéhle, although he was able 
to measure somewhat lower levels of darkening. Let us 
try to interpret them in terms of an optical absorption 
theory which assumes spherical particles of silver 
imbedded in a dielectric continuum. A simple theory, 
applicable when the particle size is small compared to 
the. wavelength of light, is outlined by Pohl.'* For AgCl 
it predicts an absorption maximum near 500 my whose 
magnitude, k(mm=), is proportional to the concentra- 
tion by volume of silver. When the particle size is 
larger than about 80 A in diameter, the more complex 
theory of Mie’? should be applied. This latter theory 
shows that, with increasing particle size, the efficiency 
for producing extinction decreases and the position of 
the maximum shifts toward longer wavelengths. 
Rohloff"* has recently published curves for AgCl using 
the Mie theory. From these it is seen that our bands 
which have a maximum at 570 millimicrons correspond 
most nearly to the curve for 600 A diameter. It should 
be noted that this seems to be stable particle size in our 
crystals—the peak of the observed bands shift only 
slightly to longer wavelengths upon extended exposure. 


For this pecpene we use the expression $m*v"= (3/2)kT and 


take m**0.27m, where m is the free-electron mass. 

1©R. W. Pohl, Optik und Atomphysik (Springer-Verlag, Berlin, 
1954), p. 206. 

17G. Mie, Ann. Physik 25, 377 (1908). 

 E. Rohloff, Z. Physik 132, 643 (1952); see Fig. 1. 


BROWN AND 


N. WAINFAN 


Rohloff’s curves are for a concentration of 2.310" 
atoms per cm* and the absorption coefficient at the 
maximum of the 600A curve is about 1.2 mm, An 
estimate of the number of atoms of colloidal silver 
formed per cm’ in our samples can be had by multi- 
plying the above concentration by the ratio of absorp- 
tion constants. We correct for crystal thickness to find 
the number of atoms formed per cm? of exposed area and 
finally divide by the number of absorbed quanta to 
determine a quantum efficiency for production of 
photolytic silver assuming the Mie theory. Results for 
crystal 3 are shown in Table III where it is assumed 
that the particles are all of 600 A size. As the number of 
absorbed quanta becomes larger the computed efficiency 
decreases to very low values as can also be seen from 
Fig. 5. One notes that the initial darkening occurs with 
a quantum efficiency as high as 0.86 and that a marked 
saturation in darkening rate takes place between 10! 
and 10'* absorbed quanta, Average absorption coefh- 
cients were used in Table III, but similar results occur 
when the exponential absorption of the radiation which 
produced the darkening is taken into account. 

If the Mie theory is applicable and the collodial silver 
particles are assumed to be spheres as large as 600 A in 
diameter, they each contain a very large number of 
silver atoms, roughly 10. Table III shows that during 
the early darkening the observed band would be due 
to about 4X 10" atoms per cm’, which means that the 
silver particles are initially in very low concentration 
and widely separated in the crystal. On this basis, there 
would be, in fact, only 10° to 10‘ of these large silver 
particles per cm*. If these large particle sizes actually 
exist, they are produced by a process of aggregation 
which is highly efficient. Furthermore, we did not 
observe any appreciable time delay in their production 
at room temperature. Léhle? also looked for, but did not 
find a delay between illumination and production of the 
colloidal aggregates. 

There are further difficulties with the above analysis 
based entirely on the classical Mie theory. First, and 
perhaps most convincing, the classical theory predicts 
that for particles as large as 600 A an appreciable part 
of the extinction arises due to light scattering. The 
scattered light would have a wavelength dependence 
similar to the absorption curves.'® Attempts to observe 
this light scattered from a volume-darkened crystal, 
both visually and by sensitive photometric means, 
failed. In addition, the bleaching described in section 
III occurred with remarkably high efficiency. One has 
difficulty in imagining a bleaching mechanism for large 
silver aggregates which is so efficient. 

It is evident from the bleaching results that we are 
not dealing with a single band (or particle size) but a 
superposition of two or more absorption bands. One 
can effect a partial separation of the components by 
bleaching at 580 my. Curve (b), Fig. 6, shows a peak 


” F. Seitz, Revs. Modern Phys. 26, 7 (1954); see p. 37. 
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more nearly characteristic of the smallest particle size 
predicted by the dispersion theory. The band or bands 
near 520 mu seem to be more stable than the longer 
wavelength component. There is further evidence for 
this form the results of heating a darkened crystal to 
150°C for 10 min and then quenching. The curve 
peaked at 580 my is observed to shift toward 500 my. 
It is possible that extinction near 500 my is due to small 
aggregates, whereas the longer wavelength bands arise 
from a different kind of center also molecularly dis- 
persed throughout the crystal. The classical theory 
alone does not seem adequate to explain the observed 
behavior. 

Heat-treating in air causes a marked reduction in the 
amount of darkening produced during the first 5 min 
of exposure (absorption of 1.96 10'® quanta/cm?). It 
also seems to allow a somewhat longer electron range 
than in the case of a vacuum anneal. Comparing 
crystals number 2 and 4 with 1 and 3 we see that long 
electronic range appears to be associated with low 
darkenability. However, the differences in optical be- 
havior are considerably greater than the differences in 
low-temperature electronic range, and one takes note 
of crystal 55, which was reannealed for 9 hours in vac- 
uum after exposure to chlorine at 400°C. Here the 
darkening rate is high as well as the electronic range. 

It should be kept in mind that impurities, chiefly iron, 
were present in our samples to not less than 5X10!” 
atoms/cc. Also, the darkening proceeded with high 
efficiency only in the vacuum-annealed samples. The 
saturation level of optical density may well be associated 
with impurity content and with a state of the crystal 
achieved during the heat treatment. An important 
requirement for high efficiency in the production of 
photolytic silver is that recombination between holes 
and electrons be delayed until silver ions can neutralize 
the charge of electrons trapped at sensitivity centers. 
It is thus necessary to consider that there are scattered 
throughout the crystal a sufficient number of hole traps 
which are not also recombination centers. Such is the 
case for AgCl containing copper—the hole traps being 
copper in the cuprous state. Traps for holes may well 

” F, Urbach, Research Laboratories, Eastman Kodak Company 


Rochester, New York (private discussion). The authors are aware 
of the work on the optical properties of the silver halides being 
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be the important factor in determining the initial 
darkening rate in our crystals. This is certainly one 
explanation for the low sensitivity of crystals 7 and 8 
heat-treated in the presence of chlorine. The simplest 
mechanism by which chlorine can enter the crystal is by 
an outward migration of interstitial silver ions and an 
inward migration of holes and silver ion vacancies. It is 
unlikely that we introduce enough chlorine to influence 
greatly the concentration of interstitial silver ions, 
which is determined in the structure-sensitive room 
temperature region by vacancies associated with multi- 
valent impurities. Instead excess holes in the chlorinated 
crystals fill hole traps and therefore exert a sensitive 
influence on the darkening. 

The amount of chlorine added depends on the equilib- 
rium temperature and upon the halogen pressure,” 
Crystal 8 should have less of an excess than 7 but it 
still shows little or no darkening. Crystal number 6, 
which was annealed at the very low vapor pressure of 
chlorine gas above solid chlorine at 77°K, behaved in all 
respects like a vacuum-annealed sample. It appeared 
slightly dark after anneal, indicating a small amount of 
decomposition which was the case with all the samples 
treated in vacuum. Presumably the Cl, pressure estab- 
lished for number 6 was below that required for stoichio- 
metric composition at 400°C, 

We conclude that annealing atmosphere exerts a 
strong influence on both the optical behavior and the 
electronic properties of AgCl. Further experiments are 
indicated which take impurity concentration and 
crystal composition into account. 
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The photolytic darkening and bleaching of vacuum-annealed AgC! was investigated at — 100°C, —28°C, 
and room temperature. It was found that the shape of the absorption band induced by 416-my radiation is a 
function of the crystal temperature. The 580-my light, while initially bleaching the crystal selectively, was 
found to be able to completely destroy the induced color in the crystals. No short-time photolytic effects were 


observed at — 100°C, 


INTRODUCTION 


UCH work has already been done on the photo- 

lytic behavior of the silver halides. Hilsch and 
Pohl,' and Léhle,? among others, have reported on the 
formation of a broad absorption band induced by light 
absorbed in the long-wavelength tail of the fundamental 
absorption band. According to Seitz,’ the darkening of 
these crystals may be discussed as belonging to two 
broad ranges. First a “molecular range” is formed, and 
on continued illumination, the absorption centers be- 
come “colloidal” in nature. Recent work* on vacuum- 
annealed AgCl exposed to 416-my light at room tem- 
perature seems to indicate that at first a broad-peaked 
absorption band of the sort described by Hilsch and 
Pohl is produced throughout the volume of the crystal. 
This darkening soon saturates. Further lengthy exposure 
results in the deposit of colloidal silver on the surface of 
the crystal. 

The broad-peaked band in the volume of the crystal 
has been described in terms of a theory of colloidal 
absorption and scattering.°~? A recent search for wave- 
length-dependent scattered light in volume darkened 
crystals has yielded negative results.*:* This, in addition 
to the fact that no aggregation time lag is observed 
during the coloring of the crystal,? seems to cast some 
doubt on the theory of absorption by colloidal silver. 

The work of this paper was undertaken in the hope 
that a reinvestigation of the darkening and bleaching 
action of light on AgCl might yield more information 
about the nature of the “molecular range” absorption 
bands. 


EXPERIMENTAL PROCEDURE 


All the silver chloride used in this work was cut from 
unrolled crystal obtained from the Harshaw Chemical 
Company. The crystals were machined into 9X9X 4.6 


t Supported by the Research Corporation. 
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mm slabs and then cleaned with petroleum ether, ethyl 
alcohol, nitric acid, and distilled water. They were then 
annealed in a vacuum furnace for 8 hours at about 
400°C with the pressure held below 5X10-* mm of 
mercury. In the furnace the crystals rested on a quartz 
plate. No adhesion to the supporting plate was observed 
after anneal. The annealed crystals appeared slightly 
darkened. 

Absorption measurements and exposures were made 
with a modified Beckman model DU Spectrophotome- 
ter. Results were reproducible, for a given crystal, to 
within plus or minus 0.003 over the optical density 
range most used, The crystal was held in a cryostat cell 
and the temperature was controlled by flowing cooled 
dry nitrogen around the crystal. Temperature was 
measured with a copper constantan thermocouple 
mounted in the crystal holder, It has proved to be 
difficult to make reproducible optical surfaces on the 
crystals so all the results presented here are in terms of 
the total change in optical density. 

Attempts were made to darken and bleach the crystals 














Fic. 1, Change in optical density (AD) vs wavelength (A) in 
millimicrons for crystal exposed at room temperature. Curve 1— 
Exposed to 3.2 10"* quanta per square centimeter at 416 my (ap- 
proximately 5 10'* quanta absorbed per cubic centimeter). Curve 
2—Bleached by exposure to 2.2 10"* quanta per square centime- 
ter at 580 mu (about 10% absorbed). Curve 3—Bleaching con- 
tinued. Total exposure 1.110" quanta per square centimeter at 
580 mu. Curve 4—Bleaching continued. Total exposure 2.2 10” 
quanta per square centimeter at 580 my (less than 10% absorbed). 
Curve 5—Exposed again to 3.2 10'* quanta per square centimeter 
at 416 my. 
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at — 100°C, —28°C, and room temperature. The crys- 
tals were darkened with light of a nominal wavelength 
of 416 and 398 my and an effective spectral band width 
of 25 mu. All bleaching exposures were carried out at 
580 my where the effective spectral band width was 
about 60 mu. 


The photometric this work are 


methods used in 


described elsewhere.‘ The relative exposures are correct 
to within 10%. However, the absolute calibration of the 
light source may be in error by as much as 30%. 


RESULTS 


At room temperature exposure to 416-my light yielded 
a rapid initial darkening. The induced absorption band 
has a peak at about 580 my. This absorption saturated 
after approximately 10!’ quanta per cubic centimeter 
were absorbed. Exposure of the colored crystal to 
580 mu light bleached the induced color. At first the 
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Fic. 2. Change in optical density (AD) vs wavelength (A) in 
millimicrons for crystal exposed to 580-my radiation at room 
temperature. Curve 1—Exposed to 6.610" quanta per square 
centimeter. Curve 2—-Exposed to 2.210” quanta per square 
centimeter. Curve 3--Exposed to 3.3 10# quanta per square 
centimeter. 


crystal bleached selectively as reported by several 
observers.'* However, further exposure to the 580-myu 
light resulted in an almost complete destruction of the 
absorption band. The bleached crystal could then be 
redarkened by 416-my radiation. Figure 1 shows a 
typical set of results for room temperature darkening 
and bleaching. It was noticed that in some cases a 
complete bleach at room temperature could not be 
achieved. Several unexposed crystals were exposed to 
580-my light for extended periods and it was found that 
long exposure to 580-my light would measureably 
darken some crystals in the time necessary to bleach the 
absorption band produced by the 416-my radiation. 
Figure 2 illustrates the behavior of a crystal sensitive to 
580-my light. Figure 3 demonstrates the complete 
bleaching action obtainable when the initial volume 
darkening is not saturated and the crystal is relatively 
insensitive to 580-my light. at room temperature. One 
might also note here that after repeated cycles of 
darkening and bleaching, the crystals change their 
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Fic. 3. Change in optical density (AD) os wavelength (A) in 
millimicrons for crystal exposed at room temperature, Curve 1 
Exposed to 1.5 10'* quanta per square centimeter at 416 my (ap- 
proximately 210'* quanta absorbed per cubic centimeter), 
Curve 2—Bleached by exposure to 1X10” quanta per square 
centimeter at 580 my (less than 10% absorbed). 


photolytic behavior. In Fig. 1 may be seen the sort of 
change occurring in successive darkening exposures. 

At temperatures near — 100°C no short-time photo 
lytic changes were observed. With total exposures of the 
order of 10” quanta incident per square centimeter there 
was no measurable darkening of the samples at either 
416 or 398 mu. The shorter wavelengths were tried be 
cause of the well-known retreat of the tail of the 
fundamental band towards shorter wavelength as the 
temperature is reduced, Optical density at — 100°C and 
398 my was about equal to that at room temperature 
and 416 my. Color induced at room temperature could 
not be bleached in a short time (10* incident quanta per 
square centimeter) at — 100°C. Finally, the reduction of 
the temperature produced no observable change in the 
shape of the absorption band produced at room tem 
perature. 

At a temperature of — 28°C, 
radiation resulted in efficient darkening of the crystal. 
The absorption band formed is extremely broad with a 
low peak near 560 mu. The color produced at 416 my 
was completely bleached when exposed to 580-my light. 
At — 28°C, unexposed crystals were quite insensitive to 
the darkening effects of 580-my radiation. As was 
observed at room temperature, the crystals could be 
redarkened after bleach. Figure 4 contains some results 
for a sample investigated at — 28°C. It is of interest to 
notice that after bleaching at 28°C the 
original anneal-induced darkening has disappeared, In 
Fig. 4 may also be seen the effect of warming the cold- 
bleached crystal. A small amount of redarkening occurs. 
If a crystal darkened at —28°C is warmed to room 
temperature, no change in optical density occurs. 


exposure to 416-my 


some of 


DISCUSSION 


The following observations may be emphasized as a 
result of this investigation. 

First the shape of the absorption band produced by a 
fixed wavelength band of light in the tail of the funda- 
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Fic. 4. Change in optical density (AD) vs wavelength (A) in 
millimicrons for crystal exposed at —28°C, Curve 1—Exposed to 
2 10** quanta per square centimeter at 416 my (approximately 
20% absorbed), Curve 2—Bleached by exposure to 1X 10” quanta 
per square centimeter at 580 my (less than 8% absorbed). Curve 3 

After curve 2 the crystal was warmed to room temperature and 
then recooled to ~28°C. Curve 4—Exposed to 1.5 10"* quanta 
per square centimeter at 416 my. 


mental absorption band is a function of the temperature 
of the crystal. 
Although efficient selective bleaching of the induced 
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band does occur near the peak of the band, long 
illumination with 580-my light will ultimately bleach 
the crystal completely. This is most striking in the case 
of a crystal darkened at — 28°C. Here a 60-my band of 
illumination completely bleached a band of color which 
extended beyond the 600-my range investigated for this 
paper. 

It is also possible that several different kinds of 
absorption centers may form in the crystal if for no 
other reason than the “bleaching” light of wavelength 
580 my can itself produce darkening at room tempera- 
ture. There exists some evidence that at least some of 
the darkening produced by extended exposure to 580-mu 
light is due to a surface colloidal deposit of silver. 

It might be profitable to extend the investigation to 
include a wider range of temperatures and to try the 
darkening and bleaching with a series of different 
wavelengths where the radiation is more nearly mono- 
chromatic. 
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Orthogonalization Procedures and the Localization of Wannier Functions* 


B. C. Carson AND JosEpH M. KELLER 
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(Received September 26, 1956) 


The method of “symmetric orthonormalization’”’ is shown to have a least-squares property : it constructs 
those unique orthonormal functions which minimize the sum of squared distances (in Hilbert space) between 
each initial function and a corresponding function of the orthonormal set. The localization of Wannier 
functions is a consequence of this property, since they can be obtained from localized atomic orbitals by 
symmetric orthonormalization. The theorem further implies an optimal resemblance of Wannier functions 


to atomic orbitals. 


N the many-electron problems of molecular or solid- 

state physics, it is often desirable to work with 
orthogonal one-electron functions. But the natural 
starting functions may be, for instance, atomic orbitals 
that are localized adout different centers and overlap 
one another to some extent, The familiar Schmidt pro- 
cedure of orthogonalizing the functions one at a time in 
successive steps leads to orthonormal functions that 
may bear successively less resemblance to the starting 
functions and that depend, moreover, on the order in 
which the starting functions are selected. Alternatively, 
one can sometimes use the symmetry properties of the 
system to construct functions that are orthogonal by 
virtue of having different symmetries; functions of this 
kind (molecular orbitals or Bloch functions) are spread 


* This work was performed in the Ames Laboratory of the 
U. S. Atomic Energy Commission. 


out over the whole molecule or lattice. A third pro- 
cedure, which shares with the second the advantage of 
treating all the starting functions on an equal footing, 
is the “symmetric orthogonalization” originated by 
Landshoff and Léwdin.'! The orthonormal functions 
obtained by this method, for example the Wannier 
functions, are known to resemble the initial atomic 
orbitals in being localized about the lattice points 
(provided that the atomic orbitals do not overlap 
too much).? 

The purpose of this note is to observe that the third 
procedure has a simple geometrical meaning that helps 


'P. Léwdin, Advances in Phys. 5, 1 (1956), discusses 
orthogonalization procedures extensively and gives references to 
earlier papers in which the symmetric procedure was partially or 
completely formulated. 

?G. Wannier, Phys. Rev. 52, 191 (1937). Also see reference 1, 
Eq. (3.78). 





LOCALIZATION 


one to understand why it leads to localized functions. 
Specifically, the symmetric procedure constructs those 
unique orthonormal functions which minimize the sum 
of the squares of the distances between each initial 
function f; and a corresponding function ¢, of the 
orthonormal set. Distance means distance in Hilbert 
space; that is, the minimized sum is }°; /°| gi— fi| "dr. 
The localization of the Wannier functions may be said 
to result from the fact that they approximate the atomic 
orbitals more closely in a least-squares sense than do 
the functions of any other orthonormal set. 

The theorem to be proved is the following statement. 
Given a set of m linearly independent complex func- 
tions (or vectors) f; (i=1, 2, ---,) with finite norms 
I fill = (S| fi|*dr)', then those orthonormal functions ¢,; 
which minimize }>°; || ¢i— f;||? are determined uniquely 
to be gi= 30; f;(A~) j:, where A is the positive definite 
Hermitean matrix with elements Aij= (fi,f))=S Sif dr 
and A~ is the inverse of the (unique) positive definite 
Hermitean square root of A. 

To prove the theorem, we choose any complete set of 
orthonormal functions ¢g, (a=1,2,---) and expand 
fi=Xoa Gal’ ai. Summation over the Greek index a vill 
always extend from one to infinity (or to the dimen- 
sionality of the space in the case of a finite-dimensional 
vector space); summation over i or j will extend from 
one to n. The matrix with elements /',; is a rectangular 
matrix with m columns; it satisfies P*F =A, since Aj; 
= (fi,fj))=Doa Paikaj. The expansion of gi— fi= La Pa 
X (Eai—F ai) involves a similar rectangular matrix E 
with elements E.;=5a;; clearly E*E=1 is the n by n 
unit matrix. The sum of squares is then 


>. ll ps— ll?=> te | Pai Eai|? 
= Tr{ (F—E)*(F—E) |= Tr(A+1—E*F—F*E). 


We now ask how the first functions of the orthonormal 
set should be chosen in order to minimize this sum of 
squares or, equivalently, what matrix F will maximize 
the trace of E*F+-F*E subject to the condition that 
F*F=A is fixed. 

Because the f; are linearly independent, the Her- 
mitean matrix A is positive definite’ and has a unique 
positive definite Hermitean square root, A!. Let R be 
any Hermitean square root of A!; positive definiteness 
is not required of R but it is required of R?= A! in order 
that the (nonsingular) matrix R may be Hermitean. 
If we define a rectangular matrix G= FR-!— ER, then 
it follows from A= R* that 


G*G= R"“'AR™'!+ R’— RE*FR™'—R™'F*ER 
= 2A'— RE*FR™'— R-'F*ER. 


9 Dj CAcyey=|!25 cxfi||? is positive unless all the coefficients 
vanish. 

4P. R. Halmos, Finite Dimensional Vector Spaces (Princeton 
University Press, Princeton, 1948), Sec. 66. 


OF WANNIER FUNCTIONS 


The trace of G*G is 
Dat |Gai|?= 2 TrA'— Tr(E*F+F*E) 
= Fill e—fal?—TrL(A'— 1)*). 

If we choose G=0, or F= ER?= EA!, then 3°; || e:— fill? 
is minimized without violating the condition F*F= A. 
The first » rows of this matrix F are the n by m matrix 
A‘, and all other rows are identically zero, Thus 
¢1, ‘**, ¢n should be chosen to lie in the n-dimensional 
linear manifold spanned by the f;, and they should be so 
chosen within this manifold that fy= 3°; g;(A4);;. The 
> 5 (4) j:, which is 
precisely the recipe for symmetric orthogonalization, 

It is interesting that the maximum value of the sum 
of squares is attained when the orthonormal functions 
again lie in the manifold spanned by the /; and are 
just the negatives of the previous solutions, The proof 
is similar, with G replaced by G’= FR-'!+- ER, 

The least-squares property of the symmetric method 
suggests an extension to weighted least-squares orthogo- 
nalization: given a set of weights w;, we may ask for 
orthonormal functions g; that minimize >°; w,|| g¢i— fi\\?. 
More generally, if the matrix W is Hermitean and non 
singular (but not necessarily positive definite), then 
Diy Wiilvi—fi, Gj fj) is minimized by choosing 
¢i= i fiLW(WAW));;,, where the square root is 
taken to be positive definite. A proof is easily con- 
structed by defining G= FW(WAW)-!— E(WAW)!* and 
proceeding as before. 

A further comment is that the f; can always be 
orthogonalized by transformation with a unitary matrix. 
Since the Hermitean matrix A can be diagonalized by a 
unitary transformation, we can write A-t= UA“'U-'!, 
where U is unitary (but not in general unique) and A~$ 
is diagonal with positive diagonal elements. The func- 
tions ¥,= >>; fjUy; are then orthogonal, as asserted 
above, but not in general normalized. They become 
orthonormal if U is replaced by UA~4; they remain 
orthonormal and acquire the least-squares property 
when the third factor U~! is included. An example of 
these successive steps is the series of transformations, 
in the case of a crystal lattice, from atomic orbitals to 
unnormalized Bloch functions, then to normalized Bloch 
functions, and finally to Wannier functions. 

We should like to thank Professor Klaus Ruedenberg 
for stimulating discussions. 

Note added in proof--Dr. Roland H. Good has 
pointed out to us that a paper by G. W. Pratt, Jr. 
and S. F. Neustadter, Phys. Rev. 101, 1248 (1956), 
contains a result closely related to the one proved 
above. They show that if |2(¢,, f;)| is stationary, then 
the g’s (except for the freedom of a common phase 
factor) are related to the f’s by a Hermitean square 
root of A. The sum of squared distances used in the 
present paper involves the real part rather than the 
magnitude of 2 (gi, f;); maximizing the real part elimi- 
nates the freedom of a phase factor and also singles out 
the positive definite square root. 


solution of these equations is ¢¥ 
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Structure of the Intermediate State in Superconducting Lead 


P. B. ALEeRs 
United States Naval Research Laboratory, Washington, D. C. 


(Received September 19, 1956) 


The Faraday effect in a cerous nitrate-glycero] mixture has been employed to study the structure of the 
intermediate state. A lead alloy containing antimony and tin was used as a specimen, and behavior charac- 
teristic of the hard superconductors was observed. Photographs were taken showing the distribution of 
normal and superconducting material at various magnetic fields. The configurations observed are briefly 
discussed in terms of current theories of the intermediate state. 


INTRODUCTION 


NUMBER of techniques have been employed to 

render visible the distribution of magnetic field 
at the surface of a superconductor in the intermediate 
state. Meshkovsky and Shalnikov' employed the 
magnetoresistance of a fine bismuth probe to map the 
domains on the flat surface of a tin hemisphere. More 
recently, Schawlow* published the results of work done 
using superconducting niobium powder sprinkled on 
the surface of disks of several superconducting metals, 
notably tin. Very well-defined domain patterns emerged 
and were photographed and strong differences in 
pattern type were observed, depending on the metal 
being studied. The work reported here has employed still 
another phenomenon, the Faraday effect, for the 
observation of the intermediate state. 


-- +4 
| qT 
/| Front-silvered 
| A} — : 
mirror 


I 


Transporent || * 
gloss plate], absorber 


a ; 








Leod disk- erous nitrate 


Fic. 1. Diagram of experimental apparatus. 


LA. G. Meshkovsky and A. I. Shalnikov, J. Phys. (U.S.S.R.) 
11, 1 (1947); also A. G. Meshkovsky, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 19, 1 (1949). 

2A. L. Schawlow, Phys. Rev. 101, 573 (1956). 


The Faraday effect is the rotation of the plane of 
polarization of a light beam when it is passed through a 
magnetized substance in the direction of the applied 
field. It was used extensively by Becquerel and co- 
workers’ to study the properties of many paramagnetic 
substances at low temperatures, and the rotations 
observed, especially in the cerium (Ce**t) salts, were 
considerable. The amount of rotation is proportional 
to the magnetization of the salt, and for most para- 
magnetic substances, the magnetization is essentially 
proportional to the applied field for low fields (< 1000 
gauss). 

It would seem, therefore, that if a thin layer of a 
paramagnetic substance were placed on a_ super- 
conductor in the intermediate state it would be magne- 
tized over the areas of normal metal and unmagne- 
tized over the superconducting areas. If polarized light 
traveling parallel to the applied field were then allowed 
to pass through the paramagnetic material, the magne- 
tized portions would produce Faraday rotations while 
the unmagnetized ones would not. Since these rotations 
are doubled, not cancelled, when the light is reflected 
back through the substance, the light reflected from 
superconducting areas would have a different plane of 
polarization from that reflected from normal areas, 
and such differences could be seen by means of an 
analyzer. 

APPARATUS 


The paramagnetic compound employed was a 
solution of cerous nitrate (Ce(NO;);-6H,O) in glycerol. 
Cerous nitrate is not a highly colored compound, as are 
the more common chromium and iron salts, and it is 
very soluble, so that highly concentrated solutions 
could be obtained. Glycerol was used as a solvent 
because it hardens to a glassy transparent solid as it is 
cooled. The material used in the work reported here 
was made by dissolving 65 grams of cerous nitrate in 18 
grams of glycerol. At 1.8°K this mixture had a rotary 
power of about (0.5°/mm)/100 gauss. 

The superconductor itself was a lead alloy disk 3 
inch thick and 1} inches in diameter. A spectrochemical 
analysis was made and a quantitative analysis for tin 


s }; Becquerel and W. J. de Haas, Leiden Comm. 20, Suppl. 74a 
(1933) ; also Becquerel, de Haas, and van den Handel, Physica 1, 
383 (1934). 
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INTERMEDIATE STATE 


IN SUPERCONDUCTING 


Pb 


TABLE I. Results of spectrographic and quantitative analyses of material of lead alloy disk. 
Adjectives refer to strength of lines observed in spectrum. 


Metal Pb Sb Sn Cu 


Medium strong 


Strong 
1% 


Strong 
34% 


Spec. anal. Very strong 
Quan. anal. 96% 


and antimony was also run. The results appear in 
Table I. The presence of these alloying constituents is 
believed to be responsible for the behavior that was 
observed. 

One face of the disk was given a uniform but not 
necessarily shiny finish and then was aluminized. A 
paper rim was glued around this face of the disk and in 
the cup thus formed the cerous nitrate solution was 
poured to a depth of about three millimeters. This cup 
was placed at the bottom of a closed tube as shown in 
Fig. 1. At the upper end of the tube a beam of mono- 
chromatic (5461 A) light passed through a polarizer 
and was reflected down the tube by an unsilvered glass 
plate. The light passed through the solution and was 
reflected back to the top of the tube by the aluminized 
surface. A front-silvered mirror above the glass plate 
intercepted the returning light and reflected it to an 
analyzing polaroid. 

The apparatus was constructed so that the tube 
could be exhausted and the lower end cooled to liquid 
helium temperatures by means of the conventional 
arrangement of Dewar flasks. An external set of 
Helmholtz coils was used to provide the necessary 
magnetic fields. 


Experimental Results 


At the beginning of a run, the helium bath was 
pumped to a low temperature (~1.8°K). This gave a 
double advantage: the critical field necessary for the 
suppression of superconductivity reached a high value, 
and the sensitivity of the cerous nitrate was considerably 
increased, since the paramagnetic susceptibility is 
inversely proportional to the temperature. Both 
conditions serve to improve the contrast between normal 
and superconducting regions. During this cooling 
process, the applied field was zero, so the lead disk was 
completely superconducting at the beginning of any 


sure 


Fic. 2. Schematic | 2 
hysteresis loop showing 
points on magnetic cycle 
where pictures were 
made. Abscissa is 
applied field, ordinate 
is average field at 
surface of specimen. 
Both fields are expressed 


in terms of h=H/H, 


Ag Bi Fe Si As Mg 


Medium Weak medium Weak Weak Trace 


4/0 


Very weak 


given run. The analyzing polaroid was then set to cancel 
the light reflected from the disk, and throughout the 
experiments an area of darkness could thus be taken to 
indicate superconducting material. 

It was found that the field necessary to suppress 
superconductivity in this particular lead alloy specimen 
was nearly 1000 gauss. We therefore define h= H/H, 
as the ratio of the applied field to the critical field, with 
H, taken as 1000 gauss. In addition, Fig. 2 shows a 
schematic hysteresis loop for which the abscissa is the 
field ratio A and the ordinate is an average of the fields 
existing at the surface of the disk, Agurr. The diagram 
is not intended to be quantitative; the points represent 
the places in the magnetic cycle where the pictures 
described below were taken. 

When the field was slowly increased from zero, no 
change was observed in the disk until #e~+-0.5. At this 
point the outer edges of the disk brightened, and as the 
field further, the (bright) 
increased. Its typical appearance is shown in Fig. 3, for 


increased normal area 
H=-+-0.73. The white circle was drawn to denote the 
outer edge of the disk, and the fine web-like structure 
is due to cracks in the cerium-glycerol mixture. Both 
features are common to all the pictures that follow. 
It can be seen that the form of the normal ring is 
similar to the coarse behavior observed by Schawlow in 
the hard superconductors and the fine radial spoke 
pattern he observed in tin is apparently not present. 
The field was increased until 1000 gauss was reached 
and all superconductivity was quenched. 


Fic. 3. Intermediate state in lead alloy. Normal areas light 
Field penetrating around edges of disk. T=1.8°K, h= +-0.73 





Fic. 4. Intermediate state in lead alloy. Normal areas light. Field 
frozen-in as Hf returns to zero. T=1.8°K, h=0. 


The field was then reduced to zero. In Fig. 4, for 
h=(, we can see that a considerable amount of flux has 
been trapped. Less clearly, a ring of superconducting 
material can be seen lying just inside the edge of the 
disk, and a faint shadow indicates the presence of a 
small amount of superconducting material within the 
ring. Such a strong frozen-in field is another charac- 
teristic of the hard superconductors. In this case, such 
behavior is probably due to the alloy nature of the 
specimen, since preliminary experiments on a disk of 
pure polycrystalline lead indicate little or no hysteresis 
effects. 

At this point, the current leads to the Helmholtz 
coils were reversed and the field was increased in the 
opposite direction. The peripheral ring of super- 
conducting material continued to grow inward until the 
field at the edge of the disk exceeded the critical field 
again. The resulting configuration is shown, for 
h 0.61, in Fig. 5. The center of the disk remains 


Fic. 5. Intermediate state in lead alloy. Normal areas light. 
Applied field around edge, frozen-in field in center. T= 1.8°K 
h= —0.61. 


ALERS 


bright, although the small superconducting inclusions 
have grown slightly. An apparently continuous ring of 
superconducting material surrounds the center and a 
ring of normal material lies around the edge of the disk. 
This outer ring is dim, showing that the applied field, 
in addition to being opposite in direction to the frozen-in 
field, is also smaller. It should be mentioned at this 
point that no obvious relaxation effects were observed 
at any time—the patterns changed as the field changed 
and remained stable indefinitely when the field was 
held constant. This was probably due partly to the 
polycrystalline impure material we were using, and also 
to the fact that no large abrupt changes in field were 
made, As the field continued to increase, the super- 
conducting ring was compressed until channels began 
to appear across its center. See Fig. 6 (h= —0.80). 
Finally, the entire superconducting region was reduced 
to a star-like configuration containing small normal 
inclusions ; Fig. 7, A= —0.92. 

Again the field was reduced to zero. The outer edge 
of the disk became superconducting and the center 
figure expanded somewhat. The Helmholtz coil leads 
were again reversed and the field increased. As before, 
the outer superconducting border grew inward toward a 
slightly expanding center. After the edge of the disk 
was driven normal by the increasing field, the super- 
conducting ring came in contact with the inner figure 
to produce the striking configuration shown in Fig. 8, 
for which h= +-0.74. In this figure the three concentric 
bright areas represent a complicated field distribution. 
The field in the center of the star is parallel to the 
applied field and the field trapped between the star and 
its circular frame is antiparallel. 

The cycle could be repeated indefinitely, and a 
variety of patterns could be generated. It was also 
possible to determine the magnitude and direction of the 
frozen-in fields by rotating the analyzer. While this 
was not done systematically, it was observed that the 
fields were quite uniform within the boundaries that 
confined them. At the boundaries themselves a slight 
bunching could be observed, but this was taken to be 
due to a small Meissner effect. 


DISCUSSION 


The discussion of observations such as these can only 
be qualitative; however, certain conclusions can be 
drawn. 

It was mentioned above that recent preliminary 
observations on samples of pure polycrystalline lead 
showed little or no hysteresis. The specimens we 
photographed were also polycrystalline but contained 
substantial alloying material. They exhibited strong 
hysteresis effects and had a markedly higher critical 
field than that of pure lead. In addition, the 
configuration of the boundary between normal and 
superconducting material, especially on the virgin 
curve, resembled the boundaries observed by Schawlow 





INTERMEDIATE STATE 
in his specimens of tantalum and vanadium. This seems 
to give support to the belief that the peculiar behavior 
of the hard superconductors is due more to the phsyical 
and chemical condition of the specimen under study 
than to any properties pertaining to the metal itself. 
In connection with this, it is felt that while no very 
well-defined domain pattern emerged in these experi- 
ments, the domain picture suggested by Lifshitz and 
Sharvin‘ is not necessarily negated. In their discussion 
of the intermediate state, Lifshitz and Sharvin dealt of 
course with ideal homogeneous material. It is highly 
probable, however, that in specimens such as those 
examined here the chemical and physical coarseness 
present has a profound effect on domain size. Such 
conditions probably also prevail in such hard super- 
conductors as tantalum, most specimens of which 
usually consist of many fine grains sintered together. 


Fic. 6. Intermediate state in lead alloy. Normal areas light. 
Center area breaking up into “domains.” T=1.8°K, h= —0.80. 


The idea of a grainy superconductor also provides an 
explanation for the fact that the flux trapped within a 
ring of superconducting material, as in Fig. 6, has no 
visible channel of escape. In particular, the picture of 
the intermediate state proposed by Faber and Pippard® 
would demand this. If, however, we consider the 
superconducting rings we observe to be composed of 
many tiny superconducting islands, the ability of the 
flux to escape becomes a simple matter. The optical 
resolution of this Faraday technique is such that a 
single channel could probably be easily seen, since it 
would doubtless grow, but the many small channels 
existing in an island structure would remain invisible. 


‘E. M. Lifshitz and Yu. V. Sharvin, Doklady Akad. Nauk 
U.S.S.R. 79, 783 (1951). 

5 T. E. Faber and A. B. Pippard, Progress in Low-Temperature 
Physics (North-Holland Publishing Company, Amsterdam, 1955), 
Vol. 1, p. 159. 


IN SUPERCONDUCTING Pb 


Fic. 7. Intermediate state in lead alloy. Normal areas light. 
Star configuration in center contains small normal inclusions. 
T=1.8°K, h= —0.92., 


CONCLUSIONS 
The use of the Faraday effect to render magnetic 
fields visible, given certain geometric conditions, has 
drawbacks as well as advantages. 
For studies of the intermediate fields 
involved are relatively small and the paramagnetic 


state, the 


compound employed must be correspondingly sensitive. 
At the moment, the method seems confined to studying 
the superconductors having high critical fields: lead, 
some superconducting alloys, and the hard super 
conductors like tantalum, vanadium, and niobium. 
The chief value of the method, however, lies in its 
application to the study of time-dependent phenomena. 
A problem of current interest in superconductivity 
involving transient behavior is the so-called para 
magnetic effect.® It has been suggested by H. Meissner 


Fic. 8. Intermediate state in lead alloy. Normal areas light 
Configuration after applied field removed, then applied in opposite 


direction. T=1.8°K, h= 4-0.74 


* H. Meissner, Phys. Rev, 97, 1627 (1955); 101, 31 (1956); and 
101, 1660 (1956). Also J. C. Thomson, Phys, Rev. 102, 1004 
(1956) 
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that in a superconducting rod carrying a current in a 
longitudinal magnetic field, a solenoidal current 
configuration is set up when the metal is in the inter- 
mediate state. The collapse of this solenoid when the 
metal goes normal is thought to be the cause of a sharp 
paramagnetic peak observed in the magnetic moment. 
A visual examination of the field changes at the end of 
such a rod when the rod is driven normal could provide 
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some useful data. In particular, the results should have 
a bearing on the question of whether the paramagnetic 
effect is indeed a fundamental property of the super- 
conducting state or due to a peculiar current con- 
figuration dependent on geometry. 

Another application not involving superconductivity 
might be found in studies of ferromagnetic domains and 
the motion of the domain walls in alternating fields. 
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Calculation of the Band Structure of ‘‘Complex” Crystals 


B. SEGALL 
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(Received August 13, 1956) 


A method for studying the band structure of “complex” crystals (i.e., crystals having more than one 
atom per unit cell) is developed. This method is a generalization of one proposed independently and arrived 
at by different approaches by Korringa and Kohn and Rostoker for the study of the band structure of 
“simple” crystals. The general approach leads to a promising method when the crystalline potential can 
reasonably be approximated by a potential which is spherically symmetric within nonoverlapping spheres 
about the lattice sites and is constant elsewhere. Important virtues of the method are its expected accuracy 
and the fact that the largest part of the labor involved is in the computation of certain “structure con- 
stants” which are applicable to all crystals with the same crystallographic structure. 


I, INTRODUCTION 


F basic importance to the theoretical study of the 

solid state is the knowledge of the nature of the 
electronic energy bands in a perfect crystal, Conse- 
quently, a great deal of effort has been put into devising 
various techniques for solving the Schrédinger equa- 
tion with a periodic potential, and in applying these 
techniques to particular crystals. The problem of deter- 
mining the band structure of “complex” crystals has 
presented a particularly formidable computational 

roblem. 

This note will be concerned with the problem of de- 
termining the band structure of “complex” crystals. In 
view of the rather great amount of work encountered 
in carrying out a calculation for these crystals, it is 
highly desirable to establish a method that is at once 
accurate and that does not involve an excessive amount 
of computational labor. A means of accomplishing the 
latter aim would be a method in which a large part of 
the computation is independent of the potential and 
hence is applicable to all crystals with the same struc- 
ture. In this way the labor involved in studying the 
band structure of each individual crystal, or of a par- 
ticular crystal with each of a number of assumed po- 
tentials, is considerably reduced. 

For the case of a “simple” lattice, such a method has 
been developed independently by Korringa* and Kohn 
~ ‘1In the following, we shall use the term “complex”’ crystal (or 
structure) to mean a crystal with more than one atom per unit 
cell. Similarly, the adjective “simple” will imply one atom per 


unit cell. 
* J. Korringa, Physica 13, 392 (1947). 


and Rostoker.** Korringa approached the problem by 
considering the scattering of the electron wave by all 
the atoms in the crystal using an analysis analogous to 
that employed by Ewald in his study of the diffraction 
of x-rays by crystals. Kohn and Rostoker, on the other 
hand, proceeded by establishing a variational principle 
based on the integral equation for the electron wave 
function. Both approaches lead to practical results 
when the crystalline potential can be approximated by a 
potential which is spherically symmetric within nonover- 
lapping spheres (henceforth called “atomic” spheres) 
centered at the lattice sites and constant elsewhere. 

The virtues of the method make it apparent that it 
would be highly desirable to have a method of the type 
described for the study of “complex” lattices. It is felt 
that there are many such crystals, particularly those 
having two atoms per unit cell, for which the above- 
mentioned approximating potential would be appro- 
priate. The difference between the actual crystalline 
potential and a judiciously chosen approximating po- 
tential could then be handled by perturbation theory. 
With this in mind, we have generalized both the 
Korringa and Kohn-Rostoker approaches so that the 
schemes would encompass the more general class of 
crystals which contain an arbitrary finite number of 
atoms per unit cell. 

The general approach has several important virtues. 
It has the advantage of the cellular method in that the 
approximate solutions one works with are solutions of 


* W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954). 
*P. M. Morse, Proc. Natl. Acad. Sci. U. S. 42, 276 (1956). 
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the Schrédinger equation. On the other hand, it obvi- 
ates the difficulties involved in that method associated 
with satisfying boundary conditions. In the present 
method the boundary conditions are incorporated in 
the general formulation of the problem. Because of the 
satisfactory manner in which the boundary conditions 
are handled and the fact that the solutions within the 
“atomic” sphere are accurate, the method promises to 
be rapidly convergent. Finally, there is the important 
advantage mentioned previously. The greater part of 
the computations involved is in the evaluation of 
certain “structure constants” which are the same for 
all crystals forming with the same structure. The 
evaluation of these constants can readily be performed 
on currently available digital computers. 

In Sec. II we develop the method for “complex” 
crystals in a manner paralleling that used by Kohn and 
Rostoker. This approach has some mathematical ad- 
vantages over the scattering approach. For one thing, 
we see that the error in the energy is of the second 
order in the error in the wave function, The new struc- 
ture constants appearing as a result of there being more 
than one atom per unit cell are studied in Appendix A 
where explicit expressions for their evaluation are 
given. In Appendix B, we give a derivation along the 
lines of Korringa’s work. 


Il. GENERAL FORMULATION OF THE METHOD 


In this section we shall follow closely the approach of 
Kohn and Rostoker, but shall reduce the discussion of 
points in common with their treatment as much as we 
feel coherency permits. For the elaboration of some of 
these points the reader is referred to their paper. 

To define our “complex” crystal we use the lattice 
translation vectors, r,, given by 


Pn=Me%1+Nertet+nNst3, (my=0,+1,4+2,---), (1) 


where %, %2, and t, are the primitive translational 
vectors of the lattice, and the basis vectors a, @2, «++, &m 
which locate the centers of the m atoms in the unit cell. 
We are seeking solutions of the Schrédinger equation 
[—A+V(r) y(r)= Ey(r), (2) 
with the periodic potential 
V(r+r,)= V(r), 
which satisfy the Block condition, that is, 
(4) 


Yu(r+r,) =e ™),(r). 


Equation (2) with condition (4) on the wave function 
can be formulated as the integral equation 


¥(r)= fewr) V(r) (r’)dr’, 
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where the integral extends over a unit cell with volume 


r. The Green’s function, G(r,r’), satisfies 


(A+ E)G(r,r’) = 8(r—r’) (6) 


and has the property that 


G(r+r,, r’) =e ™G(r,r’). (7) 


The Green’s function can be constructed from the 
plane wave solutions of the homogeneous equation 
corresponding to (6). The explicit expression found in 
this way is 


1 zs exp{i(K,+k)-(r—r’)} 
(K,+k)?—E 


(8) 


J / 
G(r,r ) a 
T Kn 


where the K, are the lattice vectors in reciprocal space, 
i.e., are defined by 


K,,- 2; 


Expressions equivalent to (9) are 


2mn, n=aninteger (i=1,2,3). (9) 


pea exp{ix|r—r’—r,!) 
G(r,r’) > et Tn 


4ar tm : 


lr—r’—r,| 


1 cos{ix|r 
ty eiketn 


4a tm 
with 
E>0 
E«<0, 


K VE for 
= ix/(— E) 


The function G has the usual Hermiticity property, 


(12) 


for 


G(r,r’)=G*(r',r), 


as is evident from (11). 
The variational principle set up by Kohn and 
Rostoker which is equivalent to (5) is 


bA=0, 


with 


A fvrovea 


x| v0 - farrier) dr’. (13) 


r 


This variational principle, particularly with the use of 
the Rayleigh-Ritz technique, is a very powerful tool. 
Unfortunately, however, the integrals involved are, in 
general, very difficult to evaluate. But as mentioned in 
Sec. I, practical results are obtained if the potential 
V(r) is taken to be 

VO(lr a;| <R, 


(14) 


r,—a|) for |r—r, 
V(r) 


Vo= constant elsewhere, 
where R;, is the radius of the “atomic” sphere about the 


ith atom in the unit cell and where the various V(r) 
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can be different within the nonoverlapping “atomic” 
spheres. By choosing the zero of the energy scale so 
that Vo=0, the nonvanishing contributions to A are 
restricted to regions within the “atomic” spheres. 

Because of the spherical symmetry of the potential 
within the “atomic” spheres, the wave function can 
be expanded in terms of (normalized) spherical har- 
monics as 


© i 


vir= YL Cm Ri (| r—a;|)Vim(t— as), 


l—) m— | 

r—a;|<R;, (15) 
where Vim(x) represents a spherical harmonic of the 
spherical polar angles of x and ®,(r) is the solution of 


1d d IUl+1) 
p#—4 t+ V(r) 


r’ dr dr r 


E|n.(r)=0, (16) 


which is finite at the origin, While the infinite sum (15) 
represents an exact solution, it cannot, of course, be 
used as a trial function in a practical application. 
However, it suggests that the finite sum 


linax 


is >. Cm RO (|r 


0 ml 


a;|)Vim(r— ay), 


|r—a;|<R,, (17) 
which is also a solution to the Schrédinger equation, be 
used as the trial function. 

With this wave function it is possible to further 
simplify the expression for A. By utilizing the fact 
that (17) is a solution to (2) to eliminate the potential, 
and Green’s theorem to convert the volume integrals 
to surface integrals, A can be shown to equal 


A=limd4,, 
e 0 


0 0 
A. if asl ren vo 
81 (Ry —2¢) On On 
tf atte +f acl, 
Se(Ra-e (Rm —2¢) 


7] 0 
x| f is|G(o) v(r')—y(r’) (nr) | 
S\(Ri—©) on’ on’ 


+ dsl +--+ f fit i}, (18) 


82(R2—*) 


where 0/dn represents the derivative normal to the 
surface and where the e’s are introduced so as to avoid 
difficulties arising from the singularity in the Green’s 
function. The notation S;(R;— e) signifies the spherical 
surface of radius R,;—« about the ith atom in the unit 
cell. 
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The terms in (18) arising from products of integrais 
over surfaces centered about the same nucleus can be 
handled exactly as was done by Kohn and Rostoker. 
That is, the Green’s function is expanded in spherical 
harmonics for r <r’ <R; as 


G(nr)=2 2 


Lm Ua! 
CA tm; tm? filer) jv (Ko) +5118 mmf i(xr)ni(xr’) |} 


KVim(t) Yum (r’), (19) 


where j,(x) and m,(x) are the spherical Bessel and 
Neumann functions,‘ respectively. Then by carrying out 
the surface integrals with the use of the orthonormality 
of Vim, the contribution of a typical term “diagonal” 
in the centers is found to be 


> - Crm? *C ym OL 71 Or? — fC’) 
im Um’ 
x {A tm tm’ 2 OL jy Ry OY’ — jr’ Ry? } 


+5118 mm’ [ny Ry’ —ny’Ry 7} l-=Ry (20) 


in which 


(21) 


Ry’ =—R,(r), ji =- jilkr), ete. 
dr dr 


The terms involving products of surface integrals 
over different spheres (terms to be called “off diagonal” 
in the centers) are slightly more troublesome because 
the natural coordinate systems for r and r’ have their 
origins at different points. It is clear, however, that 
if the Green’s function were to be expanded about the 
appropriate centers for r and r’, the integrals could be 
readily evaluated. For convenience we define rj to be 
the position vector with respect to the jth nucleus in 
the unit cell, i.e., 


rj=T— aj. (22) 


We also define the Green’s function G4? (1;,r;-’) by 
G91) (rj, 09’) = G(2,0) = G(rj— ry’ — (23) 


Because of the assumption that the spheres do not 
touch, the Green’s function is never singular for r in 
one sphere and r’ in another. For these values of the 
arguments, G%")(r;,r;’) must then satisfy the homo- 
geneous equation related to (6) in both r; and ry’, and 
since it must be finite about both origins, it must be 
expansible in the series 


G9 (r tye) =L > A im; vem? 9) Faun) jv (xr y’) 
im Um’ 
X Vim (1s) V rm *(ty’) (24) 


(r, +179’) <| aj—ay|. 


(ay—a,;)). 


for 


The contribution to A of the term with r centered about 
the jth nucleus and r’ centered about the j’th nucleus 


‘ See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), first edition, p. 77. 
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can then be shown to be 


y y 2s A lm; vm FOC py OPC ry a") 


im I'm’ 
XCG/ Rr? — ji’) |, Lp, 
Lj Re 9’ —jr’ Rv | op, (25) 
The quantity A, which is the sum of all the “diagonal” 
terms (20), and all the “off-diagonal” terms (25) is 


pb 


73° Um Um’ 
X (A mir Cj Ri — jrU")| ee, 
. ‘yr 7s ’ 
XCjv Gv — jp’ py lamp 


+K511bmm’d;j'L jr! Oar? — JK’ | 
X [mv Re’ —ny' Gv ]|, 2p). (26) 


By taking the variation of A with respect to the varia- 
tional coefficients and setting it equal to zero, we obtain 
the equations’for the variational coefficients: 


i {A Im, rm FOL Gy Ry GF — jy’ Rv G7} ep, 


Um’ i’ 
+18 11/5 md j'[n By —ny' Ov Ted 
X Crm 4 =0. (27) 
In order that the solutions of (27) be nontrivial, the 
determinant of the coefficients must be equal to zero. If 
we divide each column by Cir Ry G)’— Rp GD jy"7| r= Ry? 
we obtain for the secular equation 


' ny —nLy | 
det] Aig rne-+ tam mA, i | - 0, 


ji —jly”? ir =Rj 


(28) 


where L;” is the logarithmic derivative of ®,(r) at 
r= R; which is defined by 


d 
Lr=[— oun] / oy ). 
dr 


Since the structure coefficients are functions of k and 
the energy (or x), Eq. (28) determines the functional 
relationship between £ and k. It is to be noted that 
(28) is very similar in form to the corresponding result 
of Kohn and Rostoker although “it applies to more 
general lattices. 

The structure constants Aim:im%?, which are 
“diagonal” in the centers, are identical to the Kohn- 
Rostoker A tm;im for a “simple” crystal with the same 
translational symmetry. On the other hand, the struc- 
ture constants “off diagonal” in the centers, A tm: vm?” 
(j’#j), are different. These quantities will be dis- 
cussed in Appendix A where we shall derive explicit 


(29) 
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expressions for their evaluation and shall obtain cer- 
tain useful relationships satisfied by them and related 
quantities. 

The secular equation (28), while being valid for all 
k vectors including those with special symmetry (those 
k vectors invariant under some of the operations of the 
group of symmetry operations), can be considerably 
simplified at the symmetry points. For this purpose, 
instead of expanding the wave function in terms of 
spherical harmonics, it is most advantageous to ex- 
pand in terms of functions forming a basis for an 
irreducible representation of the group of the wave 
vector.® A wave function belonging to sth irreducible 
representation could then be expanded about the jth 
center as 


linax 


V= DL CoG (1) Li'(44), 


(30) 


where 


(31) 


and will contain, in general, fewer terms than (17), It 
should be noted here that if the wave function ex- 
panded about the jth nucleus belongs to the irreducible 
representation S, the wave function expanded about 
the j’th nucleus will belong to the irreducible repre- 
sentation S’ which is closely related but not necessarily 
identical to the irreducible representation S. The 
secular equation that obtains from the use of expansion 
(30) is 


Lie*(8) = Eonction;»*Y ten (1) 


ny —nyL, 
det | Buy yy Gt? $x yb ywd5y . | | = 0, 
jr= Rj 


ji —jl” 
(32) 


where the new structure constants are given by 


By,v eG? 


a a (j)e* (j.7’) (j’)a’ 
= > mn, mC len; » sh A tm: 'm’ id i'm’; hie 


(33) 


The corresponding equations for the wave functions at 
a symmetry point are 


E (Birr 4 jr Ge 4 — jf rar 
View ft 
$55 yb jje[ my” = ni Ry || r= Rj) 


XCry =O, (34) 


III. DISCUSSION 


The secular equations, (28) and (32), and the related 
equations for the wave functions, (27) and (34), bear 
a close resemblance ‘to those of Kohn andRostoker. 
Much of their discussion of the method is, of course, 
applicable here. Thus, because of the particular varia- 
tional procedure, we expect the method to lead to 
accurate results. As in’other variational procedures, the 
method ensures that the error in E(k) will be of the 


*F. C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 
(1947); D. G. Bell, Revs. Modern Phys. 26, 311 (1954). 
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second order of the error in the trial function; but it 
also has the advantage of being based on the integral 
equation for y. Such variational procedures tend to 
result in greater accuracy than those based on the 
differential equation. Also, the present method has the 
advantage over certain other methods (e.g., the or- 
thogonalized plane-wave method) that difficulties asso- 
ciated with the lack of orthogonality of the trial 
functions to the true core states® do not arise. Finally, 
since the trial function is needed inside the “atomic” 
spheres only and not in the whole unit cell, relatively 
few terms in the spherical harmonic decomposition of 
y should be sufficient to obtain accurate energies and 
wave functions, 

The present equations differ from the corresponding 
ones for a “simple” structure in that they comprise a 
larger system of equations because of the lower sym- 
metry of the “complex’”’ structure. For example, let us 
assume that the secular equation for the “simple” case 
is the determinant of an NXN matrix for a general 
point in the Brillouin zone. Then, assuming that the 
same J... is used in all expansions, the secular equation 
for the “complex” case will be the determinant of an 
mNXmN matrix, where m is the number of atoms in 
the unit cell, In addition, the present equations contain 
the new structure constants A tm:im%??(j’A 7), which 
are “off diagonal” in the centers. The significance of 
these is most easily understood when the problem is 
thought of in terms of the scattering picture as is done 
in Appendix B. From this point of view, the constants 
Aitm:vm% relate the wave “incident” on one of the 
atoms of the sublattice r,,4-a,; to the sum of the waves 
scattered from all other atoms of the same sublattice. 
The constants A wm;rvm%??(j’#7), on the other hand, 
relate the contribution to the “incident” wave from 
the sum of the waves scattered from all atoms of the 
sublattice r,+ ay. The separation of the two sublattices 
is aj— ay which, of course, is not a translation vector, 
r,, of the lattice. We might then expect that for each 
momentum component of the electron wave there will be 
an additional phase factor of exp{i(K,+ k)- (aj—aj-)} 
in the “off-diagonal” terms. In the detailed analysis of 
Appendix A we show, in fact, that except for a term 
arising from the singular part of the Green’s function, 
the phase factors are the only differences between the 
“off-diagonal” and the “diagonal” structure constants. 

Of central importance to the applicability of the 
method is the question of the appropriateness of the 
approximating potential, (14), to particular crystals. 
If a potential satisfying the condition (14) represents a 
reasonable zero-order approximation, the method ap- 
pears to be very satisfactory. In examining the question 
of applicability, we must remember that at the present 
stage of our knowledge we are more or less forced to 
resort to the use of atomic potentials in order to con- 
struct a crystalline potential. Atomic potentials are, 


* J. Callaway, Phys. Rev. 97, 933 (1955). 
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of course, spherically symmetric, but in a crystalline 
array of these potentials there will be some overlap of 
atomic potentials about neighboring sites which de- 
stroys strict spherical symmetry at the outer regions of 
the “atomic” spheres. However, owing to the sym- 
metrical arrangement of the neighbors about any 
lattice point, these deviations will to a fair degree be 
canceled. For example, if we expand the nonspherically 
symmetric part of the potential in spherical harmonics, 
we find that the first nonvanishing term is the /=4 
term for the rock salt and diamond structures and the 
l=3 term for the zinc blende structure. It would thus 
seem that the deviations from spherical symmetry 
inside the “atomic” spheres will be small. In the regions 
exterior to the “atomic” spheres, where the approxi- 
mating potential is taken to be constant, there may be 
points where the relative deviation of the actual po- 
tential from the constant potential (i.e., the difference 
divided by the actual potential) is not small. However, 
at these points the potential and its deviation from the 
approximating potential (which equals the potential 
as the zero of the energy scale is chosen so that Vo=0) 
are small, One can then see on the basis of perturbation 
theory that, in general, only relatively small errors in 
the energy and in the wave function should arise from 
the use of (14). It thus appears likely that the approxi- 
mating potential could be used satisfactorily in many 
cases. The deviations from a judiciously chosen ap- 
proximating potential can then be taken into account 
by perturbation theory. For a more quantitative and 
definitive investigation of the effect of deviations from 
the assumed potential, it will be necessary to await the 
completion‘ of the detailed band structure calculations 
now in progress. 

The feasibility of using this method is determined 
largely by the feasibility of the computation of the 
structure constants. From the expressions for the “off- 
diagonal” structure constants (Appendix A), it can be 
seen that they are only slightly more difficult to com- 
pute than the structure constants for “simple” lattices. 
Thus, from the experience with the computation of the 
structure constants for the “simple” body-centered 
cubic structures,’ it appears that the computations 
for the “complex” cases should present no serious 
difficulties. 

A program for the study of a few types of structures 
with two atoms per unit cell by the present method has 
been initiated. The first crystals we hope to investigate 
are those having the zinc blende structure (e.g., Ge, 
ZnS, InSb). We then intend to study a few crystals 
which form with the rock salt structure (e.g., NaCl). 

The author wishes to thank Professor Walter Kohn 
for discussions. 

APPENDIX A 

As indicated in Sec. II, the “diagonal” structure con- 

stants are identical with those for a “simple” lattice 


TF, S. Ham and J. Snyder (private communication). 
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with the same translational symmetry; thus, it is only 
necessary for us to discuss the “‘off-diagonal” structure 
constants, Aim:im%?. One important property of 
these coefficients results from the Hermiticity, (12), of 
the Green’s function. From the definition of G4, (23), 
we find that 
G94 (ry,8y’) = GU)" (ry’ 84), (A-1) 
and from a subsequent expansion of both sides of 
(A-1) by (24) we can verify that 
Au ve"! =Aye;int ?*, (A-2) 
An explicit expression for the Green’s function G4?” 
is easily obtained from (8) and (22), and is 


Got (4;,8y') - pO 


T Kn 
exp[i(K,+k)- (aj— ay) ] exp[i(K,+k)- (r;— ry’) ] 
x ". 
(K,+k)’—E 
(A-3) 


To arrive at an expansion of the form (24), the two plane 
wave functions of each term of the sum are expanded 
according to the well-known formula 


eR = Ae Doi mt Ji(kr) Vim (t) Vim*(k). — (A-4) 


Upon comparison with (24), the equation defining the 
structure constants, we find that 

A tm; Um? 2? 
—(4r)i-" __ expli( K,+k)- (a; 
(K,+k)?—F 


« ji(| Ka tk) 7) jr (| Kn +k) 1;-’) 


rju(wr;) jr(xry’) Kn 


XV om* (Kath) V vm (Ki +k). 


In analogy with the corresponding work of Kohn 
and Rostoker, we can obtain a more useful means of 
evaluating the A’s by noting that the Green’s function 
has as its argument the single vector Rj; =r;—ry’. A 
new set of coefficients, Diy“, is then defined by the 
expansion of G%/9(R,,-) in the single series of spherical 
harmonics 


G99) (Ry) =n, Dim? jL(Riy) Vim (Ry). (A-6) 


The relationship between the D%#’s and A%#’s is 
the same as one relating the corresponding “diagonal” 
quantities which can be shown by the arguments used 
for the “simple’’ lattices.* The relationship is 


G4) 


= 4ari! ’ di “Cmte ™ Dim-w 9"), 


A im; U'm’ 


(A-7) 
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where 


Comter”* fv (0) Vin* (tr) Vim (r)dQ,. (A-8) 


Except when Jmax is very small, the number of D’s 
required in a calculation is considerably smaller than 
the number of A’s. The C’s are, of course, quite general 
coefficients and have been tabulated.* 

The structure constants Dry"? can be determined 
readily by employing (A-4) in (A-3) and comparing 
with (A-6); and we find that 


4nr tl - exp{i(K,+k)-(aj—ay)) 
r jin(kRjj:) Ke (K,+k)?—E£ 
x jxr(| K,, +k} Rj) Viw*(K, +k). 


Dim? 


(A-9) 


Another representation for the structure constants 
can be obtained by starting with the Green’s function 
expressed as the sum over the real lattice. We write 


G41) (Ryy) 


1 exp{ix| Ry — (1, — ajy+ay)|)} 
> exp(ik-r,) — 
Rj — (tp 


4ar tm | aj+ay;’)| 
1 
expLik:(aj—ay) ] X 


4r 8ij';n 


exp (ik - 84; ») 


exp{ix| Rj, 8j';n\} 
, (A-10) 
| Ryy 


| 
8jj’;n| 


where the lattice sum extends over the whole of the 
lattice defined by 


r,— (aj— ay) (j and 7’ fixed), (A-11) 


To put (A-10) in the form (A-6), use is made of the 
Neumann expansion® 


1 exp(ix| R—s|) 
«>. Ju(xR)[ ni(ks) iji(xs) | 


4dr R—s ’ 
X Vim (R)V in® (8) for R<s (A-12) 


In this manner we obtain 


Dry” ay) | > exp(ik: sj; .) 


8jj';n 


« explik: (a; 


XK [ 1 (KS jj": n) 1) (KS yy) n) Vim" (84j:n)- (A 13) 


It is of interest to compare (A-9) and (A-13) with 
the corresponding expressions for the “simple’”’ lattices 


® Closely related coefficients are discussed in E. V. Condon and 
G. H. Shortley, The Theory of Atomic Spectra (Cambridge Uni 
versity Press, Cambridge, 1951), p. 175 ff. Also, an extensive 
tabulation of the coefficients (A-8) has been carried out by F. § 
Ham (unpublished) 

*P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Part II, 
p. 1574 





114 B. 


as given by Kohn and Rostoker.* In both the lattice 
sum and the reciprocal lattice sum representations, the 
“diagonal” structure constants contain a term which 
arises from the singular part of the Green’s function. 
Because of the assumption of nonoverlapping spheres, 
this term does not appear in our expressions. The only 
other difference between the two in the reciprocal- 
space representation is the appearance of the phase 
factors exp[i(K,+k)-(aj— ay) ], the origin of which 
has been discussed in Sec, III. In the lattice sum 
representation, the summands have exactly the same 
form for both cases, but in the case of the “‘off-diagonal”’ 
structure constants the sum extends over a sublattice 
displaced from the lattice r, by the vector (aj— ay). 
This also can be readily understood in terms of the 
discussion in Sec. III. 

The property (A-2) of the Aim;vm%?? suggests that 
there must be a corresponding relation for the Diy ?”. 
Using 

Y tm® (x)= (—1)"V rmx), 
one can readily verify from an explicit representation 
of the D’s such as (A-9), that they have the property 
that 
Dyy t= (— 1)4*"D, MD, (A-14) 


APPENDIX B 


In this section we will consider the band structure 
problem from Korringa’s point of view,’ that is, in 
terms of the scattering of the electron wave by the 
crystalline array of atomic spheres. We note that the 
wave function can be expressed as 


v_,(r)=> exp(—ik-r,)>> o%? (r—1,— ay) 
Tn i’ 


=> exp(ik- ay) >> exp(—ik-r,y)¢%? (r—r,y), (B-1) 
rr 


Tnj’ 


where fay=fntay and the functions g% are, in 
general, different. 

In the regions of constant potential the solution of 
the Schrédinger equation can be expressed in terms of 
ju(x) and kh,“ (x), the spherical Bessel function and the 
spherical Hankel function of the first kind, respectively. 
Thus, in the region outside the “atomic sphere” cen- 
tered at r= a, the wave function can be taken to be 


Vau(r) =e Do (dim fr(x| r— aj!) 
i,m 


+ dim hy (x|r—ay|)}Vim*(r—ay). (B-2) 
The second term of (B-2) behaves asymptotically as 
Aim? |r—aj|~! exp(ix|r—a,|) 
and is singular at a,, and thus is identified as the wave 
scattered by the atom at a;. The first term, which is 
regular at aj, is, of course, the incident wave. 
We are now in a position to interpret our problem in 


SEGALL 


terms of a scattering picture. Our principle of approach 
is to consider the wave incident upon a particular atom 
to be built up of the waves scattered from all the other 
atoms of the lattice. This establishes a relationship 
between the scattering amplitudes, @im_‘”, and the coeffi- 
cients of the incident wave, bim‘”. The waves incident 
on and scattered from a particular atom are related 
by the phase shift of ordinary scattering theory. These 
conditions are sufficient to determine all the amplitudes 
and the dispersion relationship, which yields the energy 
as a function of k. 

The problem can be defined mathematically by re- 
writing (B-1) as 


¥_«(r) = y (r—ay) 


+ YO! cit airfe-tetny 9G (r—r,)}, 


T nj’, i’ 


(B-1a) 


where the prime over the summation indicates that 
the term specified by r,=0 and j’=7 is to be omitted. 
In the regions exterior to the spheres g‘”(r—r,,-) is 
taken to be the purely outgoing scattered wave emanat- 
ing from the atom at r,j. The problem is then to show 
that the second term of (B-1a) corresponds to the first 
term of (B-2), and to derive the equations satisfied by 
the scattering amplitudes. 

To proceed with the details, we first consider the 
sum of the waves scattered on the atom centered at 
r=a,; by the remaining atoms of the sublattice rpj;. 
This is 
exp(ix-a,) >> exp(—ik-taj)>> aim” 

tng #0 lim 
hy («| r—1nj|) Vim* (r—tnj)- (B-3) 
Now, it can be shown that” 


hy (x1) V im (8) = 4! Yam rho (xr), (B-4) 


where 


21+-1 —) 
4n (l+m)! 


7] 7) 0 
0n( (i a ; Jou ; -), 
O(ikx) d(iky) 0(tkz) 


VYim( Vr) - | 


Orman 4-im| (2,9) = (te iy)'™"!, (B-S) 


@,'™! (z) = (d'™!/dz'™) P,(z), 


and P;,(z) is the conventional Legendre polynomial. 
(B-3) can then be written 


exp(ik-aj) > exp(—ik-rnj) SO (—1)" 1 Guay 
U sm’ 


Tn je 
X Yumi (Vrajho (k|t—tnj|) (B-6) 


where the derivatives act on the coordinates fj. 


”N. Kasterin, Proc. Acad. Sci. Amsterdam 6, 460 (1897/98) ; 
J. Korringa, reference 2. 





BAND STRUCTURE OF 


We now wish to relate (B-6), which corresponds to 
the sum of the waves scattered from the atoms of the 
sublattice r,j;(a,;), to the wave incident on the atom 
centered at a;. Mathematically, this means that we 
want to expand (B-6) in terms of Bessel functions 
[ j:(x) ] of the argument |r—a,|. For this purpose we 
make use of the expansion 


ho (x | r—r’|) 


= 4 YS Chi (xr’) V (0) )ji(r) ¥ im® (1), 


lm 


(B-7) 


when r’>r.® Then 
ho (x| t—tnj|) =o (x| (r— aj) — Tn] ) 
= 4a > [i Yin(Vrn)ho™ (xrn) | 
lm 


x julk| r— a; | )Vim*(r—a;), (B-8) 
and by a simple transformation of the derivative 
operators in (B-6), we obtain for (B-6) the following: 


eik-aj > > V ton; tm? Pym DP 


l,m I'm’ 
Xji(x|r—a;|)Vim*(r—a,;), (B-9) 
where 


T° som; tm? 218) = dae (— 1) °G! " pM aon 
rn0 


XK Yum V rn) Yr m' (Vrnho™ (xrn). (B-10) 
The above corresponds to the coefficients derived by 
Korringa. It can be rewritten in the form used. by 
Korringa: 


P pon; tn FP? = 4 (—1)"i" l~1 
X LY im (9) Yr m'(Vr)5(4) || — (B-11) 
with 
exp{ix|r—r,|} 
S(r)= XO exp(ik-r,)————— 
, 0 


(B-12) 
F ngs |r—fp, 

(The slight differences between Korringa’s expressions 

and the above expression result from different choices 

of the phases of the various functions employed.) 

The contribution to the wave incident on a; from 
centers of another sublattice, for example, the one 
defined by ray, can be calculated in a manner similar 
to the one used above. Here it is, of course, necessary 
to take into account the scatterings from all ‘‘atomic” 
spheres of the sublattice. Also, we note that the point 
a; is separated from the sublattice r,y by the vectors 
$;;’,n, defined by (A-11), so that in this case we require 
the expansion of 


ho («| r— Pnj’ | )=ho™ (x| (r— a;)— 8;;':n|) 


in terms of j:(x|r—a,|). We then find that the con- 
tribution of the waves scattered from the atoms of the 


‘*COMPLEX'’ 


CRYSTALS 


sublattice r,j on to the atom located at r= a, is 


oO Perm Fh Oy I 
im U' om’ 
X ji(x| r—aj|)Vim*(r—a,), (B-13) 
where 


T ten; tm’ ‘ 1) == 4a (—1)”'G! Veil: (aj’ aj) 


XY exp(ik: 85); 2) Yon(V ai: n) 


Sij'in 


XY m! (F853; n ho (Kaj;";n)- (B 14) 


The incident wave is the sum of (B-9) and all the 
terms (B-13) with 7’ 7, and we find from (B-2) that 


Bin 2 = SS Vgens gm FF gry 8), (B-15) 
I m’ i’ 


The wave incident on and the wave scattered from a 
particular “atomic” sphere are also related by the con- 
dition that the wave function and its derivative be 
continuous at the surface of the sphere. In terms of the 
phase shift, 9%, this requires that 


(B-16) 


bim? = —idim™ cseni exp — in J. 


The system of equations determining the scattering 
amplitudes a; is then 


yb DP mm FI | 18 11'S mm’ 59’ 
Um’ 7! 


Xcsen expl—in™ |Jdrm 7 =0. (B-17) 


The secular equation associated with this linear homo- 
geneous system of equations determines the dispersion 
relation for the electron waves; and it is 


det {T tm; vm Ft? 


+15 wbmmdj¢ cscnr? expl—in® ]}=0. (B-18) 


Equations (B-17) and (B-18) are the desired generaliza- 
tions of Korringa’s equations. 
Kohn and Rostoker noted that by using 


ny’ — nL)! 
1+1 | 


, . (B-19) 
ji- Jul | rm Fe 


i cscnie™ *"! 


Korringa’s results could be recast into the same form 
as their equations. This also holds true for the ‘‘com- 
plex”’ lattices. We can rewrite (B-18) as 


ny —nyLy 


det | F tm: tim 49? | 
+ 


. | |=0, 
ji fly jr Ij 


(B-20) 

where 
F tons rent 99) = — 5K Tim; rm? 1 +8 1b mm’B yy). (B-21) 
Furthermore, it is possible to prove that 
A ton; vm F9F = F pg. tray FI) 


(B-22) 


so that (B-20) and (28) are, in fact, exactly equivalent, 
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Elastic Moduli of Diamond 


H. J. McSxmun ann W. L. Bonn 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received September 19, 1956) 


The adiabatic elastic moduli of single crystal diamond have been determined by means of ultrasonic waves 
in the frequency range 20-200 Mc/sec. ci is much lower and cq, much higher than respective values reported 
in the literature. In units of 10 dynes per cm?*, the newly determined values are: ¢;;= 10.76; ci2= 1.250; 
Cu = 5.758. A critical analysis of uncertainties and a comparison with results obtained by others are made. 


I, INTRODUCTION 


LTHOUGH diamond has been a much studied 
material, few references are to be found in the 


literature pertaining to the measurement of the elastic 


moduli. Bhagavantam and Bhimasenachar' list values 


obtained by an ultrasonic “wedge” method, while 
Prince and Wooster® have used a technique involving 
measurement of the intensity of diffuse x-rays thermally 
scattered from diamond. It is to be noted that there is 
considerable disagreement between the two sets of 
data. In view of the importance of having available 
accurate values for use in theoretical studies, it was 
felt desirable to redetermine the elastic constants using 
a refinement of a technique previously used and de- 
scribed.* In the following sections, the results of this 
study will be detailed along with a critical analysis of 


the possible uncertainties. 


Fic. 1 


Diamond No. 1 on millimeter paper background with 
common straight pin for comparison 


'S. Bhagavantam and J. Bhimasenachar, Proc. Roy. Sox 
(London) A187, 381 (1946) 
*E. Prince and W. A. Wooster, Acta Cryst. 6, 450 (1953) 


4H. J. McSkimin, J. Appl. Phys. 24, 988 (1953) 


II. DESCRIPTION OF SPECIMENS USED 


The diamonds used were obtained from J. K. Smith 
and Sons. They were of a pale yellow cast but quite 
transparent. One weighed 1.12 carats, the other 1.28 
carats before cutting. They were unusual only in that 
they were natural dodecahedra (with rounded faces), 
not the more usual octahedra. Figure 1 shows the No. 1 
specimen after two sets of faces were cut. Thickness in 
the [110] direction was measured as 0.32410 cm, and 
in the [001 ] direction 0.27991 cm. The thickness in the 
[110] direction for specimen No. 2 was 0.25017 cm. 
For a discussion of uncertainties in thickness measure- 
ments, see Sec. 4.31. 

Both diamonds were type I as shown by the presence 
of strong optical absorption around 8 microns wave- 
length. Most diamonds show a stress pattern between 
crossed Nicol prisms; these were no exception. Figure 
2 shows the polarized light photographs through the 
polished (110) facets. X-ray reflection photographs 
showed the crystals to be single crystals. 

A density of 3.512 g/cc was computed from known 
unit-cell dimensions as determined by x-rays. 


Fic. 2. Diamonds No. 1 (top) and No. 2 viewed through the 
(110) facets with crossed Nicol prisms. 
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Fic. 3. Block diagram of circuit used for measuring 
velocities of propagation. 


III. EXPERIMENTAL METHOD 


3.1 Measurement of Velocities of Propagation 
for Ultrasonic Waves 


For any crystalline material, plane waves may be 
propagated in an arbitrary direction with three possible 
velocities.‘ Measurement of a sufficient number of 
velocities for different directions—along with the 
density—makes possible a determination of the 
adiabatic elastic moduli. Diamond, being cubic, 
requires three independent measurements. These were 
conveniently made by determining the velocities along 
the [110] direction. In addition (No. 1 crystal only), 
measurements for the [001] direction yielded c,, and 
cas directly, and provided helpful cross checks. 

Since the method used for determining velocities 
has been described previously, only a brief account 
will be given here. Figure 3 shows a block diagram of the 
circuit used. A repeated train of waves (long compared 
to the specimen delay, but less than the buffer round 
trip delay) is mainly reflected from the buffer-specimen 
interface, but partially transmitted within the specimen 
to give multiple reflections. At critical frequencies /,, 
these waves are precisely in phase and give rise to a 
characteristic pattern on the oscilloscope. The velocity 
of propagation V is then given by 


2thn 
V=———_, (3.1) 
n+7/3060 
in which ¢ is the specimen thickness, m is an integer 
representing very closely the number of wavelengths 
in 2t, and y is the phase angle in degrees associated 
with reflection of waves from the specimen-seal inter- 
face. Providing n is not too high (say <100), it is 
possible to determine n without ambiguity by measuring 
the frequency separation Af between successive values 
of f,. Then 
n= f,/Af. 


Because the specimens were so small, direct determi- 
nation of y was found to be impractical. Measurements 
were made at high enough frequencies, however, to 
make the phase shift at the specimen-seal interface 
very small compared with the total phase shift in the 
4 For references see W. G. Cady, Piezoelectricity (McGraw-Hill 
Book Company, Inc., New York, 1946), p. 104. 


(3.2) 
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Fic. 4. Buffer unit for use at high frequencies. 


specimen path. This matter will be treated more fully 
in a following section on possible errors. 

Measurement over a frequency range—and extending 
to rather high frequencies—also made it possible to 
minimize dispersion errors due to diffraction effects® 
and to energy reflected from the lateral boundaries. 
As will be evident from the data presented herein, use 
of frequencies in excess of 100 Mc/sec is indicated for 
satisfactory accuracies. 


3.2 High Frequency Buffer Units 


Figure 4 shows the type construction used for both 
shear and longitudinal waves. For the former, a 13-Mc 
Y-cut quartz plate was affixed to a fused silica rod 
} in. in diameter and approximately 2 in. long. A 
standard silver-paste-solder seal was used, resulting 
in adequate bandwidths for harmonic operation up to 
at least 150 Mc/sec. A 30° bevel was cut on the “ 
men” end to provide a } in. X 4 in. working area having 
a 3034 emery finish. 

For longitudinal waves the buffer rod was of crystal- 
line quartz with length along the x axis. The 20 Mc/sec 
X-cut quartz transducer was oriented so that the Y 
and Z axes coincided for both transducer and buffer. 
(This construction allows cooling the unit to — 200°C 
and below, if desired, without fracture of the 
components.) 


speci 


3.3 Seal Materials for Attaching Specimens 


For both longitudinal and shear waves, the specimens 
were attached to the active area of the buffer rods by 
means of a thin film of viscous liquid. For longitudinal 
waves, a light oil—Dow Corning DC703 pump oil—was 
also used. 


3.4 rf Gate 


Since it was essential that the rf gate used to produce 
the repeated train of waves close off completely between 
pulses, a harmonic generator circuit was used, Output 
from a stable continuous wave oscillator (variable in the 
range 8-12 Mc/sec) was multiplied in frequency by a 
series of harmonic generator stages turned on and off 
by a repeated de pulse. The high-frequency output 
during the “off” period was quite free from leakage 
since the vacuum tube circuit elements were rendered 

* For the analogous case of diffraction effects for radiation into 
a liquid, refer to J. G, Parker, Naval Research Laboratory Report 
4559 (unpublished) 

* Dow Corning resin, liquid 276-V9, blend 288 (poly-a-methyl- 
styrene) 
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Fic. 5. Velocity in the [110] direction for longitudinal waves in 

diamond crystals No. 1 and No. 2. 


completely passive by a high negative bias. Outputs up 
to 200 Mc/sec were readily obtained in this manner. 


IV. RESULTS 
4.1 Velocities of Propagation 


Figures 5-8 show basic data for both crystals neglect- 
ing the effect of phase shift at the specimen-seal inter- 
face. For crystal No. 1, velocities for both the [110] 
and [001 ] directions are shown. 

To provide an estimate of the phase angle y [see 
Eq. (3.1) |, calculations were made of the variation of y 
with seal phase shift B¢. Results are shown by Fig. 9. 

From previous experiments with the type of seal 
used, it was estimated that the seal thickness corre- 
sponded approximately to Bf=50° at 150 Mc/sec for 
shear waves. 

Thus at this frequency y=2°; and for n=60 the 
velocity was corrected downward by 0.01%. Similar 


Li 
; ; 








hesumecnath EE Eee — 
60 40 100 120 140 160 1860 200 220 240 
FREQUENCY IN MEGACYCLES PER SECOND 


. 6, Velocity in the [001 
in diamon 


direction for longitudinal waves 
crystal No. 1. 


x106 


aa 








COND _ 
& nm 
= g 


K 
@ 
a 


CRYSTAL 


a. 
x. 


CRYSTAL NO.2 


CENTIMETERS PER SE 


N 


| 


LIMIT 


7 } 
12 % 20 0 100 12C 140 160 
FREQUENCY IN MEGACYCLES PER SECOND 




















Fic. 7. Velocity of shear waves in diamond crystals No. 1 and 
No. 2, Open squares and circles—propagation in [110], particle 
motion in 001 4: solid squares—propagation in [001 ]. 


correction at other frequencies and also for longitudinal 
waves was then possible. 

The remaining excess was found to vary inversely as 
the square of the frequency, approximately. For a best 
fit to the data it was found that the limiting or “free 
space” velocity was only 0.01% less than the phase 
velocity at 150 Mc/sec (for shear waves). 

Limiting velocity values obtained as described above 
are shown in Table I. 
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Fic. 8. Velocity of shear waves in diamond crystals No. 1 and 
No, 2 for propagation in [110] direction with particle motion in 
[110] direction. 
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TABLE I. Velocities of propagation for diamond. 





Direction of 
particle motion 


Direction of 
prepagation 


Crystal No. 1 ; 170 


Crystal No. 2 110 


4.2 Elastic Moduli 


From the values of velocity of propagation listed in 
Table I the adiabatic elastic moduli were computed; 
they are listed in Table II. For Crystal No. 1 the cross- 
checks on ¢,; and ¢c44 are even better than anticipated. 

For all calculations, a density of 3.512 g/cc was used. 
(See Sec. IT.) 


4.3 Discussion of Uncertainties 
4.31 Length Measurement and Taper 


The uncertainty in length (averaged over the speci- 
men face) is estimated to be +0.02%. This corresponds 
to estimating to the nearest 0.2 division (1 division=0.1 
mil) on the Sheffield gauge used. The taper for the (110) 
faces and the (001) faces of Crystal No. 1 was less than 
1.5 minutes. The effective path length for a distance of 
travel represented by 20 pulses (this corresponds 
approximately to actual measurement conditions) was 
computed to be within 0.01% of the path length based 
on the average thickness figure used. The value of 
0.04% Table III is therefore amply 
conservative, 

For the No 2 diamond, however, the taper of approxi- 
mately 5 minutes could be responsible for perhaps as 
much as 0.07% error. Correction for this would bring 
the velocity data into better agreement with that for 


listed in 


specimen No. 1. 
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Fic. 9. Phase angle + versus seal phase shift B¢—based on shear 
wave characteristie impedances as follows: 8.28 10° for fused 
silica buffer, 0.9 10° for seal, 40.6 10° for diamond. 


mode 


Shear 
001 Shear 
110 Long. 
001 Long. 
Shear 
Shear 
001 Shear 
“110 Long 


OF DIAMOND 


Velocity at 
27°C in 


Equation for velocity cm/sec 


[ (0.5¢11—0.5¢12)/p }* 
(cas/p)* 
C(O 5¢i.+-0.Sei2+ Cu)/p }* 
(¢11/p)* 
(c4a/p)* 
(see above) 


1.1634 10° 
1.2804 x 10° 
1.8299 108 
1.7503 x 10® 
1.2804 x 10° 
1.1608 & 10° 
1.2780 10° 
1.8271 10° 


(see above) 
(see above) 


4.32 Frequency 


The frequency corresponding to a given oscilloscope 
pattern was reproducible to within +0.015%, 
Maximum error in absolute frequency measurement 
was +500 cps in 10’ or +0,005%, making the total 
uncertainty 0.02%. 


4.33 Dispersion 


An uncertainty of +0.01% has been allowed for 
dispersion effects. This is equal to the correction applied 
at the highest frequency used. 


4.34 Coupling Seal 


Although it seems unlikely that for a properly 
formed seal the uncertainty (after correction for phase 
shift) would be greater than 0.01%, it was found that 
velocities varied as much as +0.04% as a function of 
seal reproducibility. This was probably due to a non- 
uniform thickness of the seal, with consequent refraction 
of the beam. 

4.35 Temperature 
Measurements were made at 27°C+2. Velocity 


variations within this range were less than 0.01%. 


4.36 Orientalion 


Errors in crystal orientation ranged from 8 minutes 
to 1°15’ for the three sets of measurements made. 
Errors due to this source were calculated to be less 
than 0.02%. 


TABLE II. Adiabatic elastic moduli for diamond at 27°C.* 


Remarks 


Data for ton 


Modulus No. 1 No. 2 
10.756+-0.63% 
10.759+0.30% 
1.2494+54% 
1.25244.9% 
1.2454 11.0% 
5.7584 0.30% 
5.758+ 0.30% 


10.720 
, Data for [001 

Data for [110 

(Data for (001) and 
[110] combined) 

Data for ti 10 

Data for oor 


1.256 


a 16 


* Values are based on a density of 3.512 g/cc. Values are in units of 10! 


dynes/cm!, 
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TABLE III. Estimated maximum uncertainties for velocities. 


0.04% 
0.02% 
0.01% 
0.05%, 
0.02% 
0.01% 


Total 0.15% 


Length 

Frequency 

Dispersion 

Seal coupling 
Orientation 
Temperature variations 


4.37 Total Uncertainty for Velocity 


As shown by Table III, a maximum uncertainty of 
0.15% could exist for any one velocity. Probable 
uncertainties would be less than this amount, as perhaps 
is evidenced by the excellent cross check for Crystal 
No. 1. 


4.38 Maximum Uncertainties for Elastic Moduli 


The limits listed in Table II are based on the con- 
servative assumption that all errors in velocities add 
in the same direction so as to maximize the uncertainties 
for the elastic moduli. 

Because the absolute value of cy. is quite low, 
relatively large fractional uncertainties are possible. 
On the other hand, a comparison of values for ¢12 
obtained from different combinations of data indicates 
no such large disagreement. 


V. COMPARISON OF PRESENT WORK WITH 
THAT OF OTHERS 


5.1 Elastic Moduli 


Table IV shows a comparison of elastic moduli with 
those obtained by Bhagavantam and Bhimasenachar' 
and by Prince and Wooster.’ Large disagreement is to 
be noted for c44 and ¢y», particularly the latter. 

Bhagavantam does not discuss errors involved in the 
“wedge”’ method as used for measurements on diamond, 
except to note that frequency reproducibility is of the 
order of 1 or 2%."'* It is claimed, however, that “the 
method is, on the whole, capable of giving elastic 
constants accurate to about 5%.’’ However, the choice 
of propagation directions used determines to a large 
extent the magnitude of uncertainties. For example, 
Bhagavantam obtains data with two orientations, 
namely [111] and [110]. As a result, if errors in ve- 
locity are assumed to maximize errors in elastic 
moduli, uncertainties as high as 20% could exist 
(corresponding to 1% errors in velocity). 

In addition, since only two velocity relations accrue 
from propagation in the [111] direction, a great deal of 
weight must be attached to the one longitudinal wave 
measurement reported for [110]. 

Another point to be considered in connection with 
the ultimate accuracy of the “wedge” method is the 

7S. Bhagavantam and J. Bhimasenachar, Proc. Indian Acad 


Sci. 20, 298 (1944) 
*S, Bhagavantam, Proc. Indian Acad. Sci. 41, 72 (1955) 
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TABLE IV. Comparison of results.* 


Bhagavantam 
Present and 
work Bhimasenachar 


Modulus 


cu 10.76 
Cit 1.25 
5.76 
4.42 


Wooster 


Cu 
k=4h(ci, +-2¢12) 


* Values are in units of 10? dynes/cm?. 


effect of coupling between wedge and specimen, and of 
course dispersion effects in general. 


5.2 Volume Compressibility 


Adams* and Williamson” have reported isothermal 
compressibilities corresponding to a bulk modulus of 
6.3 and 5.6 (units of 10% dynes/cm?*), respectively. 
These values may be compared with those listed in 
Table IV. 


- 5.3 Thermal Scattering of Light in Diamond 


Chandrasekharan" has reported measurements of the 
Doppler shifts for the scattered spectrum, using 
A2sse.6 Mercury radiation. His results indicate that the 
two shear wave velocities (say, along [110]) must be 
much closer to each other than indicated by 
Bhagavantam’s elastic moduli, since only one pair of 
distinct lines corresponding to shear waves was ob- 
served. Also, the measured shift (shear component) was 
“definitely larger” than calculated. The present work 
may be consistent with these findings, since the shear 
velocities along [110] are both larger in magnitude and 
more nearly equal to each other than obtained from 
Bhagavantam’s values. 


5.4 Theoretical Calculations 


Krishnamurti” has evaluated the elastic moduli of 
diamond on a theoretical basis using atomic force 
constants. His results agree well with Bhagavantam’s 
data. On the other hand, Born" discusses an extended 
theory that is not substantiated by Bhagavantam’s 
data. The values of this report do not appear to fit 
Born’s relation of elastic moduli, either. 


VI. CONCLUSIONS 


1. Measurements involving three sets of wave 


velocities in two high quality single crystals of diamond 
have resulted in values of elastic moduli differing 
appreciably from those previously reported. Specifi- 
*L. H. Adams, J. Wash. Acad. Sci. 11, 45 (1921) 
” FE. D. Williamson, J. Franklin Inst. 193, 491 (1922) 
"VY, Chandrasekharan, Proc. Indian Acad. Sci. A32, 379 (1950). 
%K. Krishnamurti, Proc. Indian Acad. Sci. A33, 325 (1951). 
43M. Born, Nature 157, 582 (1946). 
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cally, ¢i2 is much lower and cq is much higher than 
literature values. General agreement for ¢,; exists. 

2. The data obtained were remarkably self-consistent, 
particularly for the two directions of propagation in 
Crystal No. 1 ({110], [001 }). 

3. Measurements made on small crystals (thickness 
and lateral dimensions ~2.5-3.0 mm) should extend 
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into the 100-200 Mc/sec range to minimize errors due 


to seal coupling and dispersion. 
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Acoustic Relaxation Effect in Mn,;0,+ 


M. E. Fine Anp CHARLES CHrou 
Department of Metallurgy, Northwestern Technological Institute, Evanston, Illinois 


(Received July 23, 1956) 


Internal friction effects occur in MnjO,y which have been attributed to stress-induced change in the 
distribution of Mn** and Mn****. The activation energy is 0.4 ev per unit of process responsible for the 


internal friction 


F the internal friction of hausmannite, nominal com- 

position Mn,0,, is plotted as a function of tem- 
perature, peaks at particular temperatures are observed. 
By analogy with magnetite and Ni-Fe ferrites which 
are isomorphous with MnjO0,4 and in which similar 
effects occur,' the internal friction peaks in MnjO, 
have been attributed to a stress-induced change in the 
distribution of Mn**+ and Mnttt*, 


EXPERIMENTAL PROCEDURE AND DATA 


Sample polycrystalline rods of MngO, were prepared 
by slowly heating powdered MnCO; in air to 1100°C 
and holding for one day. The product was powdered, 
pressed into rods using a wax binder, and then sintered 
at 1100 to 1200°C in helium or air. Each sample was 
examined by x-rays; no other phases besides MngO, 
were detected. After sintering the apparent densities 
varied from 77 to 91% of the true value for Mn,Q, 
(4.89 g/cm’, calculated from the lattice constants’). 
Internal friction and Young’s modulus were determined 
as functions of temperature by the resonant longitudinal 
vibration method using piezoelectric excitation and 
detection of vibrations.** Red sealing wax or zin 
phosphate dental cement were used to cement the 
crystal to the Mn;O0, rod. The frequencies varied from 
50 to 180 kc/sec, the strain amplitudes were in the 
10~-7-10~* range. 

The first specimen studied was sintered in air at 


S. Air Force 
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through the Air Force Office of Scientific Research of the Air 
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96, 1487 (1954) 

2F. C. Romeijn, Philips Research Repts. 8, 319 (1953) 

3. Balamuth, Phys. Rev. 45, 715 (1934) 

4M. E. Fine, Rev. Sci. Instr. 25, 1188 (1954 


Kenny, Phys. Rev. 94, 1573 (1954); 


1200°C.. With vibrations of 60 kce/sec, the fundamental 
resonant frequency, an internal friction peak occurs 
near 75°C (Fig. 1). With 180-ke/sec vibrations the peak 
occurs near 105°C (Fig. 1). The shift in temperature of 
the peak corresponds to an activation energy of 9500 
cal per mole or 0.4 ev per unit of process responsible 
for the internal friction. 

The second specimen was sintered in He at 1100°C. 
An internal friction peak occurs near —10°C (Fig. 2, 
Curve A). The specimen was subsequently sintered at 
1200°C in air; a second internal friction peak near 
75°C is observed (Fig. 2, Curve B). 

In Fig. 3, Young’s modulus is plotted as a function of 
temperature for the first specimen. As expected, Young’s 
modulus decreases rapidly on heating in the region of 
the internal friction peak since the effective modulus 
varies from the unrelaxed to the relaxed value. 
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Fic. 1. Internal friction of Mn,O,, sample 1. Sintering Treat- 
ment: Four days at 1100°C in air, then two days at 1200°C in air. 
Apparent density, 91%; a x@ dental cement joint; @ red sealing 
wax joint 





AND C. CHIEU 


140 110°5 


120 


Ton, 4 
~~ 

© 

© 


iva) 
s 3 


INTERNAL FRIC 
> 
o 


40 60 120 60 200 240 


TEMP IN DEG C 


Fic, 2. Internal friction of Mn,O,, sample 2. Curve A: Four 
days at 1100°C in He. Apparent density, 77%; frequency, 50 
kc/sec, Curve B: Four days at 1100°C in He followed by four 
days at 1200°C in air. Apparent density, 85%; frequency, 75 
kc/sec; @, W red sealing wax joint; @, x dental cement joint. 


DISCUSSION AND INTERPRETATION OF RESULTS 


In magnetite and Ni-Fe ferrites, stress-induced 
change in the distribution of Fe**+ and Fet**+ among 
octahedral sites in the spinel structure gives rise to 
low-temperature acoustic relaxation effects.' A given 
ion changes its state of ionization by loss or capture of 
an electron; consequently, electron diffusion and not 
ion diffusion is involved in the process. Since electrons 
diffuse relatively freely among ions in octahedral 
sites,*.* magnetite is an electronic conductor. 

The high electrical resistivity of MnjO,4 (p= 107 ohm 
cm compared to 5X10~* ohm cm for FesO, *) leads to 
the suggestion that Mn’* and Mn*‘* ions are present.® 
This has been confirmed by chemical analysis.’ Romeijn’ 
suggests Mn’*[ Mn?*+Mn*t JO, as a possibility for the 
formula of MnyO,, the square bracket representing 
octahedral sites. 

It seems reasonable to assume that the internal 
friction peaks in MngQ, have an origin similar to those 
in FesO,. An applied stress is presumed to change the 
distribution of Mn*t and Mn** among the octahedral 
sites. The larger Mn** will tend to orient in the direction 
of tensile stresses, Mn** in the direction of compressive 
stresses. Diffusion of two electrons is involved and this 
is presumed to account for the larger activation energy, 
0.4 compared to 0.04 ev for the Fe**Fe** case. 

* FE. J. W. Verwey and J. H. de Boer, Rec. trav. chim. 55, 531 
(1986) 

* Verwey, Haayman, andl Romeijn, J 
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Fic. 3. Young’s modulus of sample 1. X +ed sealing wax joint; 
@ dental cement joint; frequency, 60 kc/sec. 


The internal friction peaks in MnjQ, are quite broad 
(those in FesO, and Ni-Fe ferrites are sharp) indicating 
a spread of relaxation times. This distribution - of 
relaxation times may arise from a variation in the 
distances between ions interchanging electrons. The 
difference in temperatures of the internal friction peaks 
in Sample 1 and Sample 2A may similarly be due to a 
difference in the average distance between ions inter- 
changing electrons. In Sample 2B both average dis- 
tances presumably occur. 

The variation in the internal friction behavior among 
the samples may possibly be associated with a variation 
in the state of oxidation. Spinel-structured manganese 
oxide like iron oxide exists over a wide range of cation 
to oxygen ratios.** Sample 2A sintered in helium at 
1100°C probably has less oxygen than Samples 1 or 2B 
which were fired in air at 1200°C. Another possibility 
is that the transformation in MnO, near 1170°C ® had 
an influence on the arrangement of ions in the sample. 
Below 1170°C, MnjO0, is tetragonal and probably 
ordered in some way, above, Mn,Q, is cubic. We plan to 
study further the influence of treatment on the number 
and temperatures of the internal friction peaks. 

Acoustic relaxation effects involving diffusion of elec- 
trons and due to stress-induced change in the distribu- 
tion of metal ions of different valency probably occur 
in many other substances besides MnjO, and Fe;O,. 
Such effects are a possibility in any substance containing 
metal atoms existing in two states of ionization. 
sas Le Blanc and G. Wehner, Z. physik. Chem. A168, 59 

933). 


® McMurdie, Sullivan, and Mauerer, J. Research Natl. Bur. 
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Reflection Spectrum and Structure in the Exciton Absorption Peak of NaCl and KCl} 


P. L. Hartman, J. R. Netson, And J. G. Srecrrrep* 
Department of Physics, Cornell University, Ithaca, New York 
(Received September 17, 1956) 


Measurements in the vacuum ultraviolet have been made on the transmission of thin films of NaCl and 
KCl and on the reflectivity of single crystals of these same salts. Comparison is made between the two types 
of measurements and with the absorptions measured in thin films by Schneider and O’Bryan. The agreement 
with the latter in the case of NaCl is good only over the region of the first absorption while in the case of 
KCl it is good over the whole region over which the measurements overlap. A new absorption is found in 
NaCl near 1100 A and in KCl just below 1000 A. In both salts the first fundamental absorption near 
1600 A, presumed to be that of the exciton, as inferred from the reflectivity is at least a doublet at liquid 
nitrogen temperatures; but further multiplicity of the type predicted by Overhauser is not established, 
although possibly indicated. Absolute reflectivities of the order of 60% are measured at low temperatures. 


NUMBER of years ago work was started at 

Cornell on remeasuring the photoconductivity 
and photoemission done earlier on NaCl! with the hope 
of better correlating the phenomena with the optical 
behavior of the crystals. 

The electrical measurements are still under way, but 
it seems appropriate to report on the methods used and 
the results obtained in the work on the optical behavior 
of NaCl and KCl, particularly in the region of their 
first fundamental absorption peaks. It has thus far been 
presented only at meetings.?* 

The curves usually referred to in the absorptions of 
NaCl and KC! (along with others of the alkali halides) 
are those of Hilsch and Pohl‘ as extended by Schneider 
and O’Bryan,® who also measured a variety of the alkali 
halides. The work of the latter was photographic, a 
comparison being made in the photographic densities 
recorded in a vacuum spectrograph of lines down to 
about 1100 A with and without the salt (evaporated on 
a LiF window, for which correction was made) in the 
path of the radiation. Their relative absorption meas- 
urements from salt to salt were only good to about 25%, 
but were thought to be fairly reliable in any one salt as 
a function of wavelength. 

Since, in the present work, some desire was felt for 
making optical measurements on single crystals, ideally 
in which photoconductivity would then be measured, 
some method for investigating the single-crystal optical 
properties seemed necessary; it was clear that photo- 
conductivity measurements in a thin evaporated film of 
uncertain constitution would be of questionable signifi- 
cance. However, the absorptions are so high that trans- 
mission measurements on single crystals are impossible. 

In principle it is possible to predict for a material from 


¢ Research supported in part by the Office of Naval Research. 

* Now with International Business Machines, Endicott, New 
York. 

1J. N. Ferguson, Phys. Rev. 57, 1089(A) (1940). 

2 Nelson, Siegfried, and Hartman, Phys. Rev. 99,-658(A) 
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3 P. L. Hartman, Phys. Rev. 99, 1648 (1955). 

*R. Hilisch and R. W. Pohl, Z. Physik 59, 812 (1930). 

5 E. G. Schneider and H. M. O’Bryan, Phys. Rev. 51, 293 
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its dispersion curve the positions of its absorption peaks. 
On the basis of such predictions for KC] and NaCl made 
by Herzfeld and Wolf*? (giving for NaCl, absorptions 
at 342, 936, and 1543 A, and for KCI at 515, 975, and 
1580 A), Pfund® reported a high reflectivity for these 
salts from cleavage surfaces at about 1547 and 1581 A, 
respectively. Subsequently Smith,® using a reflection 
method, observed these salts down to about 200 A, but 
his results are confusing and mostly unconfirmed, 

The measurements here reported, for the most part, 
are based on the reflection method. The principal part 
of the apparatus consists of a vacuum monochromator 
working at close to normal incidence as indicated 
schematically in Fig. 1. The entrance slit is illuminated 
by and serves as part of the anode for a hydrogen 
capillary discharge as a source of radiation,"® providing 
reasonable illumination from 1800A to 900A. The 
grating is of aluminum evaporated on glass, 15 000 lines 
to the inch and 1.5 m radius of curvature. The lamp 
is bolted directly on to the monochromator end plate 
and over the entrance slit, and also is displaced from 
the detection head of the apparatus, which is bolted 
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lic. 1. Schematic diagram of the monochromator, lamp, and 
detector system. The cryostats in all cases are fitted into the 
extension up out of the detector head covering the exit slit. Gate 
valves allow closing off the monochromator. The shutter is 
Selsyn-operated., 


*K. F. Herzfeld and K. L. Wolf, Ann. Physik 78, 35 (1925). 
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Fic. 2. Schematic arrangements for measuring reflectivity by 
getting the incident light in (a) and the reflected light in (b). 
Transmission is obtained by using (c) with the film in and out of 
the beam. 


over the exit slit along side of the lamp also to the 
monochromator end plate. The two slits and a system 
of baffles provide for differential pumping between the 
lamp and the detection chamber, each unit being sepa- 
rately pumped. In a series of measurements above 1400 
A carried out at liquid helium temperature, it was 
necessary to wax a thin window of LiF over the exit slit 
to prevent condensation of hydrogen on the sample 
being investigated. The exit and entrance slits were 
about 0.25 mm wide which make possible a resolution of 
about 4A at the output. With a lamp pressure esti- 
mated at about a millimeter, the tank pressure is about 
10-* mm and the detector head about 5X 10~° mm when 
open to the system, With the LiF window in place the 
detector head pressure reaches about 10~* mm when 
liquid air is used as a refrigerant in the detector head. 
The relative intensity of illumination is measured by 
means of an end-on photomultiplier monitoring the 
light given off by a sodium salycilate phosphor, which is 
irradiated by the uv light to be measured, This useful 
phosphor" was prepared by dissolving the salycilate in 
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Fic. 3, Curves comparing the reflectivity and absorption meas- 
ured in this work with that of Schneider and O'Bryan in NaCl. 
No real peak at 1280 A is observed. Later work appears to make 
this region even flatter. 
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ethyl] alcohol, adding an equal amount of ether, and then 
spraying this solution with an atomizer to form a thin 
layer on a suitable surface, either a front surface mirror, 
to increase the light collection of the multiplier, or on 
the end of the photomultiplier if it is used in line with 
the exit slit. The latter is a much more efficient way 
to use the phosphor, but in most of the work it was not 
feasible to do so. As used, the phosphor coating is 
translucent and diffuse. 

The early measurements using this technique were 
made to correlate the reflectivity with the absorption. 
The optical arrangements used here are indicated 
schematically in Fig. 2. To measure the relative re- 
flectivity, the incident light is reflected from the 
crystal to the phosphor as shown in Fig. 2(b), to obtain 
something proportional to the reflected light; for a 
measure of the incident light, the previous arrangement 
is moved out and a new one put in its place such that 
the beam is caught first by a phosphor and then seen by 
the photomultiplier by way of a front surface mirror as 
in Fig. 2(a). A sliding seal enables one to easily inter- 
change the two units in front of the photomultiplier. 
To measure absorption (necessarily of thin films) the 
arrangement was changed to that of Fig. 2(c). The salt 
was evaporated from a clean molybdenum boat in the 
detector head onto a thin film of Zapon. This film could 
also be moved in and out of the beam from the mono- 
chromator which incident on the end of the 
phosphor coated photomultiplier. 

The results of these measurements on NaCl and KCl, 
together with a comparison of the absorption measure- 
ments of Schneider and O’Bryan, are indicated in Figs. 
3 and 4, It is first of all seen that a fair agreement 
exists between the reflectivity and the apparent absorp- 
tion, and further, that at least in KC] agreement exists 
between these results and those of Schneider and 
O’Bryan as far as the latter go. There is found here 
another peak in reflectivity and apparent absorption 
below 1000 A. The agreement with Schneider and 
O’Bryan in the case of NaCl is not as good, in that no 
pronounced maximum at 1280 A is found in either the 
reflectivity or absorption. In fact, with better apparatus, 
it will be seen that the reflectivity is even flatter than 
here indicated. The film laid down on a plastic substrate 
may behave differently than that laid down on another 
crystal of structure similar to its own; or the stoichiom- 
etry may be different in the two evaporated films. 
It should be pointed out that in neither these absorption 
measurements nor in those of Schneider and O’Bryan is 
any correction made for the reflected light, which, as 
will be seen, can be quite appreciable, even at normal 
incidence. However, the thin-film absorption measured 
in this work was obtained by getting not only the ratio 
of the transmission of the substrate alone to that of the 
substrate plus the evaporated layer of salt, but also by 
taking the ratio of the transmission of the latter film 
combination to that of the same combination with a 
further layer of salt evaporated over the first. If one 
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EXCITON ABSORPTION 
disregards any interference, as Schneider and O’Bryan 
also did, the effect of reflectivity of the front surface in 
the second ratio should not be present. However, the 
curves obtained are quite similar in both cases, showing 
further that the reflectivity pretty well mirrors the 
absorption. 

Identification of the peaks is at this time not clear; 
one hopes that the proposed photoconductivity meas- 
urements will be illuminating in this regard. It is at 
present postulated, and experiments to be described 
support the notion, that the first peak is due to the ex- 
citon transition. The second peak (it can hardly be called 
that in the case of NaCl) is thought to be due to the 
valence band to conduction band transition which would 
presumably lead directly to photoconductivity. Seitz” 
suggests that the third peak is probably due to further 
ionization states of the crystals. 
have yet to be confirmed. It is of interest to note that 
the over-all absorption curves of NaCl and KCl are 
quite different except in the region of the first peak 
where they are very similar. 

On the supposition that the first absorption peak is 
due to exciton absorption, Krumhansl suggested that 
it should be temperature-sensitive as in the well-known 
case of KI," more so than the shorter wavelength 
absorptions. Accordingly, attempts were made to ob- 
serve the reflectivity at low temperatures. Direct cooling 
to liquid nitrogen temperatures of the crystal in the 
arrangements of Fig. 2 was tried and found impractical 
because of the condensation of some material on the 
face of the crystal. In fact, interference maxima and 
minima could be observed in the photomultiplier output 
as the crystal was cooled. It was apparent that it would 
be necessary to surround the crystal with cold surfaces 
before cooling the crystal itself. 

The arrangement devised is indicated Fig. 5. A 
double-walled copper box-like enclosure with slits to 
admit light is suspended from a liquid nitrogen con- 
tainer. A semitransparent phosphor is used to observe 
the incident light and a mirror-backed phosphor for the 
reflected light. The visible light which these phosphors 
generate passes out through openings in the back of the 
box to the photomultiplier. The crystal (or crystals) is 
supported on a rotatable drum within the inner box to 
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be moved into or out of the beam of monochromatic 
radiation which is reflected at about 45° on to the 
reflection phosphor. A position on the drum is provided 
for a LiF slab on which, 
possible to evaporate the alkali salt on the Lif for 
absorption measurements. With this arrangement any 
noticeable contamination of the surface was very slow. 


through a slot below, it is 


It was, however, possible to make measurements only to 
within about 50° of liquid nitrogen temperature. 
Nevertheless, reflectivity curves of KCI and NaCl were 
remade at room temperature with the box walls cold 


12 F, Seitz (private communication). 
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Fic. 4. Comparison of thin-film absorption and reflectivity of KCI 
with the absorption curve obtained by Schneider and O'Bryan. 


and then made at as low a temperature as could be 
reached with the arrangement. 
keep the crystal warm by means of a flat heater between 
the crystal and its copper supporting shelf in the drum 
to enable heating the crystal (with the box cold) to 
drive off any volatile films. The heater was a mica wafer 
coated with Aquadag and heated by a current brought 
in on the sides through thin sheet nickel strips crimped 


It was also possible to 


over opposite edges of the mica, This, however, was the 
reason why the minimum temperature that could be 
reached for the cold measurements was so high. In 
these measurements particular care was taken to sub 
tract from the light readings the readings of radiation 
scattered from the grating. The latter were obtained by 
retaking each reading through a quartz filter cutting off 
at about 2000 A. Ideally for this, one would like a 
sharp variable cutoff filter to follow the monochromator 
wavelength setting. However, the present procedure 
appears to be about as satisfactory as one can hope for. 

Reflectivity curves for both NaCl and KCI (crystals 
grown by Harshaw) at two temperatures are indicated 
in Figs. 6 and 7, The reflectivity is plotted in arbitrary 
units. To be noted are: the general rise in the reflectivity 
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Fic. 5. Diagrammatic arrangement of apparatus used in ob- 
taining the curves of Figs. 6, 7, and 8, Actually, several crystals 
could be mounted in the drum at the same time. The position of 
the LiF plate for carrying an evaporated film is not indicated here 
Thermocouple leads and a heater lead were brought in on the 
axis of the drum 





HARTMAN, NELSON, AND SIEGFRIED 


Fic.~ 6. Com- 
parison of the re- 
flectivity of NaCl 
at room tempera- 
ture and at low 
temperature. The 
— rise in re- 

ectivity observed 
in Fig. 3 below 
1450 A does not 
appear here. Part 
of this may be due 
to the greater care 
in subtracting out 
the scattered light. 
However, no such 
behavior is seen in 
the KCI curves. 
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at low temperatures, particularly near the peaks; the 
absence of any real maximum between 1500 and 1200 A 
in NaCl at either temperature (incomplete later 
measurements would indicate that the high- and low- 
temperature curves may be closer together in this 
region); and the general temperature sensitivity of the 
first absorption in both NaCl and KCl. Besides rising 
to much higher values at low temperature, this peak is 
now double and shifted markedly to shorter wavelength, 
much more so than other peaks. The region below 
1500 A has yet to be more carefully investigated, but 
extensive work has been done on the first absorption, 
which is the principal interest of this paper. 

In order to further the evidence that reflectivity 
measurements can give useful information concerning 
the absorption positions in such crystals, an attempt 
was made to see the doubling of the peak in a cold film 
of NaCl evaporated on a LiF plate. Both the reflectivity 
and transmission of such a thin film were observed 
with the results indicated by Fig. 8. The reflectivity 
measurement involves three surfaces. There are the 
vacuum-film interface, the film-LiF interface, and 
finally the back surface of the LiF and its copper 
support (used in the reflectivity measurement). These 
factors are responsible for the rise in the reflectivity on 
the long wavelength side of the absorption peak. On the 
other hand, the slight suggestion of further structure on 
the same side of the absorption peak appearing in the 
curves for both NaCl and KCl in Figs. 6 and 7 cannot be 
so simply set aside. Its appearance, however, was never 
entirely consistent, in that it sometimes came up 
markedly and sometimes with barely a sign, It was 
tempting to think of it as another component in the 
exciton absorption, but the suspicion remained that it 
was due to some systematic perturbation, which has 
not, however, been found. 

These results were encouraging enough, and the 
possible side structure tantalizing enough that it seemed 
worthwhile to pursue it further. In the meantime, 
Zollweg'* was observing structure in the absorption of 
BaO in the exciton band and Overhauser'® proposed a 


“R. J. Zollweg, Phys. Rev. 97, 288 (1955). 
1 A. W. Overhauser, Phys. Rev. 101, 1702 (1956). 


group-theoretical treatment of the expected structure 
of the exciton absorption. A much better and presently 
used arrangement was therefore designed and made, 
which enabled one to make reflectivity measurements at 
a near to normal angle of incidence to avoid possible 
problems with two different planes of polarization of the 
light at a 45° angle of incidence; measurements were 
also to be extended to liquid helium temperature, The 
new apparatus is illustrated schematically in Fig. 9. 
The cryostat is very small, taking only about 400 cc of 
liquid helium, although the liquid nitrogen reservoir 
around it takes considerably more. A single transfer of 
helium will last over two and a half hours. The crystal is 
clamped down to a small copper block bolted to the 
bottom of the helium container. The copper block 
support rod has an internal heater to make possible 
warm crystal measurements while the surrounding walls 
are cold. Light from the exit slit is reflected to a mirror- 
backed sodium salycilate phosphor seen, as in previous 
arrangements, by the photomultiplier. To measure the 
incident light another small similar phosphor, coated 
simultaneously and presumed identical to the first in 
its response, is moved in front of the crystal by a 
rotating system which also brings a front surface mirror 
up in front of the first phosphor, such that the image of 
the second phosphor appears at the position of the first 
phosphor. Thus, both phosphor positions as seen by the 
multiplier are the same. Were it not for the fact that the 
mirror is not 100% reflecting and, worse, that the 
reflected light phosphor is also partly seen by the 
photomultiplier in the retracted mirror as well as 
directly, absolute reflectivities would be given immedi- 
ately. It is possible, however, to make a fair correction 
for these effects to reduce the measured reflectivity to 
absolute reflectivity. 

The liquid nitrogen container surrounding the helium 
vessel is threaded at the bottom so that the small 
housing containing the above optical arrangement can 
be screwed on to it through the back opening of the 
detector head after one has passed the cryostat down 
through the detector head top extension to which it is 
bolted in a vacuum seal; this is indicated in the Figs. 9 
and 1, Provision is made for adjustable positive stops 
for the mirror positions, for thermocouple leads to deter- 
mine the crystal temperature, and for one heater lead, 
the other side of the heater being grounded internally, 
The shaft for rotating the mirror and phosphor is 
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EXCITON ABSORPTION 
flexible through a bellows and is of low thermal trans- 
mission to the outside. With practice the whole ap- 
paratus can be disassembled, the crystal removed and 
replaced by another, the apparatus re-assembled and 
evacuated, all within an hour. In any such operation the 
crystal is kept in a desiccator after cleaving, and main- 
tained above room temperature during the mounting 
process by keeping it under close incandescent lamp 
illumination and heating. When in the vacuum system 
and not in use, it was kept with the heater at about 
50°C, well above the temperature of its surroundings. 
The back of the crystal is rough-ground flat and 
blackened to try to minimize back surface reflection 
outside the strong absorption regions; between it and 
its copper mounting block is an indium foil for good 
thermal contact. The inside of the cold enclosure is 
well blackened. This extends back and 
surrounds to keep cold most of the end-on photomulti 
plier which is passed into the vacuum through an O-ring 
seal'® in the back plate of the detector head. 

Extensive measurements on NaCl and KCI] have now 
been made with this apparatus over the region of the 
exciton absorption. Considerable difficulty was at first 
met at helium temperature with unavoidable hydrogen 
gas getting into the detector head from the lamp, the 
hydrogen condensing on the helium-cooled surfaces. 
When the helium level would drop some, considerable 
condensed hydrogen would come off, decreasing the 
thermal insulation to the outside walls, which further 
lowered the helium level; and so on. The result was a 
sudden geyser-like eruption of the helium from the 
cryostat and a violent swing off-scale of the photo- 
multiplier output current. (This last is not understood 


enclosure 


but is probably associated with a perhaps transient glow 
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Fic. 8. Reflectivity and absorption for a thin evaporated film 
of NaCl. The rise at wavelengths above 1600 A is thought to be 
due to reflection from the surfaces back of the thin film. In this 
region the absorption is changing rapidly. 


16 Johnson, Watanabe, and Tousey, J. Opt. Soc. Am. 41, 702 
(1951). 
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Fic. 9. Diagram of the detector head arrangement and cryostat 
used for determining the reflectivity at liquid helium temperature 
Not labeled are the heater lead and the two thermocouple leads on 
the top of the crystal. They are brought out of the cold region 
through insulated sleeves such as is shown for the heater lead. The 
Lil’ window in front of the exit slit may or may not be waxed into 
position The angle of incidence of radiation on the crystal is 
about 5° off the normal 


discharge initiated by the increase in pressure and the 
presence of high voltage below ground inside the wall 
of the phototube. Similar odd behavior has been ob 
served at other times with these devices.) The difficulty 
has been entirely eliminated by sealing off the detector 
head with a thin LiF window and plugging other leaks 
between the detector and the monochromator; this 
measure has also resulted in excellent time stability of 
the reflectivity. An extended series of runs at 320°K, 
80°K, and about 6°K made on NaCl and KCI is 
summarized in the curves shown in Figs. 10 and 11, ‘The 
dashed curves are for polished crystals and the solid 
curves for cleaved crystals. As mentioned, the data 
taken do not give the absolute retlectivity directly. ‘To 
go from the apparent reflectivity to the absolute 
reflectivity, two methods have been used. A reflectivity 
measurement is made on a warm crystal with the 
2536 A line of a mercury lamp as light source. The 
reflectivity should be given here by (n—1)?/(n-+-1)’, 
where n is known and where one assumes that there is 
no contribution from the back surface, which is not 
quite so, even though the back surface is blackened and 
rough-ground. It has also been checked in the vacuum 
ultraviolet by measuring the incident light and apparent 
reflected light as usual with the lamp very well stabi 
lized. Then, without turning off the lamp, the detector 
head is closed off from the monochromator, let down to 
air, opened, the mirror in the reflection position covered 
with a lamp blackened hood, the head closed, pumped 
down, and the reflection measurement made over again. 
Knowing the mirror reflectivity for visible phosphor 
radiation and taking lamp black to be black at 1600 A 
allows one to get the absolute reflectivity. The two 
methods are not in exact agreement, but are close 
enough to allow a reasonably close estimate of the 
absolute crystal reflectivity to be made. The reflectivity 
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Fic. 10. Reflectivity curves over the region of the exciton 
absorption in NaCl at three temperatures, The dashed curves are 
obtained with polished crystals and the solid curves with cleaved 
crystals. At 6°K the points indicated were taken on the best crystal 
in three runs, The 80°K curve is an average of runs on two crystals, 
normalized to the peak reflectivity of the best crystal. The points 
for this are the average for one crystal and for the other, respec 
tively, to show the spread between crystals. The room-temperature 
curve points are from a series of runs on the best crystal. The 
brackets connect the curves and their appropriate zero base 
ordinates 


is plotted in Figs. 10 and 11, One is impressed with the 
magnitude of the reflectivity, which at low temperatures 
for NaCl approaches 604-3% and which in the case of 
KCl is almost as large. 

The reflectivity clearly shows the absorption to have a 
doubled peak at low temperatures and with a suggestion 
still of further possible structure on the long-wavelength 
side of the peak. With this apparatus, the possible side 
structure is more consistent than previously, but it is 
not as striking as one would wish in order to make it 
positive. The small broad bump still further out from 
the peak on the long-wavelength side is not positive 
either. It occurs conceivably where any contribution 
from the back surface cuts out owing to the rising 
absorption, It is in the same region where a similar 
effect appears in Fig. 8. However, the crystals used here 
are far from being films and are of the order of 2 to 3 mm 
in thickness, which would seem to preclude any con- 
tribution from the back surface this close to the ab- 
sorption peak. There is the pronounced shift to the 
shorter wavelengths at low temperatures. Assuming it 
to be linear, say, over the range in temperature down to 
80°K, the shift amounts to about 6X10~ ev per °K. 
The separation between the two main components in 
the reflectivity (taken at the peaks) is about 28 A or 
0.12 ev which is in fair agreement with the 0.11-ev 
separation of the doublet level of the ground state of 
neutral chlorine. 
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Fic. 11. Reflectivity curves over the region of the exciton 
absorption in KC] at three temperatures. The dashed curves are 
obtained with polished crystals and the solid curves with cleaved 
crystals. For all three curves, the points indicated were taken on 
the best crystal in a series of runs. Points are indicated to show 
something about the spread in the results. The brackets connect 
the curves and their appropriate zero base ordinate. 


The curves over this region have been obtained 
with cleaved and polished crystals grown by the 
Harshaw Chemical Company. The polished crystals call 
for comment : The cleaved crystals are almost invariably 
not of really high optical quality. They are, however, of 
definitely higher reflectivity, even visibly under ordi- 
nary illumination, than crystals which were polished to 
a good optical surface (though of undoubtedly poor 
figure). The polishing was carried out on a beeswax 
HCF lap using cerium oxide in a saturated solution of 
the salt to be polished and carried on until the lap is 
practically dry, followed by a light rubbing on a clean 
soft chamois skin. With both the KC] and the NaCl the 
reflectivity of the polished crystal is down about 40 to 
50% from the cleaved optically imperfect crystal sur- 
face. But the structure remains much the same when 
normalized to the same peak reflectivity. What likely 
happens is that, while the polished surface is a better 
surface optically, the surface region is not as dense as 
the cleaved crystal surface region so that the inter- 
mediate and likely tapering refractive index region 
between the bulk material and the outside provides a 
better index match between the vacuum and the bulk 
crystal so as to effectively lower the reflectivity. There 
is evidence in x-ray crystal rocking curves that polished 
crystals are much inferior to cleaved surfaces in this 
respect,!? with a broken granular surface resulting from 
a polish. 

Work is now being carried out on mixed crystals, in 


17K. V. Manning, Rev. Sci. Instr. 5, 316 (1934). 





EXCITON ABSORPTION 
particular KC] mixed with KBr, KC] mixed with NaCl 
and with RbCl. The first measurements indicate that 
as much as 30 mole percent of KBr all but obliterates 
any evidence of the exciton absorption, at least as 
evidenced in reflectivity measurements. This will be 
reported on subsequently. 


DISCUSSION 


It is well known from optical theory that the reflec- 
tivity in an absorbing medium depends on other than 
the usual index of refraction.'® Rather, in the electro- 
magnetic equations m is replaced by the so-called 
complex index i=n(1—ix). If one reflects light at 
normal incidence from a highly absorbing material, the 
reflecting power p is given by the usual Fresnel relation 
but with » replaced by 7, that is 


n—17*—1 
P= 


ni+1 n*+1 


(n—1)?+n?x? 
* (n+1)? +n? 


When nx is large this approaches unity. Presumably this 
is approximately the situation in the region of the strong 
absorption observed in NaCl and KCl. The reflectivity 
one observes in any spectral region is of course due to 
the combined effects of all the characteristic absorptions 
of the substance over the entire spectral domain, and 
involves both the resultant mx and mn. Only in the 
immediate vicinity of a high absorption peak or very 
far from any absorption can one or the other be neg- 
lected. In the case of the absorptions in NaCl and KCl 
discussed above, the actual reflectivity is about 50% 
and not close enough to unity to assume safely that the 
real part of the index is negligible in comparison with 
the imaginary absorption part, m. In general one needs 
independent measurements on both the absorption and 
the reflectivity to determine the two values of the con- 
stants; or measurements of the ellipticity of reflected 
polarized light in the usual manner by which it is done 
for metals would be another.” Neither method appears 
attractive for these highly absorbing crystalline mate- 
rials in the vacuum ultraviolet region. From the above 
work, one can really infer only the location of the ab- 
sorption peaks, their widths, and their possible mul- 
tiplicity.f It is clear from the curves obtained that the 
18 See, for example, the treatment in R. W. Ditchburn’s Light 
(Interscience Publishers, Inc., New York, 1952), Chap. 15. 

#R. W. Ditchburn, J. Opt. Soc. Am. 45, 743 (1955). 

t Note added in proof.—Mr. ¥. C. Jahoda has called our atten 
tion to the work of T. S. Robinson [Proc. Phys. Soc. (London) 
B65, 910 (1952)] in which, for polythene, he deduces curves 
for both n and nx from a reflectivity vs wavelength determination 
made at 22° from normal incidence. Use is made of concepts from 
network analysis where it is known that if a network is linear, 


the attenuation through it and the phase shift introduced by it 
are directly related. If one of these quantities is known over all 


PEAK OF NaCl AND KCI 129 
particular absorptions observed here are at least double 
in structure. The fact that the short-wavelength peak 
of the doublet is the broader of the two in both « rystals, 
but particularly so in KCl, where it is also of greater 
magnitude, indicates that the short-wavelength peak 
may also be multiple itself. 

In the bromides and iodides the long-wavelength 
absorption peak of the halides has from the work of 
Hilsch and Pohl‘ been known to be doubled, and it was 
supposed that only adequate resolution prevented 
seeing it in the chlorides, The transition involved in the 
exciton absorption is that of an electron going from a 
negative halogen to an alkali ion—the hole and the 
electron still being bound together. Since the ground 
state of the neutral halogen is a doublet, in chlorine of 
separation 0.11 ev, the absorption shows two peaks. 
On the other hand, in Hilsch and Pohl’s work some of 
the iodides show a third peak on the short-wavelength 
side of the doublet, and in KI Fesefeldt™ has shown that 
at low temperature a small peak comes up in between 
the doublet. It may well be that the counterpart in the 
chloride of either of these components may be respon 
sible for the observed broadening of the short-wave 
length peak. It is disappointing that better confirmation 
of Overhauser’s prediction of a multiplicity higher 
than two is not obtained. On the other hand, the 
calculations for obtaining the relative magnitudes and 
positions of the five components from his theory have 
not yet been completed and it may well result that the 
others are not favorable for observation. It was also 
hoped that the work would tie in with some of the 
x-ray results in and ideas on KC] developed by Parratt 
and Jossem*’; so far this has not been too promising. 
Their predicted absorption in KCI at about 600 A is, 
however, to be looked for if our present hydrogen lamp, 
operated instead with helium, puts out sufficient 
intensity to make it usable with the rather inefficient 
light collection and conversion system that has been 
used here. 

The fact that the peaks do not sharpen appreciably 
below liquid nitrogen temperature is not too surprising 
in view of the high Debye temperatures of the crystals 
(O@naci= 281°K, Oxce;=230°K). The shift shorter 


wavelengths at low temperatures is presumed to be due 


to 


to the lattice contraction.”! 

Finally, it may be well to point out that with re 
flectivities as high as measured here, occurring in any 
substance in a region of high absorption, one will be 


quite in error in quoting any quantum efficiencies or 


frequencies the other can be deduced at any frequency. Robinson 
uses charts and techniques from Bode [Network Analysis and 
Feedback Amplifier Design (D. Van Nostrand Company, Inc., 
New York, 1945), Chap. 15], utilizing this property to reduce 
his measured reflectivity curve to curves for n and nx. The same 
technique is presently being tried on our reflectivity curves over 
the exciton regions of NaCl and KCl 

~~, G. Parratt and E. L. Jossem, Phys. Rev. 97, 916 (1955) 

7 W. Martienssen, Nachr. Akad. Wiss. Géttingen, Math 
physik. KI, 1955, 257. 





130 HARTMAN, 
absorption constants in an absorption process where 
allowance has not been made for the reflection loss. 


SUMMARY 


The exciton absorption of KC] and NaC] observed in 
reflected light would seem to make useful this method 
of investigating the absorptions of single crystals as 
opposed to transmission techniques through uncertain 
thin evaporated films of the crystal salt. 
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Magnetic Structures in Copper-Manganese Alloys* 


Davin Menecuettift anv S. S. Smnv 
Argonne National Laboratory, Lemont, Illinois 


(Received September 24, 1956) 


A neutron diffraction study of a series of substitutional solid solutions up to 85 atomic percent manganese 
in copper has shown that at about 13 atomic percent manganese, a broad intensity maximum appears in the 
region of (100) reflection of the face-centered cubic pattern of copper. A correlation of this maximum with 
the magnetic attraction of the specimens indicates that it is at least in part due to short-range magnetic 
order, Its intensity decreases at compositions greater than 50 atomic percent manganese. Above 69 atomic 
percent manganese an antiferromagnetic structure is observed and is interpreted as due to an antiferro 
magnetic coupling between manganese atoms as the manganese concentration becomes predominant 


I. INTRODUCTION 


HE copper-manganese alloy system is particularly 

suited for study by neutron diffraction. In the 
continuous substitutional solid solutions’ from copper- 
rich to manganese-rich phases, manganese atoms have 
a predominance of unlike and like atoms, respectively, 
as neighbors. Copper being diamagnetic and manganese 
paramagnetic it is of interest to determine if the mag- 
netic moments of the manganese atoms and _ their 
alignments are affected by such spatial arrangements 
of the two kinds of atoms. The presence or absence of 
magnetic or antiferromagnetic structures and the de- 
pendence of paramagnetic scattering upon composition 
may be observed. In addition, as the coherent neutron 
scattering amplitudes of copper and manganese nuclei 
are opposite in sign,* superstructure lines due to atomic 
ordering in the alloys, if present, should be observed 
much more readily’ than with x-rays® for which the 
atomic scattering factors are of nearly the same 


magnitude. 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

t Part of a thesis presented by D. Meneghetti in partial ful 
fillment of the requirements for the degree of Doctor of Philosophy 
at the Illinois Institute of Technology, 1954 

1 EF. Persson, Z. physik. Chem. B9, 25 (1930) 

? Dean, Long, Graham, Potter, and Hayes, Trans. Am. Soc 
Metals 34, 443 (1945) 

* Dean, Potter, Long, and Huber, Trans. Am. Soc 
34, 465 (1945) 

*E. O. Wollan and C. G. Shull, Phys. Rev. 73, 830 (1948) 

*C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951) 

*L. D. Ellsworth and F. C. Blake, J. Appl. Phys. 15, 507 (1944) 


Metals 


The magnetic susceptibility of the copper-manganese 
system has been reported’ as having a maximum in the 
region of 22 atomic percent manganese. At liquid 
nitrogen temperature this maximum increased by a 
factor of about seven; whereas, only a small increase 
occurred in the remainder of the curve. Since neutrons 
can be coherently scattered by magnetic structures,* 
the neutron diffraction patterns may enable the reported 
magnetic susceptibility characteristics to be interpreted 
in terms of orderings of atomic magnetic moments. 


II. EXPERIMENTAL PROCEDURE 
The chemical and x-ray analyses of the samples used 
in this investigation are given in Table I. 


TABLE I. Chemical and x-ray analyses of the alloys. 


1 
Lattice 
parameters 


Atomic 
percent 
Sample Mn Cu 


Cu 100 

11 Mn—89 Cu 10.5 894 
13 Mn—87 Cu* 12.7 87.2 
18 Mn—82 Cu 17.5 82.5 
33 Mn—67 Cu*® 33.2 669 
48 Mn—52Cu 47.7_—s 2.3 
48 Mn—52C 48.4 51.7 
69 Mn—31 C 690 31.0 
75 Mn—25 C 74.6 25.4 
85 Mn—15C 85.1 14.9 


Phase co 


f.c.c.® 


* Commercial samples 
» Quenched sample 
* f.c.c.: face-centered cubic; f.c.t.: face-centered tetragonal 


7S. Valentiner and G. Becker, Z. Physik 80, 735 (1933). 
* Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
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Fic. 1, Low-angle portions of neutron diffraction patterns of copper-manganese alloys 
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Fic. 2. Diffraction patterns of 85% Mn 
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15% Cu. (a) X-ray filtered Fe K, radiation, camera diameter 114.6 mm. 


(b) Neutron, \=1.01 A. 


The laboratory-prepared samples were fused in 
alundum crucibles in a vacuum induction furnace at 
1300°C for 20 min and then cooled to room temperature 
in the furnace. Argon gas at a pressure of five inches of 
mercury was maintained in the furnace to prevent loss 
of manganese in the manganese-rich alloys. After 
cooling, the crucibles were broken and the samples 
machined into disks 2 in. in diameter and in. thick. 

Except where otherwise indicated, the neutron dif- 
fraction patterns were observed with neutrons of wave- 
length 1.19 A, a 1 in. 2 in. beam area, and collimation 
such as to give a 1° angular resolution of the diffraction 
patterns. 

The relative magnetic attractions of the samples 
were determined by measuring the maximum horizontal 
displacement produced by a permanent magnet of 
about 2000-gauss field strength upon each sample when 
suspended vertically by a string between the poles of 
the magnet. 


Ill. RESULTS AND DISCUSSION 


An x-ray diffraction analysis of the copper-manganese 
alloys studied here showed the usual patterns of the 
face-centered cubic and the face-centered tetragonal 
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Fic. 3. Calculated and observed neutron structure factors for the 
(111) reflection of the copper-manganese alloys. 


structures observed in this system. The neutron dif- 
fraction patterns of the same samples, however, ex- 
hibited in addition (1) a broad maximum in the region 
of (100) reflection over a large range of intermediate 
alloy compositions and (2) additional diffraction lines 
at (110) and (201) positions in the manganese-rich 
alloys. The low-angle regions of the neutron patterns 
for the series of alloys normalized to the same number 
of atoms per unit area of sample are plotted to scale in 
Fig. 1. It is seen that as the concentration of manganese 
atoms in copper increases there is, at first, an increase 
in the diffuse background. This is followed by the 
formation of the broad reflection. At higher concen- 
trations the intensity of the diffuse background as well 
as of the broad reflection decreases and the reflections 
(110) and (201) appear as shown on Fig. 2. There is, 
of course, a decrease in the intensities of the normal 
lattice reflections, as exemplified by the decrease in the 
(111) reflection, since the neutron scattering amplitudes 
of the two types of nuclei are opposite in sign. The 
decrease may be calculated from the known coherent 
scattering amplitudes, b, by assuming random sub- 
stitution by the solute atoms. The calculated relative 
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Fic. 4. Neutron diffraction patterns of the diffuse (100) reflection 
at (a) 300°K and (b) 748°K for the alloy 33 Mn—67 Cu. 


This pattern was obtained with a powdered, cylindrical 
specimen to insure randomness and using an improved neutron 
spectrometer and employing a higher flux reactor for greater line 
intensities. 
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Fic. 5. Relative integrated intensities of the (100) diffuse re- 
flection and the (111) reflection for the temperature range 100°K 
to 750°K of the alloy 33 Mn—67 Cu. 


decrease of the normal reflections is then given by 


|? C( ~#)bou +xbun 


beu? 


Mn atoms 
=--—— a, (2) 
Cu atoms+ Mn atoms 
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where 


The calculated and observed relative intensities are 
given in Fig. 3. The calculated intensity in the region 
of 70 atomic percent manganese is zero. The observed 
finite intensity in this region is believed due to lack of 
perfect randomness and possible inhomogeneities in the 
samples. 

The position of the broad (100) reflection is within 
the limits set by Ehrenfest’s formula for the diffraction 
by two diffracting centers, \=2(0.8)d sin® where d is 
the separation of the centers, and the Bragg formula, 
A=2d siné, where d is the atomic interplanar spacing. 
For the spacing equal to the lattice parameter do of the 
unit cell of the 67 Cu-33 Mn sample, the limits are 
0.849 <dobserved <0, 1.€., 2.98 A <3.27 A <3.72 A. The 
size of the region having the periodicity responsible for 
the broad line was estimated to be of the order of 10 A 
by applying the Scherrer equation for the broadening. 

The effect of temperature on the form of the broad 
line is illustrated by Fig. 4. If it is assumed that the 
relative decrease in intensity of the broad line due to 
the usual Debye vibrations of the atoms is not greater 
than the observed relative decrease with temperature 
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Fic. 6. Observed integrated neutron intensities of the diffuse 
(100) reflections of the copper-manganese alloys relative to the 
observed integrated intensity of the (111) reflection of copper. 
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“1G. 7. Observed relative magnetic attraction of the 
copper-manganese alloys. 


of the adjacent (111) normal reflection, then the more 
rapid decrease in intensity of the broad reflection, Fig. 
5, may be attributed to a disordering of the short range 
crystal or magnetic ordering. Attempts to change the 
width of the maximum by annealing a few specimens at 
750°C for three days was unsuccessful. 

Generally the presence of a reflection in a neutron 
diffraction pattern and its absence in a corresponding 
x-ray pattern would indicate that the reflection is due 
to magnetic or antiferromagnetic coupling rather than 
atomic ordering.’ In the present case of the broad 
neutron diffraction line, however, the correlation of the 
line with magnetic coupling cannot be so deduced 
because absence in the x-ray pattern may here be due to 
the closeness of the copper and manganese x-ray atomic 
scattering factors. That the intensity of the broad line 
is associated at least in part with magnetic ordering 
can be seen by the correlation of the observed integrated 
intensities of the line with the abserved magnetic 
attractions of the samples as shown in Figs. 6 and 7. 
An attempt to detect the broad line in the 48 Mn 
-52 Cu sample by long x-ray exposures using Mn- 
filtered Fe K, radiation was not successful. From the 
relative exposures, however, it has been estimated that 
the contribution of crystal short-range ordering to the 
broad neutron peak is not greater than about 4. 

The neutron patterns of the Mn-rich samples ex 
hibited lines at (110) and (201) positions in addition 
to the normal lattice lines. The neutron diffraction 
pattern of the alloy 85 Mn—15 Cu is shown in Fig. 2 
The lines at (110) and (201) positions must arise from 


465 Mn 15Cu 
565° K 


(110) 
| 


hog Be 


100*K 300°K 329°K 


(110) to) (110) 


Relotive intensity 








. 
eee ae ae ae oe ey 
se gr eo° s7e en 
Scattering Angle 





Fic. 8. The antiferromagnetic reflection of the alloy 85 Mn—15 Cu 
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antiferromagnetic ordering of the atomic magnetic 
moments and not to atomic ordering of Cu and Mn 
on the face-centered tetragonal lattice, for if atomic 
ordering were responsible one would observe numerous 
additional superlattice lines in the Mn-rich alloys. The 
effect of temperature on the antiferromagnetic lines 
is shown in Fig. 8 for the (110) reflection of the alloy 
85 Mn—15 Cu. Extrapolation of the intensity versus 
temperature curve of Fig. 9, gives a Néel temperature 
of about 380°K for this sample. 

The presence of antiferromagnetism at Mn-rich 
compositions and the absence of superlattice lines due 
to atomic ordering suggest an antiferromagnetic struc- 
ture based on the following considerations: In the 
manganese-rich samples the face-centered tetragonal 
crystal structure is similar to the high-temperature 
(gamma) form of manganese. The randomly distributed 
copper atoms then function to retain a lattice at room 
temperatures similar to the high-temperature gamma 
form of pure manganese. Thus the observed antiferro- 
magnetism would then arise from antiparallel couplings 
of the atomic magnetic moments of manganese on a 
face-centered tetragonal lattice. 

The antiferromagnetic structure shown in Fig. 10 
satisfies the observed presence and absence of anti- 
ferromagnetic lines. The manganese moments are 
parallel to the face-centered tetragonal c axis with the 
directions of the moments alternately pointed upward 
and downward at distances ¢o/2 along the ¢ axis. The 
calculated and observed intensities of the antiferro- 
magnetic reflections are given in Table II. The observed 
intensity of the diminished broad (100) reflection is 
taken to be zero, for this reflection is considered as the 
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residue of the short-range magnetic ordering composi- 
tion range. 

The incoherent scattering in a neutron diffraction 
pattern generally consists of contributions from nuclear 
spin, isotope effect, thermal vibrations, and multiple 
scattering.‘ If the sample is paramagnetic, there is 
present also a paramagnetic incoherent scattering.*® In 
the case of a random substitutional solid solution there 
should be in addition a contribution due to atomic 
randomness of the two atomic species on the lattice 
sites. The differential neutron scattering for the latter 
can be given by analogy with the corresponding quan- 
tity for x-rays by 


dap/ dQ: =x4(1—x) (bou— bm n)*. (3) 


Because of the opposite signs of bc, and by, for the 
present binary alloy series, this component of incoherent 
scattering can be quite large. 

The observed incoherent scattering in the near 
forward direction at room temperature is shown in 
Fig. 11. The multiple-scattering contribution was 
calculated from the tables prepared by Brockhouse.” 
The nuclear spin and isotope contribution was estimated 
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x= Mn atoms/(Cu atoms + Mn atoms) 


Fic. 11. Analysis of the observed diffuse neutron scattering at 
low angles (10°) at room temperature for the copper-manganese 
alloys. (The paramagnetic contribution (/) is estimated from the 
residue scattering after contributions from other effects are 
removed.) 

” The authors are indebted to Dr. B. N. Brockhouse for the use 
of the tables in advance of publication. 
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by using the difference between the known total bound 
scattering cross sections of copper and manganese and 
their known coherent scattering cross sections. The 
crystal disorder scattering was calculated using Eq. (3) 
and can only be considered an upper limit because any 
short-range atomic ordering present will decrease the 
randomness contribution. The Debye thermal vibration 
contribution is not considered because it is negligible 
near zero scattering angle. After subtraction of the 
various estimated incoherent contributions, the residue 
is an estimate of the incoherent scattering due to 
randomly oriented atomic magnetic moments at room 
temperature. This paramagnetic scattering first in- 
creases by addition of paramagnetic manganese to 
copper. The gradual decrease following about 20 atomic 
percent manganese is largely due to the formation of 
the short-range magnetic ordering. At about 50 atomic 
percent, when the short-range magnetic ordering is 
greatest, the paramagnetic scattering is relatively small. 
The continued relatively small paramagnetic scattering 
at the still higher compositions is at least in part due 
to the transition into the antiferromagnetic structure 
at manganese-rich compositions. The negative values 
are due to data 
correcting for the various components of scattering, 
especially the crystal randomness component. 

The analysis of the diffuse background is helpful in 
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TaBie IT. Calculated and observed antiferromagnetic neutron 
diffraction intensities for 85 Mn—15 Cu alloy 
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* Spacings calculated from x-ray data of alloy 85 Mn—15 Cu 
>» Magnetic structure factors taken from curve in reference 8 
¢ Debye-Waller temperature correction not applied 


interpretation of the observed diffuse scattering and of 
the correlated structures; however, the fact that the 
samples were not essentially in the paramagnetic state, 
together with errors in correcting for the various scat- 
tering components, prevent effective magnetic moments 
to be deduced 
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Optical Absorption Band Edge in Anisotropic Crystals* 


G. DresseELuaust 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received June 18, 1956) 


The shape of the optical absorption band edge in insulating crystals is discussed for both direct and 
indirect electronic transitions. Selection rules are invoked to explain the apparent shift in the band edge 
with polarization observed in anisotropic crystals, The absorption coefficient obeys a law of the form 
K « (hw — FE)", where E is closely related to the minimum band gap and n is 4 for allowed direct transitions, 
4 for forbidden direct transitions, and 2 for indirect transitions. The experimental observations of the 
shift in CdS and Te are analyzed in terms of conduction and valence band extrema at k=0 with symmetry 
types such that the transition is allowed for light polarization perpendicular to the hexagonal axis and 


forbidden for the polarization parallel to this axis 


I. INTRODUCTION 


N recent years, the dependence of the electronic 

transport properties in insulators and semicon- 
ductors on the details of the energy band structure has 
been extensively studied both experimentally and 
theoretically. Phenomena such as cyclotron resonance, 
magnetoresistance, and elastoresistance have given an 
intimate knowledge of the band structure in a few 


* Supported in part by the Office of Naval Research through 
a contract with the University of Chicago 

t Present address: Department of Physics, Cornell University, 
Ithaca, New York. 


semiconductors. The purpose of this note is to point 
out how the optical properties of solids may provide 
additional information on the energy band structure. 
In insulators the electrons or holes of importance in 
the transport processes are located near energy band 
extrema. A perturbation expansion (an expansion in 
powers of the electronic wave vector) about the extrema 
gives the dispersion relation, i.e., E(k), for electronic 
states in the neighborhood of the extrema. If the band 
extremum is nondegenerate, the dispersion relation is 
given by a power series expansion in the wave vector 
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Tasie I. Character table of the double group of wave vector k=0 
for a hexagonal structure without inversion symmetry. 
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about the band extremum, and the most general form 
of a constant energy surface is an ellipsoid. Symmetry 
may require a spheroidal or spherical energy surface at 
certain points in the Brillouin zone. A degenerate 
extremum, however, requires the application of de- 
generate perturbation theory with the concomitant 
secular determinant. In the degenerate case, the energy 
surfaces may be described as fluted ellipsoids, spheroids, 
or spheres depending on the symmetry at their location 
in the Brillouin zone. The important fact to bear in 
mind is that the possible forms and degeneracies of the 
constant energy surfaces may be precisely delineated 
by means of symmetry considerations and, moreover, 
the number of possible types is, in general, not large. 

A careful analysis of the optical properties of the 
solid enables one to limit further the band shapes and 
degeneracies possible near the extrema. The form of 
the absorption band edge for nonvertical transitions 
(Ak~0) has been discussed by several authors.' The 
analysis shows that the absorption constant for a 
one phonon emission process is of the form 


K « (hw— Ey—k©)? (1) 


where w is the angular velocity of the electromagnetic 
radiation, Eo is the energy difference from the top of 
the valence band to the bottom of the conduction band, 
and k@ is the energy of the phonon emitted in the 
indirect transition. By fitting the observed absorption 
data at low temperatures where phonon absorption is 
unimportant to an expression of the form given by (1), 
the phonon energy for the indirect transition may be 
computed. A knowledge of the normal-mode spectrum 
for the crystal would then allow an estimate to be 
made of the wave vector of the emitted phonon and 
hence the separation in the Brillouin zone of the energy 
band extrema could be computed. 


Tass II. Double-group representations obtained by including 
spin in the Bloch functions. 
I's I's 
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‘Hall, Bardeen, and Blatt, Phys. Rev. 95, 559 (1954); G. G. 
Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955). 
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The form of the absorption band edge for direct 
transitions in anisotropic crystals is given in Sec. II. 
The absorption coefficient is shown to be of the form 
K« (hw—E,)", where n is 4 and $ for allowed and 
forbidden transitions, respectively. In anisotropic crys- 
tals the selection rules depend on the polarization of 
the incident light; hence, an apparent shift in the 
absorption band edge with polarization may occur. 
This shift is really only a change in the shape of the 
absorption edge. In Sec. III some conclusions are 
drawn as to band structure in some solids showing a 
shift in the absorption band edge with polarization of 
the incident light. 


II. THEORY OF DIRECT INTERBAND 
TRANSITIONS 


In the ensuing formulation of the problem, consider- 
ation is given to the direct transitions at the center of 
the Brillouin zone in a hexagonal structure without 
inversion symmetry which may or may not possess 
screw axes. The groups with and without screw axes 
are isomorphic at k=0. This will suffice to illustrate 
the main details of the argument. The extension to 
other symmetries and to extrema not at k=0 is easily 
accomplished, 

A group-theoretical classification? of energy levels is 
used together with the requisite selection rules for 
electric dipole transitions. The character table for the 
double group of the wave vector at k=0 in a hexagonal 
lattice is given in Table I. Table II contains the 
decomposition of the direct products of the single group 
representations with the representation by which the 
spin matrices transform, Dy. The occurrence of two 
representations in the direct product indicates a spin- 
orbit splitting of the energy level. The selection rules 
for the nonvanishing of matrix elements of the mo- 
mentum, (Wri! palrj), are given in Table III. The 
only representations which form nonvanishing matrix 
elements with a given representation I’; through the 
operator pq (transforming as I',) are those represen- 
tations contained in the decomposition of the direct 
product T'yXI',. This selection rule is strictly valid 
only for states at k=0. For wave vectors near the 
center of the Brillouin zone the selection rule is violated, 
deviations being possible to order k. 

Suppose that the energy band extrema for valence 
and conduction bands are of symmetry types I’, and 
I';, respectively. Table III indicates that polarizations 
along the hexagonal axis correspond to allowed transi- 
tions, while those normal to the hexagonal axis are 
forbidden. A perturbation expansion gives the wave 


* Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 581 
(1936); C. Herring, J. Franklin Inst. 233, 525 (1942); R. J 
Elliott; Phys. Rev. 96, 280 (1954). 
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functions near k=0 as 


h 
Vri(k)=ynt— ¥ (En— Ed) "il k-plyriyi (2) 
m 1T2,'6 
Rt 
Vro(k) Yro+ ys (Ere 
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FE," (Wilk- p|vrayi, (3) 


where y, is the wave function at k=0 labeled by 
symmetry type /. For electric dipole transitions, one is 
interested in the matrix elements of e-p, where e is a 
unit vector in the direction of the polarization. If 
(a,B,y) are the direction cosines of the polarization 
vector, then one obtains 


apstBpy tr pe- 
The matrix element may be written as 


M+ (ak, +Bky)M » 


e-p 


(Vr | e- p| Vr2) 
where 


M1= (Wril pel Pre) 

A _ | (Wril pel vs) (Wa! Pz | ora) 
Sy rl ~ : I 
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M,= +C.C.}. (6) 


m v5 


The absolute value squared of this matrix element is 


given by 


| (Wri|e-p| re) |?=7*| Mi |?+7(akzt Bhy) 
< (M *My+M\M*)+ (ake +Bhy)?|Mo|*. (7) 


The absorption coefficient associated with an optical 
transition between a filled valence band j and an 
empty conduction band 1 is 


; e ; he? 
Kyj=- f[ielevinale ; 
rem chu , Ow; ;/Ok wijme 


X sinbdéd ¢, (8) 
where 


wij= Wh LE«(k) — E(k) J, (9) 


and w is the angular frequency of the incident radiation. 
For the symmetry types chosen, the constant energy 
surfaces are ellipsoids of the following form: for the 
conduction band 


Edk) = E,+40((h2+k,2)+mi7k2], (10) 


where E, is the energy band gap, and for the valence 
band 


2;(k) re bh? mi: ‘(k,? +k,?) + mij 1k? |. 


(11) 
The angular integrations in Eq. (8) yield 
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Fic. 1. Absorption coefficient vs the excess of the photon energy 
over the energy gap, (hw —/,), for the direct electronic transition, 
I";—Io, in a hexagonal structure. The transition is allowed for 
light polarized parallel to the hexagonal axis and forbidden for 
the perpendicular polarization. The absorption coefficients are 
approximately equal when the abscissa is A where AEF is roughly 
the energy difference to other valence or conduction bands at k=0 
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and for polarizations perpendicular to the hexagonal 
axis, y=0, 


5 268 (uu)! (Quiet ui) 
Krira(L) |M|?(hw—H,)'. (15) 
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The expressions for the two absorption coefficients are 
valid when 


hun — Ey < AE, (16) 


where AE is the energy interval in which the pertur- 
bation expansions (2) and (3) are rapidly convergent. 
The restriction (16) limits the validity of these results 
to a region near the absorption edge. For photon 
frequencies greater than those satisfying (16) the 
absorption coefficient should be approximately inde- 
pendent of polarization. Figure 1 shows a plot of the 
absorption coefficient for the two polarizations. The 
absorption edge would show an apparent shift with 
light polarization which is in reality only a change in 
shape of this absorption edge. From the selection rules 


TABLE IIT. Selection rules for electric dipole transitions 
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in Table III one notes that the symmetry combination 
I';—I's will have the opposite effect from the one given 
here, i.e., the absorption coefficients are of the form 


(17) 
(18) 


Krirs( )a (hw E,)', 
Krirs(||) & (hw E,)!. 


Hence, one sees that experimental! information as to the 
shift of the absorption band edge with the state of 
polarization can yield useful information as to the 
possible symmetry types and degeneracies of the valence 
and conduction band extrema 


Ill. APPLICATIONS 


Experiments of Gross and Jacobson’ and Furlong 
and Ravilious* on CdS show that the absorption band 
edge shifts when the polarization is changed from 
parallel to the hexagonal axis to perpendicular to it. 
If an arbitrarily fixed absorption coefficient were taken 
as a measure of the energy gap, then the experimental 
results would point to the smallest gap occurring for 
the perpendicular polarization. Provided the band 
extrema occur at k=0, this information is sufficient to 
restrict the symmetry types at the band extrema to 
the following possibilities; I')—I's, Ta-I's, T's—T's, 
I's—I's, or I's—I'g, i.e., at least one and possibly both 
of the band extrema are twofold degenerate. In addition 
to the shift in the band edge Gross and Jacobson* 
report the observation of exciton absorption lines in 
CdS. An analysis of the exciton problem given else- 
where® indicates that the observation of exciton ab- 
sorption lines implies that the band extrema do indeed 
occur at k=O. Arguments based on the tight-binding 
wave functions lead one to expect that the valence 
bands consist of I’, and I’, states. The valence states 
reflect the ionic character of the structure and represent 
p states on the sulfur. The twofold degenerate I's state 
is presumably the uppermost valence state, since the 
c/a ratio in CdS is less than ideal, indicating that the 
p orbital along the c axis, i.e., the I’; state, binds more 
tightly than the orbitals to the other Cd ions. The 
lowest conduction state is presumably a I, level 
associated with s orbitals on the Cd ions. From the 
atomic spectrum of S, a spin-orbit splitting of the I's 
valence state of about 0.04 ev is estimated. 

In Table III, selection rules have been given for both 
single- and double-group representations. It should be 


*E. F. Gross and M. A. Jacobson, Doklady Akad. Nauk 
S.S.S.R. 102, 485 (1955) 
‘LL. R. Furlong and C. F. Ravilious, Phys. Rev. 98, 954 (1955) 


*G. Dresselhaus, Phys. and Chem. of Solids 1, 14 (1956). 
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noted that except in the case of a large spin-orbit 
interaction the single-group selection rules are more 
restrictive and hence yield more information about the 
nature of the transition than do the double-group 
selection rules. E.g., a I'\—I; transition is forbidden 
for light polarized parallel to the hexagonal axis even 
through the double-group selection rules seem to allow 
a I';—T’; transition for this polarization. A large spin- 
orbit interaction mixes any nearby I’; and I’, levels into 
the I’; state and thus allows direct transitions. 

In tellurium the band edge is observed* to change 
with polarization in the same sense as in CdS; hence the 
same possible symmetry types for conduction and 
valence bands apply as for CdS. The spin-orbit inter- 
action should however be very large in ‘Te as all bonding 
electrons are formed from p orbitals which show an 
atomic splitting of about 1 ev. The shift in absorption 
band edge can again be simply interpreted in terms of 
conduction and valence bands of different symmetry 
types. 

An explanation of the absorption edge shift in Te 
involving a more complex band structure with nearly 
degenerate bands has been proposed by Callen.’ How- 
ever, Callen’s interpretation requires the selection rules 
to be strictly valid in the neighborhood of the symmetry 
point and does not take a possible change of shape of 
the band edge into consideration. Nearly degenerate 
bands would imply small effective masses and hence 
rapid violation of the selection rules. Thus, this model 
seems unlikely. 

For indirect transitions the shift of the absorption 
band edge with polarization should be very slight since 
for both allowed and forbidden transitions the shape is 
of the form given by (1). The only variation with 
polarization is in the magnitude of the constant of 
proportionality. 

Any major difference in the index of refraction for the 
two polarizations would presumably reflect an electronic 
band structure in which the extrema are at the same 
point in the zone and the transition for one polarization 
allowed and the other forbidden at the symmetry point 
in the zone. On the other hand, a minor difference 
indicates that either the extrema are at the same point 
in the zone and both polarizations are forbidden or that 
the band edge is due to indirect transitions. These two 
possibilities could be distinguished by a careful study 
of the absorption constant near the band edge. 

I wish to thank Professor M. H. Cohen and Professor 
F. Reif for interesting discussions. 
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PHYSICAL REVIEW VOLUME 105, NUMBER 1 JANUARY 1 


Spontaneous Radiative Recombination in Semiconductors* 


Wituiam P. Dumke 
Chicago Midway Laboratories, The University of Chicago, Chicago, Illinois 


(Received September 20, 1956 


The mechanisms by which electrons and holes recombine with the emission of radiation are examined 
Expressions are derived for the radiative recombination lifetimes due to direct and indirect transitions and 
are applied to Ge and Si. Matrix elements in the transition probability for direct and indirect transitions 
are obtained from analyses of the cyclotron resonance effective mass data and the optical absorption data 
close to the band edge, respectively. For indirect transitions the calculated lifetimes were of the order of 
seconds and agreed within a factor of 3 with lifetimes calculated by the method of Van Roosbroeck and 
Shockley. It is shown that in Ge at room temperature, while the density of filled states in the conduction 
band at k=0 is very low, the rate of recombination by direct transitions is nevertheless somewhat greater 
than that by indirect transitions. This is consistent with the findings of Haynes. The role of radiative re 
combination in the observed lifetimes of excess carriers is questioned. It is concluded that for those semi 
conductors which have a rather high absorption constant close to the band edge (InSb 
is usually reabsorbed before it can escape from the crystal, producing another hole-electron pair, without 
contributing to the macroscopically observed lifetime. In the limit of a very high absorption constant, this 
emission and absorption of photons acts as an additional mechanism for the diffusion of hole-electron pairs. 


an emitted photon 


1. INTRODUCTION assisted indirect transitions between the valence and 


conduction bands. Recently Haynes® has found a 
second peak at 1.52 u in the intensity of recombination 
radiation from Ge, indicating the existence of another 
radiative recombination mechanism. Also, Dash and 
Newman® have observed a very sharp rise in the 
absorption constant at this wavelength. From our 
knowledge of the band structure of Ge,’~'’ it is reason- 


able to ascribe both effects to the onset of direct transi- 


ADIATIVE recombination of electrons and holes 
in semiconductors has been of interest from sev- 
eral points of view. Several years ago it was considered 
quite possible that in the available semiconductors such 
as Ge and Si, the lifetimes of injected carriers might be 
radiation limited and that therefore lifetimes could not 
be improved by improving the metallurgy of such semi- 
conductors. The theory of Van Roosbroeck and Shock 
ley' allowed one to calculate the radiative lifetime in a 
semiconductor with a specific carrier density if one 
knew the absorption spectrum and dielectric constant 
of that material. This theory was based on statistical 
considerations and did not take into account any details 
of the recombination mechanism. Van Roosbroeck and 
Shockley concluded that for Ge (and this would be 
even more true for Si because of its greater band gap) 
the radiation-limited lifetimes were far in excess of 
lifetimes yet observed and that some other nonradiative 
recombination mechanism must be responsible for the 
short observed lifetimes. 
Also of the 


spectra which have been observed for several semi- 


tions between the valence band and the conduction 
band at k=0. 

It is our purpose in this paper to derive expressions 
for the radiative recombination lifetimes based upon a 
microscopic analysis of both direct and indirect transi 
tions. We shall then apply these expressions to Ge and 
Si and compare our results with the radiative lifetimes 
calculated by the of Van and 
Shockley in order to test the consistency of the calcula 
tions and of the physical model on which they are 
based. Because of misconceptions appearing in the 


method Roosbroeck 


literature concerning the relationship of the radiative 


recombination lifetime to the observed lifetime of excess 


interest are recombination radiation 


carriers in semiconductors, we shall also examine and 


23: . : Tia h . discus 4 Lie e e -se lifetime 
conductors?” including Ge and Si. These are of interest liscuss the connection between these lifetimes. 


not only because of the mere possibility of observing 
such radiation, but also because of what light they 
may cast upon the band structure of semiconductors. 
The first observed radiation spectra on Ge and Si were 


The types of band structure we shall be considering 
are those for which the valence and conduction band 
extrema do not occur at the same point or points in 
the reduced Brillouin zone, and for which therefore the 


: ; ; threshold for direct transitions is above that for in 
smooth functions of wavelength with a single maxima 


slightly above the absorption edge, and it was suggested 
by Herring* that this radiation was the result of phonon- 


direct transitions. Most of the well-known semicon- 
ductors are of this type. Germanium and silicon both 


* This research was supported by the U. S. Air Force, through 
the Office of Scientific Research of the Air Research and De 
velopment Command. 

1W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
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2 J. R. Haynes and H. B. Briggs, Phys. Rev. 86, 647 (1952) 

7R. Newman, Phys. Rev. 91, 1313 (1953) 

4C. Herring, Phys. Rev. 93, 943 (1954). 


have warped degenerate valence bands at k=0, but 


the eonduction minima are out along the (1,1,1) and 


* J. R. Haynes, Phys. Rev. 98, 1866 (1955). 

*W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955) 
7F, Herman and J. Callaway, Phys. Rev. 89, 518 (1953) 
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*G. F. Dresselhaus, thesis, Berkeley, 1955 (unpublished) 
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(1,0,0) axes in k space, respectively."® InSb is generally 
attributed to have its conduction minima at k=0,!!.'? 
but it is quite likely that the valence band extrema lie 
elsewhere.'?.4 ; 

The total rate of radiative recombination of electrons 
and holes may be written 


dn 


Dw Py = (n + no) (pt po) Py), (1) 


dt , 


where n= p is the number of excess electrons or holes, 
no and po are the equilibrium carrier concentrations, and 
(Viz) is an average of the transition probability taken 
over the hole and electron distributions. To obtain the 
net recombination rate we must subtract the term in 
Nopo giving the equilibrium recombination rate, which 
is just balansed by the blackbody production of hole- 
electron pairs. For a small perturbation in the equi- 
librium carrier concentrations, we may write 


dn/dt (not po) (Vis) n. (2) 


Vy will in yeneral contain energy, momentum, and 
spin conservation conditions. Except for these condi- 
tions, we shall assume in what follows that matrix 
elements between bands are essentially constant over 
the hole and electron distributions, which are contained 
in small regions of the Brillouin zone. 

The solution of Eq. (2) isn=n(t=O)e “'™, where 


(3) 


Our problem will be essentially to evaluate (@,,) for the 
two recombination mechanisms mentioned previously. 


TR 


1/[ (no { po)( Vy) |. 


2. INDIRECT RECOMBINATION 


Indirect recombination is a two step process involv- 
ing both an optical transition and phonon scattering.“ 


“ Presselhaus, Kip, and Kittel, Phys. Rev. 98, 556 (1955) 

“KR. W. Keyes, Phys. Rev. 99, 490 (1955). 

4 According to the analysis of Blount, Callaway, Cohen, 
Dumke, and Phillips, Phys. Rev. 101, 563 (1956), the absorption 
spectrum around the absorption edge in InSb (0.15 at 300°K) 
exhibits evidence of indirect transitions. However, H. Y. Fan 
and G, W. Gobeli [Bull. Am, Phys. Soc. Ser. IT, 1, 111 (1956) ] 
report that the absorption spectra is characteristic of direct 
transitions with a band gap of 0.175 ev at 300°K. A comparison 
of the photoelectromagnetic response data of S. W. Kurnick and 
R. M. Zitter, J. Appl. Phys. 27, 278 (1956) and absorption data 
of V. Roberts and J. E. Quarrington, J. Elec. 1, 1952 (1955) was 
performed by the author to determine if the absorption between 
0.15 and 0.175 ev at 300°K actually resulted in the production 
of conducting holes and electrons, A simple theoretical analysis 
ignoring surface recombination showed that the shape of the 
photoelectromagnetic response near the cutoff should follow 
essentially a KL/(14-KL) law, where L is the effective diffusion 
length. By using this relation it was possible to accurately predict 
the position and shape of the observed photoelectromagnetic re 
sponse edge from the absorption data, indicating that free carriers 
are indeed produced well below 0.175 ev 

4 Absorption by indirect transitions is treated by Bardeen, 
Blatt, and Hall, Proceedings of the Atlantic City Photoconduc 
tivity Conference, 1954 (John Wiley and Sons, Inc., New York, 
1956). It is also discussed in Chicago Midway Laboratories’ 
Technical Report, CML-TN-55-A.2-13 (unpublished) 
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Since optical transitions in semiconductors occur essen- 
tially vertically in k space, a phonon collision is required 
to take the electron either to a virtual state n above the 
valence maximum from which it may drop down opti- 
cally (Figs. 1 and 2), or to the valence maximum from 
a virtual state n’ above the conduction minimum. 
nergy is conserved in the total process, the energy 
difference between the initial and final states being 
equal to the photon energy plus or minus the phonon 
energy, depending upon whether a phonon is created 
or annihilated in the scattering. The probability per 
unit time for an indirect transition from an initial 
conduction band state i to a final valence band state f 
through intermediate states n and n’ is given by the 
usual expression for a second-order transition'® as 


ar 
Piy=—p (hw) 
1 


= |Hin*|?|Hny|* | Hin |?|Hny|? 
le L(E,—E;+h0)?  (En—E,—k8)* 


[Hew |? Horst]? [Hine |?|Hosl® P 
—— (4) 


© L(Eqe—Ej—hw)* (Ex —E,—ha)? NN” 


where p(hw) is the density in energy of final photon 
states per unit volume and is given by 


p(hw) = New*/ren, (5) 


where No is the index of refraction, H,,* and Hi,-, 
etc., are electron-phonon interaction matrix elements 
for phonon creation and annihilation, and Hy, and Hj, 
are matrix elements for spontaneous optical emission. 

We are limited in what we can say about the matrix 
elements for phonon scattering. They will, however, be 
of the form 

H in =Bin(e"? — ay", 


¢ 
H j,' =BinA(1—e o/T)- 1 (6) 


The optical matrix elements can be shown to be equal 


16 
e f2rh\} 
iy=— (~) Hus 
m\ w 


where Py, is the matrix element of the momentum 
operator between states n and f. We may immediately 
write an expression for the radiative recombination 
lifetime using Eq. (3) and taking account of the fact 
that electrons must conserve spin in the transition. 
For simplicity, we shall ignore the k@ contribution to 
energy denominators which is small, and also we shall 
consider the electron and hole distributions to be 
located exactly at the band edges. This is a reasonable 
approximation in view of the fact that AE >>kT, where 
AE is the band gap. 


to 


(7) 


See W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, Oxford, 1944), second edition, p. 59. 





SPONTANEOUS 


Fic. 1. Band structure favoring indirect transitions from con- 
duction band states i to valence band states f through inter- 
mediate states m and n’. Direct transitions between higher con- 
duction band at k=0 and valence band may nevertheless be 
important. 


The radiative recombination lifetime is 


Chm? 1 ef/T—] 
eo SELLE 
27 AE V oy No { Po e° r { 1 


where y contains all the unknowns and is given by 


‘ \Binl?|Hny é 7 | Hin’ \? Bnis\? 
Y 63 +> 
. ee SS Rw Bie 


Information about y may be obtained from an in- 
direct transition analysis of the absorption edge data. 
To a good approximation, absorption by indirect 


transitions takes the form’ 


(hw+kO—Ak)* 
Ff , 


(hw — kb =~ 


ef/T J 


1 ye’mNo : 
A Yat >d at. (9) 
2x ch®AE vw c 


Here m/a, and m/a, are the valence and conduction 
band effective masses, respectively, and the sums over 
v and ¢ are over the extrema in these bands. If we 
substitute for y in terms of A, Eq. (8) becomes 


Lame Data! 1 eT 
4n hi 


(10) 


TRi= 
AAE*N? = not poe? +1 

Using this formula, we have calculated values of 7»; 
for Ge and Si, obtaining our value for A from the 
analyses of the absorption edges of Ge'® and Si'’ by 
MacFarlane and Roberts. The conduction band effec- 
tive masses are those given by Dresselhaus, Kip, and 
Kittel’ and we assume 4 conduction band minima for 
Ge. The valence band effective masses are those given 
by Lax and Mavroides'* for the density of states. For 
intrinsic Ge at temperature (no= 2.410"), 
Tri=1.98 sec, which does not compare unfavorably 
with the lifetime calculated by Van Roosbroeck and 


room 


~ 6G, C. MacFarlane and V. Roberts, Phys. Rev. 98, 1865 (1955). 
17G. C. MacFarlane and V. Roberts, Phys. Rev. 97, 1714 (1955) 
18 B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1950) 
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k=O 


Fic. 2. Analog of band structure of Fig. 1, with roles of valence’ 
and conduction bands interchanged. 


Shockley! of 0.75 sec using that part of the absorption 
spectra where only indirect transitions are involved 
About this result we may conclude qualitatively that 
it supports the indirect absorption model of the ab 
sorption edge in Ge, but that there are appreciable 
deviations in the absorption from Eq. (9) several kT 
above the edge. These deviations may be due to varia 
tion of matrix elements with energy, p* terms in the 
lor 
14X10"), res 
For a more attainable impurity con 
not po 0.47 sec. 


expansion of energy around an extremum, et 
intrinsic Si at room temperature (1 
=1.710* sec 


centration in Si, of, say, 10", rr¢ 


3. DIRECT RECOMBINATION 


For the type of bandstructure we have assumed, a 
substantial recombination by means of direct transi 
tions can occur if the energy gap for direct transitions 
AF’ is not too many kT larger than the energy gap for 
indirect transitions. For the band structure of Fig. 1 
there would in this case be a finite density of electrons 
in the conduction band at k=0. This corresponds to 
the case of Ge for which AF’— AF =0.18 ev at 300°K.® 
Similarly, holes could be present in the valence band at 
k=0 for the structure indicated in Fig. 2, We shall in 
the future discuss only the structure of Fig. 1, but with 
minor changes our results will also apply to the struc- 
ture of Fig. 2. In Fig. 1 we have drawn the conduction 
band states at k=0 as constituting a relative minimum 
because of the closeness of the valence band and the f 
sum rule.’* The density of electrons in the conduction 
band at k 
density of available states in the conduction band 
minima and assume that nearly all conduction band 
electrons are contained in these minima. We shall also 
assume that the conduction band electrons at k=0 have 
a simple effective mass given by m/a,. The density of 
electrons at k=0 is 


no f 2xh\!3 
(2 enn 
2 \mk7 ‘ 
AF! —AE+<acp?/Um 
exp ) (11) 
kT 


# A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953), second edition 


0 can easily be calculated if we know the 


f,(p) 
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A further condition which must hold for our analysis to 
be valid is that the time for equilibrium between the 
conduction minima and relative minima electrons to 
occur must be smal] compared to the time it takes an 
electron in the relative minima to drop down into the 
valence band. Otherwise our maximum rate of decay 
will be limited by the rate at which electrons can be 
scattered into the states at k=0. Since acoustical 
scattering times are on the order of 10~* sec and those 
for atomic transitions are ~10~* sec, we shall assume 
this condition to be satisfied although the scattering 
time for a fairly large momentum change such as we 
require here may be several orders of magnitude 
larger than 10-4, 
The transition probability is simply 


2x 
Vy h | Hiy|*p (hw) 6 pip, (12) 


where //,, and p(fw) have been given in the previous 
section. Averaging over the hole and electron dis- 
tributions, we obtain 


(@ 


DY Py fn( Pe) fo( Pr) 


Nopo Pomp» 


2rh?\ 3 
Mn) 
mich mkT 
AE'—AE\ >. (ae+a,) 
xexp( )\= - _, 
kT Lata 


We may immediately write down the lifetime for direct 
recombination by using Eq. (3) and rearranging some 


1 (= —)/ T! ) 
2(2r)! he’ AEN | Pyy|? 


AF’ 
xexp( . 
kT 


if/ 


2we*N 


(13) 


terms 


TRd 


Tact Te, 
~~) ( 1 


) (14) 
not po 


Equation (14) applies also to the elementary band 
model of semiconductors, for which direct transitions 
occur at the band edge, if we let AE’ = AE and ay =ae. 
For Ge, a» and Py may be estimated from our knowl- 
edge of its band structure,*~"’ and the cyclotron reso- 
nance data for holes.’ In the absence of spin-orbit 
splitting, there would be 6 valence bands in Ge and 
these would be degenerate at k=0. As a result of spin- 
orbit splitting, two of these bands have energies 0.3 ev 
below the other four at k=0. Away from k=0 the 
upper four bands are split into two doubly-degenerate 
bands, the states of which have warped surfaces of 
constant energy in the Brillouin zone and which corre- 
spond to the light and heavy hole bands. An analysis of 


i» fas +a,)~! 
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these bands may be made by using basis functions 
which transform like p-type wave functions times a 
spin wave function and setting up the perturbation 
matrix between these wave functions and wave func- 
tions for higher lying states. Transforming the matrix 
to the J, My representation in which the spin-orbit 
energy is diagonal, one may then diagonalize the per- 
turbation energy and also solve for the new eigenfunc- 
tion as linear combinations of the p-like wave functions. 

From the cyclotron resonance data it is possible to 
calculate the second-order perturbation energy between 
the p-like basis functions and the higher lying bands of 
various symmetries. The largest contribution is that 
due to the conduction band state at k=0, partially due 
to its closeness in energy. According to Dresselhaus,® 
the matrix element between one of the valence-band 
basis functions e;* and the conduction-band wave 
function B~ of the perturbation p-P/m is numerically 
given by 


| (e+|P|B-)|?= | (ext |P,|B ) |?=28.6(2AE’/m). 


Expressing the wave functions for the valence bands 
in terms of these basis functions and averaging over 
the possible polarizations of the emitted photon, one 
finds that the optical matrix element for transitions 
between the lowest conduction band at k=0 and either 
the light hole band or the heavy hole band is given by 


| Piy|*=1/3| (ex*|P|B-)|?. 


ac’ is given by the f sum rule,” 


(15) 


4 + 
m i Cot — En; 


One can easily show that the sum of the contributions 
from the heavy hole and light hole bands is | Pe’»|? 
+ | Pe'w,|?= 2/3] (ex+|P{B-)}?. Also, for the split-off 
valence band |P,.,,|?=1/3| (e+|P|8-)|*. Because this 
band is 0.3 ev below the other two valence bands, its 
contribution to the f sum will be somewhat reduced. 


Following Dresselhaus,® we estimate 


0.81 


2 1 
ae=1 +(- + 2s. 2/, (16) 
3 30.81+4-0.30 


corresponding to an effective mass of 0.037 m. 
Substituting these values in Eq. (14) and using a 
value of 0.18 ev for AE’—AE from the data of Dash 
and Newman,® we find the lifetime for direct radiative 
recombination in intrinsic Ge at 300°K to be rra=0.29 
sec. Haynes,® and Burstein, Picus, and Teitler® have 
calculated the radiative recombination lifetime for 
both direct and indirect transitions in Ge and have 
obtained 0.25 sec and 0.30 sec, respectively. For in- 
direct transition 7g;=0.75 sec, so that if we solve for 


® Burstein, Picus, and Teitler (unpublished). 
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the direct transition lifetime using the relation that 


1/rr=1/rrit 1/rra, (17) 


we find that Haynes’ result corresponds to 0.38 sec and 
that of Burstein, Picus, and Teitler to 0.50 sec, for the 
lifetime due to only direct transitions, in reasonable 
agreement with our result. This agreement can be cited 
as additional support for the current model of the 
energy bands in Ge, and for the analysis of the cyclotron 
resonance data. 

The exponential dependence of the lifetime on 7 
in Eq. (14) reflects the dependence of the direct re- 
combination rate on the number of electrons at k=0 
in the conduction band. When Haynes® observed the 
recombination spectrum of Ge at 300°K, he was barely 
able to detect the direct recombination component. At 
higher temperatures one would expect this component 
to become more prominent due to the larger fraction of 
electrons at k=0. Because AE’—AE for Si is at least 
1.4 ev one would not expect to observe any radiation 
due to direct recombination in Si. 


1 


4. CONNECTION BETWEEN RADIATIVE AND 
OBSERVED LIFETIMES 


Frequently, in the literature,” it is suggested that 
radiative recombination is a factor fundamentally 
limiting the maximum obtainable lifetimes of excess 
carriers in certain semiconductors. There is a certain 
degree of justifiability in this position for semiconduc- 
tors such as Ge and Si for which the absorption co- 
efficient K is fairly low (~10 cm) for several kT 
above the absorption edge. In this case, an emitted 
photon has a good chance of escaping the crystal before 
being reabsorbed with the resulting production of 
another hole electron pair. For Ge and Si however, the 
radiative recombination lifetime is quite long and other 
recombination mechanisms must be invoked to account 
for the much shorter lifetimes actually observed. 

It is a mistake, however, to suppose that there is any 
close connection between radiative recombination and 
observed lifetimes for semiconductors which have high 
absorption constants close to the band edge. This will be 
particularly true of semiconductors in which direct 
transitions occur either at or near the band edge. In 
such materials K will be on the order of 10* for energies 
corresponding to the majority of the emitted photons. 
Since the transitions are not between localized states, 
we do not obtain a degradation of the photon energy 
by the Franck-Condon principle. While it is true rp 
may be small and of the order of observed lifetimes for 
these materials, except for the radiation originating 
within a distance of approximately 1/K from the 
surface, none of the recombination radiation can escape, 
and consequently no net decrease in the number of 
hole electron pairs due to radiative recombination is 


1 J. W. Allen and I. M. Mackintosh, J. Elec. 1, 138 (1955). 
2 J. S. Moss and J. H. Hawkins, Phys. Rev. 101, 1609 (1956). 
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observed. Therefore, except for thin films, one would 
not expect to find radiation limited semiconductors. 
Even in the case in which the carriers are initially 
produced on the surface of a thick specimen, it may be 
shown that the observed lifetime of these carriers due 
to radiative recombination is infinite. 

When A is large, there will be a diffusion of hole 
electron pairs from a region where they are more dense 
and more photons are released to a region of lower 
density where they may be absorbed. We shall calculate 
the diffusion constant for such a process and show that 
it is quite small. We shall be considering only the radia 
tion due to recombination of the excess carriers, since 
the radiation from the equilibrium distributions will 
be in equilibrium with the blackbody background. 
Consider now a smoothly varying distribution of excess 
carriers given by n(x), and let us calculate the flux of 
photons across a plane of unit cross section at x«=0. 
Let P(£)dE be the probability that a photon is in the 
energy interval dE. The number of photons of energy 
in dE being emitted from a layer dx thick is 
n(x)dxP(E)dE/rr and of these (ndxPdEK/rpr)e *'dl 
will be reabsorbed within d/ a distance | away from the 
initial point of their production. A fraction (1—|x|)/2l 
for />|«| will cross the plane at x=0. We shall expand 
n(x) in a Taylor series about «=0 and throw away all 
but the first two terms. Since the constant term can give 
no net flux across x=0 we shall ignore it also. The net 
flux is 


KPdE sodn 6 © J—|2| 
db ( ) | f +f ce’ 'dldx 
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© pe l—|z| 
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3 K*reN\Ox7 ano. 
The total tlux of photons of all energies is 
1 son dE 
? ( ) few 
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1 on 
(K »( ') , (19) 
3TR Ox oO 


corresponding to a diffusion coefficient (1/3r,)(K~*). 
The average of K 


Den) 


’ over the indirect radiation spectra 
diverges at the absorption band edge, so that a lower 
limit corresponding to =1/L, where L is of the order 
of the sample dimensions, is necessary. Radiation for 
K <1/L includes the radiation which escapes from the 
crystal. The average of K~? over the direct transition 
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spectra does not diverge. An idea of the magnitude of 
this photon diffusion coefficient can be had using 
r=10°*, (K~*)=3 X10, giving an effective diffusion 
coefficient of 1 cm?/sec corresponding to a carrier mo- 
bility of 40 cm?/volt sec at room temperature, which is 
quite small compared to actual mobilities. 
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The Thomas-Fermi theory of the atom is generalized to include the effects of temperature as well as ex 
change. This leads to a nonlinear integral equation for the Fermi electron-momentum distribution function, 
and the usual Poisson equation for the electron-density distribution, Analytical solutions of the integral 
equation are given for the limiting cases of near-degeneracy and complete nondegeneracy, and a numerical 
method of calculating solutions in the intermediate case is described. A complete discussion of the thermo 
dynamics of the atom is given; in particular, it is shown that the Gibbs free energy is the product of the 
number of electrons and the electronic chemical potential (Fermi energy), despite statements which have 
been made to the contrary. Numerical results have verified the virial theorem for all Z, 7, and atomic vol 
umes. The ratio of the calculated energy for 7=(=0 to the experimental total ionization energy varies 
from 2.07 for H down to 1,33 for Al, and is presumably still closer to unity for higher-Z elements. Some 
numerical results are given for iron over the density range 0.1 to 10 times normal and for values of kT from 
0 to 1000 ev. Pressures, energies, and entropies are lower than the corresponding values calculated without 


exchange by as much as 40% at kT = 10 ev, by up to 10% 


at kT = 1000 ev 


1. INTRODUCTION 


HE Thomas-Fermi (TF) and Thomas-Fermi- 

Dirac (TFD) statistical models of the atom'* 
have been extensively used as the basis for approximate 
calculations of the equations of state of compressed 
materials.* The original Thomas-Fermi model has 
first by taking into 
account exchange effects at zero temperature?~® 
second by allowing nonzero temperatures but neglect- 


been extended in two directions 
and 


7 


ing exchange.® 
Some attempts have been made to include the effects 
of both exchange and elevated temperatures. Umeda 


1L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927); 
E. Fermi, Z. Physik 48, 73 (1928) 

?P_ A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930) 

3 For general discussions see for example: L. Brillouin, Actualités 
sci. et ind. 160 (1934); P. Gombds, Die statistische Theorie des 
{toms und ihre Anwendungen (Springer-Verlag, Wien, 1949); E. 
M. Corson, Perturbation Methods in the Quantum Mechanics of n- 
Electron Systems (Hafner Publishing Company, New York, 1950), 

1 
, a 3 and H. M. Krutter, Phys. Rev. 47, 559 (1935); 
H. Jensen, Z. Physik 111, 373 (1938) 

*' Feynman, Metropolis, and Teller, Phys. Rev. 75, 1561 (1949). 

*R. E. Marshak and H. A. Bethe, Ast nee J. 91, 239 (1940). 

1J. J. Gilvarry, Phys. Rev. 96, 934 and 944 (1954); J. J. Gil- 
varry and G. H. Peebles, Phys Rev. 99, 550 (1955); R. Latter, 
Phys. Rev. 99, 1854 (1955). 


at kT’ = 100 ev, and by only negligible amounts 


and Tomishima* have done this by deriving a tempera- 
ture-perturbation type of Thomas-Fermi equation® in 
which the effects of exchange are taken into account 
by using an effective temperature’ which minimizes 
the Helmholtz free energy. Ashkin™ has generalized 
the Thomas-Fermi-Dirac theory (with exchange), ob- 
taining equations applicable for any temperature. How- 
ever, his solution, obtained by an analytical perturba- 
tion procedure, is (like Umeda and Tomishima’s valid 
only to temperatures of a few volts (1 volt11 605.6°K). 
The present paper is an extension of this early work 
(including the perturbation solution), and also outlines 
a method by which accurate solutions may be calcu- 
lated for arbitrarily high temperatures. 


2. THEORY 


A. Basic Integral Equation and Associated 
Differential Equation for the Charge Density 


The application of the statistical theory of the atom 
to equation-of-state calculations is well known, but for 


at Umeda and Y. Tomishima, J. Phys. Soc. (Japan) 8, 360 
(1953) 

* A. B. Lidiard, Phil. Mag. 42, 1325 (1951). 

” J. Ashkin (unpublished). 
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completeness the basic arguments involved will be 
summarized here. An atom of a solid in the metallic 
state may be considered as a polyhedral cell which 
contains one nucleus and a number of electrons V equal 
to the atomic number Z. At high pressures, this cell 
exhibits a rather high degree of symmetry; thus the 
electric field at points outside the cell due to the charge 
within is small and drops off rapidly with increasing 
distance from the cell. It is therefore a good approxima- 
tion to replace each polyhedral cell by a sphere of equal 
volume and regard the electron distribution within the 
cell as being exactly spherically symmetrical. This 
makes the electric field within a cell dependent only 
on the charge distribution within that cell, so that the 
problem of calculating properties of the solid as a whole 
reduces to that of finding the properties of a single 
atom. The volume of the solid is measured by the size 
of one of the spherical cells, the pressure (being uni- 
form throughout the solid) is equal to the pressure of 
the electron cloud at the surface of the sphere, and the 
internal energy of the solid (since interatomic forces 
are neglected) is simply the product of the energy per 
atom and the total number of atoms. 

For the purpose of finding the electron distribution 
within a spherical cell, we shall start with a wave 
function for the electrons of the atom which 
antisymmetrized product of one-electron wave func- 
tions. From Fock’s equations for the individual wave 
functions ¢,(r), the energy of an electron in the ith 
state is found to be" 


is an 
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Exin, ¢ + Eon + Eee, i t Fux, (2.1) 
(The volume element dr’ implies summation over the 
electron spin as well as integration over space.) The 
first two terms of this expression represent, respec- 
tively, the kinetic energy and the electron-nuclear 
potential energy of the ith electron. It is convenient 
to consider the remaiing two terms separately and 
they will be referred to as the electron-electron poten 
tial energy and the exchange energy, respectively, even 
though properly speaking the sum of the two terms 
constitutes the electron-electron potential energy. Con- 
sidering the totality of all possible wave functions ¢, 
for the ith electron, the probability that the electron 

H See, ‘for example, F. Seitz, The Modern Theory of Solids 
(McGraw- Hill Book Company, Inc., New York, 1940), Secs. 
49 ff; Eq. (2.1) follows from Seitz’ Eq. (51.6) by setting \yj= 2454. 
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lies in any particular one of these states will be assumed 
to be given by the Fermi distribution function 


ny=[14 wu) ty 


where B=1/k7', FE; is the energy of the ith electron as 
defined by Eq. (2.1) for this particular state of the 
atom, and yu is a constant whose value is the same for 
all electrons of the atom. The validity of Eq. (2.2) has 
been established, to a certain approximation, by a 
statistical-mechanical treatment of the atom from the 
point of view of the grand canonical ensemble.” 
In order to evaluate the integrals in Eq. (2.1) 
now assume, in keeping with the usual Thomas-Fermi 
theory, that the individual wave functions are approxi- 
mately localized in position and momentum, so that 
we can assert of the ith electron that it lies 
mately at a point r; with approximately a momentum 
pi. Replacing the sum over 7 in Eq. (2.1) by an integral 
over phase space, with a density of states 2/h' 
hence an electron density 2n/h*®, the exchange energy 
of an electron in the state 7 is found to be? . 


(e” rh) f (n(p'y) 


or integrating over the direction of p’ 


Eex, i =f p’ ar Py | n(p'rddp’. 
hp pil 


Similarly the remaining terms of the energy are found 
to be 


(2,2) 


exph(E 


we 


approxi- 


and 


Fox i 5 dp’, 


(2.3) 


Exin, ¢ { ieee i + i 4 
pe 


2m 7; 


2é n(p’,r’) 
ff -—~dp'dr’. (2.4) 
hi |r’ — Fy | 


(2.2) we 


Substituting these expressions into Eq. 
find that n(pi,r;) must satisfy a rather complicated 
nonlinear integral equation in the two variables p; and 
r;, It is not possible to get rid of the nonlinearity. It is, 
however, possible to replace the equation in two vari 
ables by two separate equations in one variable each: 
Introducing a variable 
Ean,i 


Xi=x(71) Keanith 


Zé 2  pnip'y’) 
f f dp'dr’+u, 
ry, kh r’—r;| 


we may write 
Ze 7" p’+ pi 
J p’ \n 
hp, 0 |p’ pi| 


Kn p'rjdp’ Xi. 


1—n(piri) pe 
kT In 


n( pi,7i) 2m 
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This expression shows that the function n(p;,7;,) depends 
on 7, only through the possible values that the potential 
energy x; can assume when 7; changes. Thus the equa- 
tion can be regarded as an integral equation in one 
variable for a function m of p,; alone, the potential 
energy x; playing the role of a parameter in the equa- 
tion.'* We shall indicate this more explicitly by writing 
the distribution function hereafter as n(p;; xi,7) in- 
stead of n(p,7;). Our first problem, then, will be to 
solve Eq. (2.6) for n(pi; xi,7) as a function of p; and 
the parameters x,;and 7. To find the explicit dependence 
(for given 7) on the position coordinate r;, it is only 
necessary to solve an equation of the Poisson type for 
xi. For, denoting by Go(xi,7) the integral 


Go(xa,T) (4m) f nr xi 1 dpi 


f pen( pi; xi,T)dp; (2.7) 


(which is proportional to the electron density), Eq. 
(2.5) can be written 


Zé &re® 7Go(xi',T) 
dr’ +p 
r, =O |r’—r;| 


Ze? —32r’e’ (1 fr" oe 
f Go dr' 4 ] r'Ge' dr’ } +p, 
r; h® lad r | 


) ' 


and taking the Laplacian of both sides, 


Axi= (329°e?/h*®)Go(xi,T). (2.8) 


This can be regarded simply as a generalization of the 
original Thomas-Fermi equation for the electron 
distribution, 

The solution of the integral equation (2.6) is espe- 
cially simple in two special cases of interest. First, if 
exchange effects are neglected we find immediately that 


n( pi; xin 1') = (1 +exp[B(p2/2m—x,) }}“, 


and the Poisson equation to be solved is 


(2.9) 


32x ¢” prdpy 
Axi | 


WJ, 1+exp[B(p2/2m—x,)] 


This is the equation used by Feynman ef al., in their 
treatment of temperature effects.” 

As the second example we take the case where the 
temperature is zero. Here the solution is simple even 
when the exchange term is retained. If P= P(,) is the 
value of p,; for which the right-hand side of Eq. (2.6) 

Equation (2.6) for the case of free electrons (x;=,) has been 


derived by H. Koppe, Z. Naturforsch. 2a, 429 (1947). 
4 Reference 5, Eq. (15) 
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vanishes, then at zero temperature it follows that 


1 for pi<P 


n( pi; xi,0) = (2.10) 


0 for pi>P. 


Substituting pj= P, then, we find 


Pw? PP P+p 
een WY ee 
2m hPJ, P—p' 


= P*/2m—2EP/h. 


From Eq. (2.7), Gz= P*/3, and the Poisson equation 
is thus 


A(P?/2m—2e2P/h)=32e%eP?/3h*. (2.11) 


This is the equation first obtained by Dirac" for the 
exchange case at zero temperature. 


B. Thermodynamical Considerations 


Before taking up the solution of Eq. (2.6) in the 
general case, we shall first discuss the thermodynamics 
of the atom. For the total energy per atom, we shall 
write 

E= Exint+ EentEect Ex, (2.12) 
where 
Exin> » i niExin, iy E..= } a N Eee, i; 
Een=), WiEien,i, Ex™}>d, nai, 


the summations being over all energy states for each 
electron of the atom. It may be pointed out that the 
electron-electron energies are of the form [see Eq. 


(2.1) ] 
7 N jE ee, ij, 2. N ;Eoex, 4; 


and thus of course depend on the occupation proba- 
bilities of electrons other than the ith electron. An 
expression for the entropy follows from its definition 
as the average value of —k In, where P is the proba- 
bility of occurrence of any particular electronic con- 
figuration. Since the probability that any particular 
energy state is occupied is m; and the probability that 
it is not occupied is 1—m,;, this average is'® 


S=—k > ({n, Inny+ (1—n,) In (ft 
or, from Eq. (2.2), 


TS=>0(n(E;—p)—kT In(i—n,)} 
= E+ EytEa—Nu-kT ¥ In(i—n,), 


| Ea, i (2.13) 


ni)} (2.14) 


(2.15) 


where \ is the total number of electrons per atom. It 
follows from Eqs. (2.14) and (2.10) that S=0 at T=0, 
in agreement with Nernst’s postulate. The Helmholtz 

“ Reference 2, Eq. (20). The exchange term in Dirac’s paper is 
twice that of (2.11) owing to his neglecting the fact that exchange 
interactions occur only between electrons of parallel spin. 

See J. E. Mayer and M. G. Mayer, Statistical Mechanics 
(John Wiley and Sons, Inc., New York, 1940), Eqs. (5.13) and 
(6.2). 
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free energy is then 


A=E—TS=Nyu—Ege—ExtkT > \n(i—n,). (2.16) 


In writing these expressions for the thermodynamic 
functions, we have used not the most probable elec- 
tronic distribution for an atom as a whole, but rather 
the most probable values of the occupation numbers of 
each of the individual states. For example, in writing 


Bes 4 D ist jE ce, ij, 


we have used in each term the product of most-probable 
values of m; and m; rather than the value of the product 
which corresponds to the most probable electronic state 
of the atom. This means that we neglect correlation 
effects which make the probability of finding an elec- 
tron in state i depend on the presence or absence of an 
electron in state j [other than the dependence implicit 
in Eq. (2.2) |. The expressions written above are, how- 
ever, consistent with the first and laws of 
thermodynamics 


sec ond 


dk = TdS— 9dV +pdN, 


(2.17) 
dA SdT PAV +pdN. 
For, noting that Eyini, Eee ij, etc., depend only on 
volume and nuclear charge, it may be seen by direct 
differentiation of Eqs. (2.12) and (2.14) that 
(0E/dT)y N T(AS oT), N 
> E,(dn/dT)y,n~. (2.18) 


Also, letting Eye, ijt+-Eex,ij= Vij, it may be seen from 


Eq. (2.2) that 
ni(l—n)f_ On, Ou 
“ter(), (2), 
kT i oN T,V ON T.V 


(“") 
ON T.V 
so that differentiation of Eq. (2.16) gives 


(0A/ON)rv=n, (2.19) 


showing that yu is the chemical potential of the elec- 
trons. Thus Eqs. (2.17) are satisfied provided the 
pressure is defined in such a way as to agree with the 
relations 

y (0E/dV )S.N 


(0A/dV)r, N: (2.20) 


The pressure may be calculated in two ways. The 
first is a consequence of the virial theorem: 


OV =F int dE ent dEoect fen, (2.21) 


which has been shown by Feynman et al.° to hold for 
the generalized Thomas-Fermi atom. 

A second expression for pressure, in terms of bound- 
ary conditions only, can be obtained from its definition 
as the rate of transfer of momentum across a unit area 
at the edge of the atom. In the case of a neutral atom, 
the electrostatic field at the boundary is zero, so that 
the only contributions to the pressure arise from the 
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gas kinetic pressure of the electrons and the exchange 
interactions. Since these interactions are of very short 
range—of the order of the de Broglie wavelength of the 
electrons—we may expect the electron density near the 
boundary to be essentially constant; for the only thing 
which could give a nonuniform density would be a 
nonvanishing long-range interaction. The problem is, 
then, to find the pressure of a uniform gas of electrons 
in which the Coulomb interactions have been reduced 
to zero (say by the presence of a uniform positive space 
charge) but in which the exchange interactions remain, 
For such a uniform gas of .V electrons in a volume V, it 
is clear thermodynamically that (except for surface 
effects which we may regard as small) the free energy 
A can be written in the form A=\xa(T,V/N); that 
is, the free energy is equal to the number of electrons 
times the free energy per electron, the latter being a 
function of temperature and concentration only. ‘The 
pressure is then, from Eq. (2.20) 


‘i (O0A/AV )r [da/0(V/N) |q 


From Eq. (2.19), 


OA | da 
( ) a(7T,V/N) | 
ON/ ry VLA(V 


Thus from Eq. (2.16) 


OV =F —kT YD In(l—n,), 


since E,, is zero for the electron gas under consideration. 
Replacing the sum by an integral over phase space with 
density of states 2/h*, the volume can be divided out 
because of the uniform spatial distribution of electrons, 


leaving 


Y= (F.,/unit vol.) — (2k7 w) | In(1—n,)dp,. (2.23) 


For the 
and the 


atom this expression gives the pressure if m, 
exchange-energy density are evaluated at the 
boundary. It may be noted that this formula, together 
with the virial theorem (2.21). For the case of zero 
potential energy, implies 


(2kT w) f In(1—n,)dp, 


4 (Lxin/unit vol. x/unit vol.), (2,24) 
a result which will be verified by a detailed calculation 
in Sec. 3 [see Eq. (3.9) ]. 

Finally, we wish to obtain an expression for the 
Gibbs free energy F of the atom. For this purpose we 
shall need first an expression for the Helmholtz free 
energy A which is provided by Eq. (2.26) below. This 
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relation will be established by an explicit evaluation in 
Sec. 3 [see Eq. (3.24) | based on the important identity 
in Eq. (3.9), However, the same result may also be 
obtained by an artifice which it is instructive to con- 
sider at this point in the argument. 

Imagine a hypothetical field-free atom in which at 
each point the electron density and momentum dis- 
tribution are identical with the corresponding values 
in the actual atom under consideration, but in which 
the positive charge of the nucleus has been smeared 
out to make the atom everywhere locally electrically 
neutral (thereby reducing all Coulomb energies to zero). 
We shall denote quantities relating to this hypothetical 
atom by using primes. The momentum distribution at 
a point r is given, analogously to Eq. (2.2), by 

ni =[1+expp(E/—p,’) }". 
ni, it follows that 


pi + } . a + Boos b, 


But since by hypothesis n,’ 


pop t+E,— Ef (2.25) 


or, summing over all quantum states, 
Nu > nig { | +2 Eo. 


(The variation of the chemical potential 4,’ from point 
to point in the hypothetical atom shows that the dis- 
tribution is not strictly in thermodynamic equilibrium 
if the electrons of one volume element are free to move 
into neighboring volume elements. In order to maintain 
thermodynamic equilibrium we therefore imagine the 
atom divided into small cells, each enclosed in rigid 
walls impervious to electrons but perfectly heat con- 
ducting.) Since an expression analogous to Eq. (2.22) 
holds locally throughout the hypothetical atom, it 
follows that 


> ny’ fe T's'+0")dV', 


where e’ and s’ represent local energy and entropy 
densities, and the local pressure & is given by the 
virial theorem (2.21) as 


; 


wy” §exin’ { box , 
Thus 
(5/3) Buin’ + (4/3) Ex’ — TS’ 
(5/3) Exint (4/3) Ex — TS, 


Dd nui 


since S’=S from Eq. (2.14). Using the virial theorem 


(2.21), we obtain finally 
Vu E T'S t 4 Exin { Boos + LE 


A+ OV+44E.— hE en. (2.26) 


This expression has been obtained by Brachman'® for 
the no-exchange case. 

Since both £,, and —E,,, are positive, it is evident 
that NuxA+WV. However, this inequality is not to 


1M. K. Brachman, J. Chem. Phys. 22, 1152 (1954). 
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be interpreted as meaning that F~ Ny as claimed by 
Brachman'® and by Reiss,'’ but rather is due to the 
fact that the definition F= A+ @V is appropriate only 
in the case of homogeneous, field-free systems. For the 
atom under consideration, the expression (2.17) for 
dE is in fact an incomplete description of the possible 
ways in which the electronic energy E can change. 
irstly, we must include the effect of the “external” 
field set up by the nucleus. Secondly, although total 
volume is an adequate variable for describing the 
kinetic and exchange energies (exchange interactions 
being strictiy local in effect), volume alone is not ade- 
quate to determine the long-range electrostatic poten- 
tial energies~-which depend on the shape of the occupied 
volume (or more accurately on the values of the in- 
dividual interparticle distances). Thus a complete 
expression for the change in internal energy is'® 


dE=TdS+udN + (dE xin/OV)dV + (dE «/IV)dV 


OE en Oke Ok en 
+>- dr +4 > —drij+ d(Ze), (2.27) 
Or; id Oi; 0(Ze) 
where the negatives of the derivatives with respect to 
V,7, and Ze are of the nature of pressures, forces, and 
potential, respectively. (More correctly, in the cases 
of the kinetic and exchange energies one should perhaps 
subdivide the volume V into a large number of sub- 
volumes within each of which the Coulomb potential 
and hence also the electron density and momentum dis- 
tribution— is essentially constant. However, this would 
not alter the final result obtained below.) Correspond- 
ing to this expression for dZ, one has the following ex- 
pression for the Gibbs free energy'*: 


F = A—(8Eqin/@V)V — (BE xx/8V)V 
OE en Oke Ok 


en 
E : 1; -} a Vij rie Ze. 
Or; id OG; 0(Ze) 


(2.28) 


The second and third terms on the right are just the 
contribution of the kinetic and exchange energies to 
@V, which from Eq. (2.21) is }Eyint+4Ex. (Or alter- 
natively, it may be noted that for constant occupation 
numbers n, of the quantum states, the kinetic energy 
p2/2m of a particle in a box scales as V~!, and the 
exchange energy according to Eq. (2.3) scales as p; or 
as V~4.) The remaining terms are easily evaluated, 
giving 
F=A+4Exint hE t EontEee— Een 


A+ OV+4E,.— YE un, (2.29) 


17H. Reiss, J. Chem. Phys. 21, 1209 (1953). 

18 See, for example, R. Fowler and E. A. Guggenheim, Sta- 
tistical Thermodynamics (Cambridge University Press, Cambridge, 
1956), pp. 58 ff; J. L. Finck, Thermodynamics from the Classic 
and Generalized Standpoints (Bookman Associates, New York, 
1955), pp. 67 ff, 108 ff. 
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from Eq. (2.21). Comparison of this result with Eq. 
(2.26) indicates that indeed 

F=Nu, (2.30) 
just as for a homogeneous, field-free system. 


3. CONVERSION TO REDUCED VARIABLES 


Before continuing further, it is convenient to express 
all quantities in terms of dimensionless variables. For 
this purpose, we choose the following units of length, 
momentum, energy, and pressure”; 


he ( 9? \! 0.468479 10-8 
ro= : 
4atme rt, Zs 


o= 8me"/h= 2.53662 X 10~'* g-cm/sec, 


cm, 


(3.1) 
69= pe? /2m= 3.53262 X10~" ergs= 22.0532 ev, 


Po= 41 p/h? = 24.9321 X10" dynes/cm? 
= 24.9321 megabars, 
and also introduce the quantity 

e= (3/32n°Z*)'=0.21178271Z2-4. (3.2) 


We then let 
p bi/ po, 


x=xi/6o. 


x=r;/T0, 


3.3 
0=kT/0o, (3.3) 


In terms of these variables, Eq. (2.6) for the momentum 
distribution function can be written 


n(p; x,0)={1+exp[ (p?—I—x)/a]}}, (3.4) 


where 


Fens 1 f* | |p'+P| 
1(p; x)= -——= fe In|- | 
4 2po \p’—p 


xn(p’;x,0)dp’ (3.5) 
is the exchange integral. For convenience in later use, 
we introduce the following momentum integrals (in 
dimensionless form) : 


® 


Gulxs)= f n(p; x,P)dp, (3.6a) 
0 


Gulu f)= f p’n(p; x,A)dp= . po °'Go(xi,T), (3.6b) 


catx= f p'n(p; x,A)dp, (3.6c) 
0 


G4(x,9) f pl (p; x,9)n(p; x,A)dp, (3.6d) 
0 


(3.6e) 


Gs(x,9) = -of p* In(1—n)dp. 
0 


1 Numerical values are based on the table of fundamental con- 
stants given by J. W. M. DuMond and E. R. Cohen, Phys. Rev 
$2, 555 (1951). 
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It is evident physically that »(p; x,0) tends to zero 
as p tends to infinity, and in fact it is necessary that n 
tend to zero more strongly than p~® in order that G, 
(which will be shown to be related to the kinetic energy 
density) be defined. Under the assumption that this is 
true, it is not difficult to show from Eq. (3.5) that 


1(0; x,0)=Gi (x9), (3.7a) 


and that as p tends to infinity, 


1(p; x,0)~p*Ge(x,0). (3.7b) 


It follows from Eq. (3.4) that 


n(p; x,0)~ex!* exp(— p*/@). (3.8) 


It can then be shown with the aid of an integration by 
parts that 


1 x 
Gs -{ p'n(p)Ld(p?—I—x)/dp \dp 


1 7" " p’p?n(p)n(p’) 
4G, { AG, J f dp'dp 
345 0 p” p’ 


§Gst+4Gi. (3.9) 
It will appear later that this identity establishes Eq. 
(2.24), and thereby also the expression for the Helm- 
holtz free energy A given in Eq. (2.26) or in Eq. (3.24) 
below. 

Since the density of energy states in phase space is 


2dpdr/h' = (8x p/h’) p’dpdr, (3.10) 


the electron density is 


(8a po®/h®)Go(x,0) = (2 o/00)Ga(x,9) 


1.41153 10"G, electrons/cc. (3.11) 


Introducing a further dimensionless variable @ related 
to x in the following way: 


Zem 1 1) 1 
: (3.12) 
Or 16 (46)*x 16 


the Poisson equation (2.8) can be written 


dp/ dx? = (18/9?Z?)xGe= 3 (46)*xGo. (3.13) 


The problem at hand, then, is first to solve the 
integral equation (3.4) to obtain the momentum dis 
tribution n(p;x,0) for each of a number of values of 
the parameter x at each temperature @ of interest. 
After evaluating the integral (3.6b) to obtain the 
electron density as a function of x (or of $/x), the 
Poisson equation (3.13) can then be integrated to give 
@ (and hence the potential energy per electron) as a 
function of x. Solution of Eq. (3.13) is of course subject 
to two boundary conditions. The first of these follows 
immediately from Eq. (2.5): 


limrx; 
rw#& 


limrOox = Ze’, 
rw) 
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TABLE I. Electronic energies for fixed x. 


Electron 
nuclear 
energy” 


Electron-electron 
Coulomb energy® 


Kinetic Exchange 
energy energy* 


Klectron with 66 


momentum p Gop" Oo! (he)ix box + 


a5 1% 
Gs 66 

6 

"Gs Gets * 

Oo Gs bo “ 00x | 66 
2G: (4e)*x 2 


2(4e)% 
Oui t-x+7° ) 
46 (4e)*x 


of electron-electron interactions, a factor § is involved in 
one electron to average energy per electron or to 


One electron, aver er 


aged over all p Oox + 


66 
(4e)*x 
Per electron, aver 
aged over all p 

20h 


Per unit volume 21VGi VG 
(he) 


*In the case 
passing from energy of 
energy per unit volume 

» Oy/ (he)? m Ze®/ro 


WY, from Kq (3.12), 


o(0)=1. (3.14) 


Starting with an arbitrary value of the initial slope 
¢' (0), integration of Eq. (3.13) is carried forward to a 
value «=X such that the total number of electrons 
within the sphere of radius X is equal to the desired 
number V.”" Using Eqs. (3.11) and (3.13), this leads 
to the second boundary condition 


x 
V = 32m (ropo/h)! f YGadx=Z f 


x 


xp''dx, (3.15) 


or, integrating by parts: 


d' (X)=o(X)/X+(N—Z)/ZX. (3.16) 
The boundary having been determined in this manner, 
the chemical potential (per electron) may be calculated 
from the expression for the potential energy of an elec 

tron at the surface of a spherically symmetric atom of 


net charge (Z—.\V Je: From Eq, (2.5), 


¢ 4 \ )e? roX 


Ooxxt (AN 


p=xi(X) 


Z)O0/(46)?ZX. (3.17) 


For any given value of x, expressions for the various 
energies and the entropy can be readily found from the 
various equations already given. For example, from 
Eqs. (2.14), (3.10), (3.6), and (3.9), the entropy per 
unit volume is 


AS/k Sapo’ | 


If 0p I — x)ndp 


s 


of Pp? in(l 


AV h*0 


np 


(26 ‘OD) (Gs dy, Ge + Gs) 


(2 9/00)[ (5/3)Gs— 4Ga—xG2 }. 
Other results are collected in ‘Table I. 


® For most purposes N is of course \umerically equal to Z 
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Once a solution of the differential equation (3.13) 
has been obtained, giving x as a function of x, total 
energies and entropy can be calculated. Noting that 
Od V =49 Cor'x*dx=ox*dx/x’Z, and using the rela- 
tions (3.13) and (3.16), the results may be written 


Exin 


x 
(1804/x*2) f Gx, (3.19) 


xX 
Fox = ~ (900/2°Z) f 2G dx, (3.20) 


x 
Een= -[180/x*2 (46) f 2Godx= —OoZ (46)? 


XL—$'(0)+0(X)/X+(N—Z)/ZX], 


xX 
- (Oa/=2) f x*yxGodxt+4Nu—hEen 
0 


965 x 
=— f x*yGodx+4O0oN xx 
rZ 0 
6.N (N—Z) 
2(46)*ZX 
x 
(18/2) f x*{ (5/3)G; or 4G, _ xGe \dx 


a 


= (5/3) Exint+ (4/3) Bex +2E.etEun— 
7 S . —4Exin—tEa— Veet Nu, 


(3.23) 
(3.24) 
(3.25) 


A=E 
F=Nu. 


Setting Ex equal to zero, the expressions for 7S and 
A reduce to those given by Brachman” for the tem- 
perature-dependent Thomas-Fermi theory. 

The pressure may be found either from the virial 
theorem (2.21): 


OV =4E int 4Eont4Eect fEex, (3.26) 


Z only), from Eqs. (2.23) and (3.9): 
Pol (4/3)G3— 4G, |x (3.27) 


(which can be seen from Table I to be just the virial 
theorem for a uniform electron gas in field-free space). 

It should perhaps be noted that the integral equation 
(3.4) does not involve Z explicitly. Hence solution of 
this equation and evaluation of the integrals (3.6) as 
functions of x and 6 provide results applicable to any 
element. Solutions of the Poisson equation (3.13) are, 
however, applicable only to the value of Z for which e 
was evaluated. 


or (for the case V 


vg = 0o9(2Gs5 ons G, \y a 


4. SOLUTION AT ABSOLUTE ZERO 


At [=0°K, most of the equations of Sec. 3 can be 
simplified greatly. If Po is the value of p at which 


"M. K. Brachman, Phys. Rev. 84, 1263 (1951). 
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\ P?-I(p; x,0)—x vanishes, then 


p<Po 


1, 
n(p;x0)=| (4.1) 
0 


p> Pr. 


The exchange integral (3.5) can in this case be easily 
evaluated, giving: 


p role ly] 
P(p;x)= f y In| |dy 
2 0 ly—1} 


1 1/Py Pot 
-p +-( =. )in 4 (4.2) 
Mae Po—p| 


Thus (0; x) Pe, I°(Po: x) SPo, and I°(p; x)~ P}/ 
3p’, in agreement with Eq. (3.7). From the definition 
of Po, it follows from Eq. (3.12) that 


xX P?? 4 Po, (4.3) 


Po 1+ (x t i )4 A + (46) (p/x)!. (4.4) 


Since Py must be non-negative for physical reasons, 
the + sign must be used except possibly for 02 x= — yy. 

The integrals (3.6) are easily evaluated with the aid 
of Eqs. (4.2), (3.4), and (4.3): 


G,"(x) a Po, 
G(x) = Po/3, 


G 3°(x) = P°/ S. 


Po Po ; [i+y| Po 
Ge(x)=—+— f (y—4) In| dy=—., (4.5 
¢ 4 Jy }11—y| 4 


Gs"(x) = imo f p* In{1+expl(— p’?+/+x)/0}}dp 


Po 
-f p(—p+I+x)dp 


= 2P 8/154 Po!/12. (4.5e) 


The boundary pressure for the case N=Z is, from 
Eq. (3.27), 


P= Po(4Po°/15— Po'/12) x. (4.6) 


The differential equation (3.13) may then be written, 
with the aid of Eq. (4.4), in the well-known form 


dp /dx? = x{ e+ (p/x)' }. (4.7) 


For each solution of this equation, giving Po as a 
function of x, expressions (3.19)-(3.25) for the thermo- 
dynamic functions can be evaluated by using the 
expressions (4.5) for the required G,,’. 
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Plaskett” has derived an equation differing from 
(4.7) in that ¢ is replaced by }¢. This results from his 
use of an average exchange energy in place of the 
function (4.2): From Eq. (4.5), this average is (} Po") 
(4P.3) (4.3) and 
(4.4) 


#Po, which gives in place of Eqs 
xX Po? +P o, 

and 

Po=}+Lx+ (9/64) J! 


There is no need for us to make this approximation, 
and we shall therefore use Eq. (4.7) as it stands. 


5. SOLUTION OF THE INTEGRAL EQUATION 
FOR LARGE POSITIVE x 


At nonzero temperatures, n(p;x,0) loses its simple 
step-function form, and the integrals (3.6) can no 
longer be evaluated analytically. However, for large 
(positive) x and/or small @, the distribution function 
approximates a step function and one can obtain 
approximate analytical expressions by a perturbation 
treatment. 

For the case 7 (4.2) 
that the exchange integral is a monotonically decreasing 
function of p. It is reasonable to assume that this is 
true also in the present case, so that the exponent in 


Eq. (3.4), 


0, it may be seen from Eq 


H= (p?—I—x)/6, (5.1) 
is monotonically increasing and (for fixed positive x) 
has one and only one zero” at some value p= P?(=/P). 
At this point, m equals 4; and for the case with which 
we are concerned here, the value of m changes rapidly 
from essentially 1 through 4 to essentially 0 in a very 
narrow interval about the point ?. For purposes of 
evaluating n, we need to be able to calculate // only 


in this interval—within which we write 


H = ayx+ yx" + agx?+ +++ = yt+boy’+bay+--++, (5.2) 


in terms of variables 


x=(p—P)/P, y=ayx. (5.3) 
By comparison with Eq. (5.1) it may be seen that the 
term p’/@ contributes 2/7/6 to a, and /*/6 to a). Thus 
any remaining contributions to a; and ad», and all of 
the coefficients a3, as, :-- are due to I(p;x,6). We 
shall assume that in the region of interest 17 can be 
approximated to sufficient accuracy by retaining only 
the first three terms of the series (5.2). We now develop 
expansions for n=(1+e")"' and 1—n=(14+e")". 
Considering @ to be fixed and P variable (and large) 
and for brevity keeping at this point only those terms 


37.$ (London) A66, 178 (1953), 
Sec. 5 
%W. Zimmermann, Z. Physik 132, 1 (1952) discusses a case in 


which the existence of three zeros is assumed 


Plaskett, Proc. Phys. Soc 
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which prove to be most important, we obtain 


cy md 
n . [ bey? + bay’ + bebyy’ ] 
I+e" (1+e%) 
2babywy'e¥ 
+ , (5.4) 
(1+e-%)* 
e” ev 
I—n { [ boy’ + bay’ — babsy’® | 
1+e" (1+)? 
2bebyy*e* 
+ » 155) 
(1+e")? 


The coefficients a;, a2, ay will be evaluated by equat- 
ing derivatives of Eqs. (5.2) and (5.1) at p= P(x= y=0). 
(This procedure does not, of course, lead to the best 
cubic approximation to H since it gives nonzero values 
for d4, a5, °++, but this is an approximation which we 
must make.) Letting 


r 


pre 


J (p)=2pl 


in| 3 


from Eq. (3.5), and 


b’ -+- | 
[on Pl a(p'dp! , (5.6) 
Pp’ p 


J (p)=d I (p)/dx™ = aynd™ I (p)/dy™ (5.7) 


(where the differentiation is to be carried out under the 
integral signs before the limit is taken), the results are 


y= /?—J(P)/2P, (5.8) 
a =0"[3P2?—x—J™ (P)/2P)], (5.9) 
2(a,+a;)=0"[ 6F?—J@ (P)/2P), (5.10) 
6(as+-a2) =0"'[672?—J® (P)/2P |. (5.11) 


In evaluating the integrals J‘(P) and also the 
integrals (3.6) it is evident that we have to do with 
integrals of the form 


s P a 
f {(p)n(p)dp f S(p)dp +f f(p)ndp 
0 0 P 


P 
-f {(p)(i—n)dp. (5 12) 


In the last two integrals, we use the expressions (5.4) 
and (5.5). Although these are accurate only near p= P 


(y=0), they are so small elsewhere that we may use 
rz 242 
Ee Na {61 7 eed + $e} —In (201) J} 
24 a, 
P 
= Pr 
2 


AND 


a 


og a2 
~—| —0,038-+1.721--+0.822 


a; | 
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then without great error throughout the entire range 
of the integrals—and may even replace the lower limit 
0 by —«. If F(y) is the form which f(p) takes when 
the change of variable (5.3) is made, then for the sum 
of the last two integrals in Eq. (5.12) we may write 
approximately 


(P/ai)f F(y)n(y)dy -(P/ax) f F(—y)[1—n(—y) |dy 


2 « 


LF(y)—F(—y) ] 


v 


€ bsye~¥ 


dy 


~ 


>= ) (Ite = 


boy’e y 
(1+e-%)? 


a\"%6 


P cA 
f [F(y)+F(—y) ] 
ayy 


2bsy' 
x| 1+bsy’— ky. (5.13) 
1+e" 
[In the case of J‘ (P), the lower limit 0 must be re- 
placed by ¢, and a limiting process carried out after the 
integrals have been evaluated. | It turns out that the 
functions F(y) encountered are mostly powers of y or 
Iny. Thus we shall encounter integrals of the form 


* wle~¥(Iny) ‘dy 
I jet f (5.14) 
0 (1+e v)i 
e “dy 
iz J . (5.15) 
1 w(1+e-%)* 


These integrals can be evaluated by using series ex- 
pansions and the following relations obtained by par- 
tial integration (for 721): 


9 20= 79 j~1)10, 
25 j30= JI G—1)20F J j20, (5.16) 
9 j21= 99 G1) t+ 9 G1) 10- 
In particular, 
9 ,0= 9/12, 93:0 = 5.682197, 
$02 =}, 911; = 0.449043, (5.17) 
$-1,;= 0.180628, 9 _3,= 0.086391. 


Applying Eqs. (5.12)—(5.17) to Eqs. (5.8)-(5.11), we 
obtain after rather lengthy calculations the following 
results (keeping in each case only the leading terms in 
a 1/P expansion) : 


a2 
1—2— 


a 


( 


incon, (5.18) 


a 
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$— Jit f 


1 
2 In(2a,;)+$+4 I. a-f - . 
475 


[ 
= —| 2P++4 In(2a,)— 
6 


ery 


ay 





y(ev+1) =. 2a, 


= (P/é)[P— 


(1—e") +3y(1+e")dy 
y(1+e") 


Pa? 1 7 439 020 
a= — {5 ait f es 
30 2 0 a’ 
For given values of P and @, a, can be found by sub- 
stituting Eq. (5.21) into Eq. (5.19) and solving by 
iteration; a2, a3, and x can then be calculated easily. 
This determines 7 from Eq. (5.2)—and therefore also 
I and n from Eq. (5.1)—as a function of P (or x) and @. 
There remains the problem of calculating the mo- 
The 


only a straightforward 


mentum integrals G2, G;, and G4 from Eq. (3.6). 
of 
application of Eq. 


| oR ‘sy a2 8931003 / a2 
G» + Ene _ ) + (s 

5 a; ay a Pi ay 

Ps ps ds 
Gy; +  5:0(2 - ) | 

5 a; ay 


these involve 
(5.13), 


first two 


and the results are: 


2) | (5.22) 
SI 31023 ae 
(s ') | (5.23) 
a;3 ay 


In order to evaluate Gy, we note by comparison of Eqs. 
(5.1) and (5.2) that, for small y, 


I= p’—x—0(y+ boy*+ bsy*) (5.24) 


Using this expression for f(p) in the last two integrals 


of Eq. (5.12), we obtain 


Pp ps P 20 P* 
f pldp+Gy , (c: : ): 
0 5 3 ay 


X (I110— 335 310). 


It may be easily seen from Eq. (3.5) that 


P t 
[ Pr J Pray, 


where by /° is meant the expression (4.2) with Po re- 
placed by P. 
Eq. (4.5d) | 


P Ps P 
f pldp=—+4 ( Gy 
° 4 2 


With the results (5.18), 


(5.26) 
(5.12) once again gives | see 


ps Ps 
): 
3 a; 


(Gin 


Using Eq. 


9 i109 In2a)). (5.27) 


(5.22), and (5.23), we obtain 
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|- (P/0)(2P+4 In(2a}) —0.437+1.64a,a,~), 


oe 110 | 
a fa 


} In(2a;) +0.594 —0,822a3;a;*]+ (1—}P/0a;), (5.20) 


- (0.0355 Pa;?/0) + (1—4 P/Oa)). (5.21) 
finally 


PP 20a, P 
G4 t | suo(4P +4 
4 a;’ \ P ay 


ei 


j oat 


nas) | 
ay 66a, 

I 310 (16? )}. 
a;3 P 


In the extreme limit P—~« 
reduce [using Eq. (4.5) ] to: 


| (5.28) 


ay 


(for fixed 0), these results 
2P°°/0 
P?/6, 
0.0178/Po, 
Py) A+-01038P 5) 
r’0?/24P 9, 
r?P>/8, 
62{ — (w?/24) In(4Po? 


G3" (5.30) 


(O7 G, 0) + () 804}. 


The results (5.30) will be used in Sec. 8 as a guide in 
making analytic fits to results calculated as described 
in Sec. 7. 


6. SOLUTION OF THE INTEGRAL EQUATION 
FOR LARGE NEGATIVE x 


When — x/@>>1, it is evident from Eq. (3.4) that 
n(p;x,0)<1 for all p. It follows from Eq. (3.5) that 
I(p;x,0) is negligible compared with p’— x, so that 
Eq. (3.4) reduces to the Maxwellian distribution 

* exp( (6.1) 


n(p; x,0) =e* p’/6). 


From Eq. (3.6), readily obtain the asymptotic 


results: 


we 


D 


ex f exp(— p*/0)dp= (10) %ex!®, 


0 


Gi(x,) (6.2a) 


Go(x,8) f Pexn( p’/0)dp=} (xP )'ex!*,  (6,.2b) 


Gi(x,9) f p' exp(— p’/0)dp=4(10")'ex!", (6.2) 
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kT #10000 





\ kT = 200ev 


\ *500ev 


4 5 


Fic. 1. The “potential” function @(x) for iron at normal density 
po™ 7.85 g/cc. (The curve for kT = 500 ev extends to ¢= —7.086 
at the atom boundary.) 


With the changes of variable 


pe 1 p’0 f 


we obtain from Eqs. (3.5) and (6.1): 


r COSH r sing 


Ga(x,9) wenn f r exp(—r)dr 


(6.2d) 


be 
xf (sin2@) In| tan(@+ 41) |do 


0 


APE N haem er eex!!, 


7. SOLUTION OF THE INTEGRAL EQUATION 
FOR INTERMEDIATE x 


For the intermediate case in which | x/@| is not large, 
neither of the previously given analytical solutions of 
the integral equation is adequate, and numerical 
methods must be used for sufficient accuracy. Such 
solutions have been obtained by an iterative scheme 
with the aid of IBM type 701 digital computers. For 
these purposes an integration mesh of 49 points p;= po, 
pi, Po > «pas Was used. The value of pas was chosen such 
that n(pys)10~'n (0), and po was chosen to be either 
zero or such that 1—(po)=10~* to 10~*. Direct evalua- 

™ The value of the @ integral is given in B. de Haan, Nouvelles 


Tables d'Intégrales définies (G. E. Stechert and Company, New 
York, 1939), Table 309, No. 6 
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tion of the exchange integral /(;) from Eq. (3.5) by 
numerical quadrature [using values of n(p;) from the 
preceding cycle] is possible, but is complicated by the 
presence of the singularity in the integrand at p’=p. 
Consequently, the following analytic scheme was used. 
Case I. Small x—In the case of (algebraically) small 
x, n(p) does not approximate a step function and po 
must be chosen equal to zero. At each cycle in the 
iteration, n(p;) was calculated for all values of i from 
Eq. (3.4). For this purpose it was of course necessary 
to know I(p,). This was computed from Eq. (3.5) by 
approximating the values n(p;) from the preceding 
cycle with the function 


n(p’)=dajt+bap', prjr2Sp' < prj. (7.1) 


Here b.; was set equal to the slope of the chord from 
(poj-2,mej-2) to (po;,m2;), and a2; was then chosen so 
that the area under the line segment defined by Eq. 
(7.1) was equal to the area found by applying Simpson’s 
rule to the three ordinates m2;~2, 2;~1, %2;. This choice 
of the coefficients gives the correct value (to the ac- 
curacy of Simpson’s rule) for the total area Gi= fndp, 
and hence from Eq. (3.7a) the correct value of J(0). 
Using Eq. (7.1) in Eq. (3.5), the exchange integral 
may be written in the form 


I (pi)=4 DL (d2j— Gaj42) pail (prj/ pi) 


+4 DS (b2j—b2542)poPlo(poj/pi), (7.2) 


eer 


—__i st ae eee 


kT* 500ev 


<2 © 


kT « 100ev 


ee eee 








Fic. 2. Electron density as a function of radius for 
iron at normal density po=7.85 g/cc. 
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0 for j>24, and the integrals 


v iilied 
I.(y)=y “| x” In| ——|dx 


0 x—] 


where d2;= by; 


are easily evaluated analytically. 

Iteration was continued until all values n(p,) were 
essentially constant, and the G integrals (3.6) were 
then evaluated numerically. 

Case II. Large x—In the case of large x, n(p) ap- 
proximates more or less closely to a step function, and 
the calculations were modified to avoid excessive loss 
of significant figures by calculating 


1—n={1+exp[—(p?—I—x)/0]}"_ for i<24, 


and 


n={1+expl(p?—I—x)/@)}}" for 


(7.4) 


i= 24. 


The value of pz could usually be taken equal to Po, 
Eq. (4.4), and the entire range of values pops was 
taken only such that the values calculated from Eq. 
(7.4) were appreciable. The straight-line approximation 
of Eq. (7.1) was applied to values of n—1 rather than 
n for 1S 24, and the G integrals evaluated in the form 
of Eq. (5.12). 

Calculations have been made for a number of values 
of x and 6. The numerical results for large and small x 
are in good agreement with the analytical results of 


Secs. 5 and 6, respectively, and in all cases verify the 








/ 


Fic. 3. Comparison of the electron pressure at the boundary 
of the iron atom as calculated with (TFD) and without (TF) 
exchange. (p9=7.85 g/cc). 
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Fic. 4. Comparison of the electron energy of the iron atom 
relative to the energy at 7 Ye=() as calculated with (TFD, 
Eo= —43 285 ev/atom) and without (TF, Ko= —41 886 ev/atom) 
exchange. (p9=7.85 g/cc) 


relation (3.9)— which in view of Eq. (3.27) is equivalent 
to the virial theorem for a uniform field-free electron 
gas, and which is responsible for the expression (2.26) 
for the Helmholtz free energy A. 


8. SOLUTION OF THE POISSON EQUATION 


Calculation of equation-of-state data requires nu 
merical integration of the Poisson equation (3.13), 
which involves the electron density G,. For this purpose 
the numerical results of Sec. 7 were fit with analytic 


functions of the form 


Got = 4 P b+ (90/24 Po) F* (P58) (8.1) 


for large x, and 


Gs 1 (ar) tex! 9 F(x) (8,2) 


for small x. The functions + and F~ were chosen such 
as to tend asymptotically to unity, so as to agree with 
the results (5.30) and (6.2). For use in evaluating the 
thermodynamic functions (3.19)-(3.27), similar analytic 
fits were made for Gs and G,. (In all three cases, dis- 
continuities were avoided by making a gradual change 
over from Gt to G™ over a range of values of /’» with the 
aid of an exponential weighting function.) 

As with the work of previous investigators for the 


case 7 =(),”° numerical integration of Eq. (3.13) was 


* N. Metropolis and J. R. Reitz, J. Chem. Phys. 19, 555 (1951); 
also reference 5, 
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#1000 ev 


*100ev 


S/k (per atom) 





\O 


p/P 


Fic. 5, Comparison of the electron entropy of the iron atom 
as calculated with (TFD) and without (TF) exchange. (po 
= 7.85 g/cc) 


begun with the aid of a series solution of the form 


(8.3) 


1 
=>. an*?, 
0 


Temperature-correction terms were added to the ex- 
pressions given by Metropolis and Reitz for the a;; 
however, Eq. (8.3) was used only out to such values of 
x that the temperature corrections were negligible. 
Integration was advanced beyond these values of x by 
a difference method. The boundary value x= X was 
determined from Eq. (3.16), and as a check N was 
calculated by numerical evaluation of the integral 
(3.15). The value of V thus computed usually agreed 
with the value used in Eq. (3.16) to five or six sig- 
nificant figures. 

Evaluation of the necessary integrals for calculating 
the thermodynamic functions (3.19)~—(3.26) was carried 
out analytically for the region in which the series solu- 
tion was used, and by numerical quadrature elsewhere. 
The pressure was calculated from Eq. (3.27); values 
thus obtained (for V=Z) agreed with those given by 
the virial theorem (3.26) (except in the case of very low 
pressure where serious significant-figure loss was in- 
volved) usually within 0.1%—which is all that can be 
expected from the accuracy of the analytic fits used 
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for the G functions.”* Graphical differentiation of calcu- 
lated values of E and A in a few specific cases has 
given results in agreement with Eq. (2.20) within the 
error of the graphs. Finally, calculations made for fixed 
Z but several different values of V have shown that the 
calculated value of (0A/0'V)7,y agrees with the value 
of uw found from Eq. (3.17); see Eq. (2.19). 

Extensive equation-of-state calculations have been 
carried out for a number of different elements, using 
IBM Type 701 digital computers. As an example, 
some results for iron are given in Figs. 1 to 6. Figure 1 
shows for the normal-density iron atom at several 
temperatures the function (x), which is related to the 
potential distribution within the atom through Eqs. 
(2.5), (3.3), and (3.12). Figure 2 shows for some corre- 
sponding cases the form of the electron-density function 
Gz» [see Eq. (3.11) ]. It may be noted that for a tem- 
perature of 10 000 volts, the electron density is essen- 
tially constant throughout the volume of the atom- 
indicating, as one would expect, practically complete 
ionization. Figures 3 to 5 compare some equation-of- 
state results for iron with the corresponding values as 
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Fic. 6. The distribution of energy among the various forms of 
potential energy for the iron atom at temperatures of zero and 500 
volts. In the case of exchange energy, 10 F.x/E xin has been plotted 
for greater clarity. 


*6In the case 7=0 where analytic fits were not involved, the 
ratio of the virial-theorem to the boundary-value pressure was 
about 1.00028, independent of Z or the value of x to which (8.3) 
was used. The departure from a value unity is probably due to 
errors inherent in the numerical methods used. 
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TABLE II. Comparison of calculation with experimental total ionization energies (ev/atom). 


N 


Eex 


—8.34 
23.7 
44.3 
69.6 
99.1 

133 

-170 
~210 
~ 254 
-404 
—461 


Een 


~ 58.65 
-277.4 
-695.4 

~ 1339.7 

~ 2231.5 
~ 3390 
4830 
- 6564 
-8611 
-~16716 
—20 110 


Exin 


28.07 
126.7 
312.4 
596.3 
987.5 

1494 
2122 
2878 
9 3768 
12 7286 
13 8757 


OnNAM Se wWHe 


* Experimental values are from C. E 
Office, Washington, D. C., 1952 


calculated on the basis of the temperature-dependent 
Thomas-Fermi theory (exchange effects omitted).2” It 
may be seen that the differences are quite large at low 
temperatures, become rather small at k7’= 100 ev, and 
are negligible for kT 2 1000 ev. In Fig. 6 the partition 
of potential energy among the various forms is shown 
for iron as a function of density and temperature. At 
zero temperature and low density the total potential 
energy is equal to —2# yin in agreement with the virial 
theorem. 

The calculated partition of energy among the various 
forms for the specia! case T= ®=0 is given in Table II 


a ee nee men me eee ee ee ae iE AE (EES 
eee 











Fic. 7. Comparison of various theoretical and experimental 
values for the energies of the isolated zero-temperature atoms with 
the values calculated from the Thomas-Fermi-Dirac theory. 


27 R. Latter, reference 7. More accurate values than those which 
can be read from the graphs in this paper have been obtained 
directly from the author 


Moore, Atomic Energy Levels, U. S. National Bureau of Standards Circular No. 467 
, Vol. II, p. xxvitt. (The ionization potential of the final electron for Z #9, 12 


Eu 


10.85 
47.6 
115.0 
216.8 
355.6 
535 
755 
1018 
1329 
2548 
3056 


Keaie/ Heap 


2.065 
1.604 
1,536 
1.494 
1.472 
1.451 
1.428 
1.409 
1,388 
1.337 
1.327 


Feap* 


13.595 
78.983 
203.428 
- 399.033 
670.790 
1029.81 
- 1485.64 
2043.28 
2715 
~ 5448 
~ 6600 


Eeale 
28.07 
~ 126.7 
~312.4 
596.3 
987.5 
1494 
2122 
- 2878 
3768 
~7286 
— 8757 


U. S. Government Printing 
and 13 was estimated from that for Z #8), 


for low-Z elements, together with experimental total 
ionization energies. The agreement between calculated 
and experimental values is quite poor, particularly (as 
is to be expected) for the smallest Z. This is shown also 
in Fig. 7, where comparison is extended to higher Z 
with the aid of theoretical values calculated by Mayer 
using screening constants together with energy levels 
for an electron in a Coulomb field.** Also shown in the 
figure is a curve representing the ‘Thomas-Fermi 
(no-exchange) values?’ 


Evy 20,9152". (8.4) 


The large errors in the values given by the statistical] 
theories are due primarily to the fact that these theories 
predict infinite electron densities at the nucleus, whereas 
quantum mechanics indicates the density should remain 
finite. The appropriate correction to the TED energy 
has been calculated by Scott” to be 

LD /2a9= 13.002 ev. (8.5) 
As shown in Fig. 7, this correction markedly improves 
the agreement with experiment. (The poor agreement 
with Mayer’s values at high Z is due to the fact that 


Mayer included relativistic effects in his calculations.) 
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The effect of the atomic core on the nuclear quadrupole coupling has been evaluated for several atomic 
ground states and excited states. It has been shown that for the excited states of the alkalis, as the principal 
quantum number n is increased, the ratio R of the induced effect to the direct interaction with the valence 
electron tends toward a constant asymptotic value which is of the same order as for the first excited state 


(~—0.1 to - 


0.3). The sensitivity of R to inaccuracies in the zero-order core wave functions and valence 


wave functions has been investigated. Equations have been derived for the exchange terms in the quadrupole 
coupling due to the perturbation of the valence wave function by the nuclear quadrupole moment. The 
present calculations indicate that the exchange terms do not affect significantly the net antishielding 


obtained for the excited states of the alkalis 


I, INTRODUCTION 


HE effect of the atomic the nuclear 

quadrupole coupling in atoms and molecules has 
been previously discussed and evaluated in several 
papers.'* The purpose of the present work is to extend 
the calculations to several atomic states not considered 
previously, and to examine in detail the exchange terms 
due to the perturbation of the valence wave function 
by the nuclear quadrupole moment Q. The results of 
this investigation show that the exchange terms have 
only a minor influence on the correction factor for Q 


core on 


for the excited states of the alkalis. 

The main new result of the present calculations 
concerns the behavior of the core correction for the 
excited p states of the alkalis as the principal quantum 
number » is increased. For the Na 3p, Rb 5p, and Cs 6p 
first excited states, it was shown in III that the net 
effect of the core is antishielding, i.e., the ratio R which 
determines the core correction C= 1/(1—R) is negative. 
Here R is defined as minus the interaction energy due 
to the core divided by the direct interaction of Q with 
the valence electron. In the present work, R has also 
been obtained for Rb 6p, Rb 7p, and Cs 7p. It was 
found that the values of R for the higher excited states 
are approximately the same as for the corresponding 
first excited states, and probably approach a constant 
value as wm», Thus the values of R for all of the 
excited states covered in the present work are of order 
—0.1 to —0.3., 

In Sec. II, we give the results of calculations of R 
for 11 atomic ground states and excited states. The 
behavior of RK as m is increased will be discussed in 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

tA preliminary account of this work was presented at the 
1956 Washington Meeting of the American Physical Society 
[ Bull. Am. Phys. Soc. Ser. IT, 1, 193 (1956) ]. 

'R. M. Sternheimer, Phys. Rev. 84, 244 (1951) ; 86, 316 (1952); 
95, 736 (1954). These papers will be referred to as I, II, and ITI, 
respectively 

* Foley, Sternheimer, and Tycko, Phys. Rev. 93, 734 (1954); 
R. M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 (1956). 
These papers will be referred to as IV and V, respectively 


detail. We have also obtained results concerning the 
sensitivity of R to the core and valence wave functions 
used in the calculations. 

In Sec. III, we present a derivation of the exchange 
terms due to the perturbation of the valence wave 
function by the potential due to the nuclear Q. It will 
be shown that the same terms also occur in the expres- 
sion for the hfs interval a due to the nuclear magnetic 
moment, as a result of the exchange electrostatic inter- 
between the and the core. 


action valence electron 


Hence these terms will cancel approximately in the 
ratio b/a from which the experimental values of Q are 
generally determined ; here 6 is the hfs interval due to 


the quadrupole moment. Section III also gives the 
results of calculations of the other type of exchange 
terms, previously discussed in I, II, and III, which 
arise from the perturbation of the core wave functions 
by the nuclear Q. Similarly to the conclusions obtained 
in III, it is found that, although important for the 
atomic ground states, these terms are in general 
appreciably smaller than the direct Coulomb terms for 
the excited states and hence do not affect significantly 
the values of R for these states. 


II. CORE CORRECTION FOR ATOMIC GROUND 
STATES AND EXCITED STATES 


The calculations of the core correction R were carried 
out in the same manner as in III. R is given by 


R= (yr*)/(r), (1) 
where 
(yr) = (Yang?) + (Y raat). (2) 


The notation { ) represents an average over the 
valence wave function, whose radial part times r will 
be denoted by 09’. The normalization of v9’ is: Jo*v9'*dr 
=1. y/r* gives the radial dependence of the potential 
due to the induced quadrupole moment. Yang(r) and 
Yraa(r) are the parts of y(r) due to the angular (/’#/) 
and radial (l’/=1) modes of excitation of the core, 
respectively ; here /’ is the azimuthal quantum number 
of the perturbation, while / is the corresponding quan- 
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tum number of the unperturbed closed shell. We have 


(Yang! *) _ f Yanglo “Sr, (3) 


0 


ef] 


(Yradt*) -f Yradvo 4~“*dr, (4) 
0 


(r-) -f vo *r*dr. (5) 


D 


Yang(7) and Yraa(r) are determined by the density of 
induced moment Qj, ang(7) and Qi raa(r) due to the 
nuclear 0. Thus 


Yang(P) —_ avo) f OF] ane +1 f Oi. wa 5dr’ ’ (6) 


and a similar equation gives 7raa(r) in terms of Qi, raa- 
As shown in ITI, Qi, ang and Qj, raa are given by 


8 72 
Qi, ang(1) = Or’ <2 (Mo's, 48) nat 2 (o's, atlep 
on jn 


8 144 
+- “By (uo s, 2-»0) nat 35 > (40's, 2-44) na ’ (7) 
an ID 7” 


48 
Qi, raa(r) = Or 2 (uo'u’s, t+1) np 
jn 


16 
+ 7 > (to's, 2-42) na ’ (8) 


where the sums extend over the occupied s, p, and d 
shells of the core. In Eqs. (7) and (8), uo’ is r times the 
radial unperturbed core wave function, normalized 
according to: fo%uo"dr=1; u's: 1. is the radial part 
of the perturbed wave function and is determined by 


dr’ r* 


d@ V('+1) 
f= + 


, / 
Vo- Eo Uj, lol’ 


1 1 
Uo ate ( ) bw | (9) 
r r3 nl 


where Vo is the spherical potential, Etis,the_unper- 
turbed energy, and (1/r*),, is the average of 1/r’ over 
the core wave function uo’. For l’=1, that solution of 
(9) must be chosen which is orthogonal to té’. The 
potential V» is obtained from the requirement that it 
should reproduce the tabulated Hartree or Hartree- 
Fock function [see Eq. (9) or IIT]. Thus Vo is given by 


1 duo’ IL(l+-1) 
Vo= ———+ Ep. 


Uo! dr? r* 


(9a) 


The results of the calculations are given in Table I. 
For B, the wave functions of Brown, Bartlett, and 
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TABLE I. Values of the core correction terms for several atomic 
ground states and excited states. The values of (y/r*) and R do 
not include the exchange terms. (y/r*) and (1/r*) are in units aq™* 
The results for K, Rb, and Cs were obtained with two different 
choices of the valence (mp) wave function, as indicated by the 
superscript a or b. The wave functions a and 6 are described in 
the text 


Element State Yang/r? yead/r* y/r a/r 
0.0767 0.535 1.17 
0.0353 O145 y 0.805 
0.644 5.73 2 1.13 
0.0864 0.460 0.842 
0.0216 O182 0.876 
0.0347 0.0406 0.0059 0.669 0.991 
0.0120 0.0128 0.0008 0.234 0,997 
2.02 0,12 1,90 7.52 1.34 
0.0443 0.264 0,220 O.813 0.787 
Ope 0.0155 0.0772 0.0617 0,295 0,827 
5p 0.051 0,189 0.138 0.976 0.876 
6p 0.0173 0.0580 0.0407 0.340 0.893 
7p 0.0080 0.0254 0.0174 0.158 0,901 
6p 0.0306 0.366 0.345 1.01 0.751 
7p 0.0106 O.111 0.100 0,464 0.784 
6p? 0,036 0,294 0.258 1.26 0.831 
7p 0.0127 0.0946 0.0819 0459 0.849 


0.0767 0 
0.0151 0.0504 
0.344 0.430 
0.0271 0.1135 
0.0085 0.0301 


Dunn’ were used. The B results are essentially the same 
as obtained previously (Table I of II). The core 
excitations are 1s—>d and 2s—>d, and were determined 
from (9). 

For Na, the core (1s, 2s,2p) and the 3p valence 
function of Fock and Petrashen* were employed. 
Equation (9) was used to obtain all of the excitations. 
The value of (7ang/?r’) is the same as obtained previously 
in III. It should be noted that for some of the cases, 
instead of calculating (y/r’) from u’s..7, we have 
obtained the terms of (y/r*) from the perturbation 
ti’; 1. of the core wave functions by the asymmetric 
part of the potential due to the valence electron, As 
has been shown previously,® we have 


® r wD 
f |} f to U's, rey? 2dr’ 4 rf Uo’ ,1r-00% *dr’ |vo'%dr 
0 0 
D 
-{ to tvs" dr, 


0 


(10) 


where @’;,147 is the radial part of the perturbation of 

uo’ due to the P, term of the potential of the valence 

electron (P;= Legendre polynomial); @),1,v is deter 

mined by 

@ I'(l’+1) 
} 


dr’ r? 


o— Eo |i’, ror = Uo (n— (nur), (11) 


where 


n 


r 
n(r)=r f vo *9'*dr' + rf v9*r’—*dr’, 
0 r 
(n) = f nuo"dr, 
0 


* Brown, Bartlett, and Dunn, Phys. Rev. 44, 296 (1933). 

*V. Fock and M. Petrashen, Physik. Z. Sowjetunion 6, 368 
(1934). 

*R. M. Sternheimer and H. M 
(1953). 


(12) 


(13) 


Foley, Phys. Rev. 92, 1460 
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and for I’/=1, we must choose that solution of (11) 
which is orthogonal to uo’. Thus (y/r’) is given by 


(y/r’) Far f Uo Lv “r) ’ (14) 
0 nl 


where the cy,y are the coefficients in (7) and (8), and 
the sum extends over the occupied (nl) shells of the 
core and over the possible excitations /’=/4-2 (angular) 
and I’=1] (radial), 

For Na, the present value of (y,.a/r’) is appreciably 
larger than the result given in III. This difference is 
due to the fact that in the present calculation we used 
the perturbed wave function u’;:., for 2p-+p which 
was obtained in V. In this connection, we note that in 
V, the perturbed wave functions wu’; ., for the radial 
modes of excitation for Nat, Cl-, Cut, Rb*, and Cs? 
have been recalculated. These new functions are more 
accurate than those previously obtained by Foley, 
Sternheimer, and Tycko in IV, and were used through- 
out the present work in the calculation of (V,.a/r°). 

For Cl 3p°, we used the Hartree-Fock wave functions 
obtained by Hartree. While the present value of 
(Yang/?) is essentially the same as that given in ITI, the 
result for (yra4/?°) is appreciably larger than that previ- 
ously obtained (0,30aq~* as compared to 0.104ay7*). 
We note that (y;.a/r*) for Cl is the result of a partial 
cancellation of the shielding produced by 3p->p and 
the antishielding due to 2p—+p, as has been pointed out 
in I. Thus the 3p-—p term is +0,59aq~*, while the 
2p->p term is —0.29aq~*. The change from 0,104 to 
0.30ay~* is due mainly to an increase of the 3p-—>p term 
(from ~0.4 to 0.59ay~*), while the 2p-+p contribution 
has been essentially unchanged. 

Values of R for K 4p and 5p have not been given 
previously in III. In Table I, two results are given for 
these states, which correspond to two types of valence 
wave functions denoted by 4p* and 4p, 5p%, and 59°. 
The choice of these wave functions will be described 
below. In the calculations, we used the Hartree-Fock 
functions for K* obtained by Hartree.’ In order to 
obtain (yang/r), the angular modes of excitation of the 
core (1s—+d, 2s—+d, 2p-+f, 3s—+d, and 3p—+ f) were deter- 
mined by means of Eq. (9). The radial modes (2p) 
and 3p->p) were also obtained from (9), using the 
techniques of numerical integration described in V. 
The valence wave functions a and 6 were obtained as 
follows. (1) In order to obtain the 4p (or Sp) wave 
function a, the Schrédinger equation was integrated 
using for Vo the effective potential which reproduces 
the Hartree-Fock 3p function mo'(3p) [see Eq. (9a) ]. 
This potential Vo* is given by 

1 du (3p) 2 
Vo" + Eo( 3p), 
uy (3p) dr r 

*D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 

A156, 45 (1936). 


7D R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 


(15) 
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where F(3p) is the energy for 3p. The motivation for 
using Vo* is that it gives valence functions 9’ for 4p 
and 5p which are orthogonal to m'(3p). Actually in 
the calculations, the function wv’ obtained with Vo* 
was also made orthogonal to the 2p wave function 
uo (2p) by adding a suitable (small) multiple of uo’ (2p). 
An important reason for using an orthogonal wave 
function for K is that the core wave functions’ have 
been obtained from the Hartree-Fock equations, so 
that they are orthogonal on one another. Hence it 
seems reasonable to use a valence wave function which 
is also orthogonal to the core wave functions. (2) The 
wave functions of type 6 were obtained from the 
Schrédinger equation using the potential Vo’ due to the 
charge distribution of the K* ion, i.e., the function 
2Z,/r tabulated by Hartree.’ It may be noted that the 
resulting wave function %°(4p) is not orthogonal to 
uo (3p), contrary to v*(4p). The function 19°(4p) is 
appreciably more internal than *(4p), and corre- 
spondingly gives a smaller antishielding. Thus 7yraa(r) 
for K becomes negative only for r>1.5ay. Hence the 
value of Ji”yraar*uodr depends sensitively on the 
radial distribution of v9’. The negative value of the 
integral increases if the wave function is made more 
external. The extent to which vo*(4p) is more external 
than v9°(4p) is indicated by the values of (r~*) for these 
wave functions which are 0.460 and 0.669ay~, respec- 
tively. As shown by Table I, 097(4p) and 19°(5p) give 
a negative R (net antishielding) of the same order as 
for the excited states of the other alkalis, whereas for 
vo°(4p) and v9°(5p), |(vraa/r*)| barely exceeds (Yang/?*), 
so that R is close to zero. It is, of course, difficult to 
make a choice between the results given by wave 
functions a and b. We believe, however, that a gives 
the more reliable result, both because this function is 
more consistent with the Hartree-Fock wave functions 
of the core as regards the orthogonality, and because 
the value of R falls more closely in line with the results 
for the other alkalis, in contrast to the wave function b. 
Nevertheless, these arguments are not completely 
conclusive, and it appears, therefore, that there is an 
uncertainty of the order of 0.15 in R because of our 
inaccurate knowledge of the valence wave functions. 
The same conclusion is below from the 
calculations for Rb and Cs. 

The value of (Yang/r*) for Cu of Table I is essentially 
the same as that previously given in III. These values 
were obtained by using the Thomas-Fermi expression 
for the distribution of induced moment due to the 
angular modes.*® Thus Qj, ang Was determined from 


Qi, ane= (3/10)O(xx)*(x/r), 


where x and x are the Thomas-Fermi function and 
variable, respectively. At large r, Eq. (16) was replaced 
by an exponential so adjusted as to give the correct 
total induced moment Qy7, ang=2.00. This modification 


obtained 


(16) 


*R. M. Sternheimer, Phys. Rev. 80, 102 (1950). 
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of the Thomas-Fermi expression is the same as was 
used in ITI and IV. 

The value of (yr14/7°)= —0.12ay* of Table I was 
obtained by means of the perturbed wave functions 
u's, 1+1 for 2p—p, 3p—p, and 3d—+d which were previ- 
ously determined in V. In these calculations, the 
Hartree-Fock functions’ for Cut were used. We note 
that (yraa/r’) is the result of an almost complete 
cancellation of the terms due to the three radial modes, 
These terms have the following values: —1.99ay~* for 
2p—p, +1.18an~ for 3p-—p, and +0.69ay~* for 3d—d. 
Each of the three terms was obtained by the two 
independent methods discussed above, i.e., both from 
the perturbation w’;,.,, and from W’;, 14: [see Eq. (14) ] 
The maximum difference between the two results was 
6%. 

The values of R obtained for Rb and Cs will now be 
discussed. In these cases, we have also used two types 
of valence wave functions, defined in the same manner 
as for K. (1) Valence function a was obtained from the 
potential Vo* which reproduces the wave function for 
the highest occupied p shell of the core (Rb 4p or Cs 5). 
The resulting wave function v9*(5p) for Rb is orthogonal 
to the core wave function uo(4p), and similarly v9*(6p) 
for Cs is orthogonal to the corresponding uo(5p). (2) 
The valence functions ) were determined from the 
Schrédinger equation using the potential Vo’ (= 2Z,/r) 
due to the Rb*t or Cst core, For Rb+ and Cs*, Hartree- 
Fock wave functions (including exchange) are not 
available. For the calculations of .the radial modes of 
excitation? which enter into (yraa/r*), we used the 
Hartree functions obtained by Hartree.!°" Since these 
wave functions are not exactly orthogonal to one 
another (for states of the same /), it is not clear whether 
a valence wave function such as %* which is approxi- 
mately orthogonal to the core wave functions will give 
a better value for R than v9’ which is not orthogonal. 
Fortunately the difference between the values of R 
obtained with v* and 29° is not as pronounced as for 
the K wave functions. Thus both types of wave func- 
tions give a definite antishielding (R<0), although 19° 
is again more external than v9, as for K, and gives an 
appreciably larger | R|. The difference of ~0.13 between 
the values of R from 1* and v9" for Rb 5p and Cs 6p is 
probably a good measure of the uncertainty in R due 
to our incomplete knowledge of the valence wave 
function. We note that this difference is somewhat 
smaller (~0.10) for the second excited states Rb 6p 
and Cs 7p. j 

In obtaining (yang/r*) for Rb and Cs, we used the 
same procedure as for Cu. Qi, ang(7) was calculated 
from the Thomas-Fermi expression® [Eq. (16) ], modi- 
fied at large r so as to agree with the total induced 
moment,? Qir, ang= 2.20 for Rb* and 2.90 for Cs*. 


*D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A157, 490 (1936). 

0 T), R. Hartree, Proc. Roy. Soc. (London) A151, 96 (1935) 

1D). R. Hartree, Proc. Roy. Soc. (London) A143, 506 (1934) 
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Table I shows that the values of R for a given atom 
change very slowly as the principal quantum number n 
is increased.” As an example, for Rb from the wave 
functions 6, one finds R= —0,141, —0.120, —0.110 for 
5p, 6p, and 7p, respectively. Contrary to this result, 
it might have been anticipated that |R| would increase 
very rapidly with m and give a progressively larger 
antishielding, for the following reason, It has been 
previously shown by Foley, Sternheimer, and ‘Tycko? 
that for a completely external charge, the effect of the 
core is to produce a large antishielding, since the total 
induced quadrupole moment of the core, Qyr, is added 
to the nuclear moment Q. The ratio Qir/Q has been 
denoted by y,.; revised values of y,, have been given 
in V. These values" are very large; they range from 

4.0 for Nat to —71 for Rb* and — 144 for Cs*t, where 
the minus sign indicates a net antishielding. For a 
highly excited state for which the wave function vp is 
concentrated at large distances from the nucleus, it 
might be expected that R would be of the same order 
as y,, and thus | R|>>1. In order to explain the small 
values of R of Table I, we will take the case of Rb as 
an example. It is convenient to use 5p, 6p, and 7p radial 
wave functions which have the same values near r=0 
(i.e., the same power expansions). These functions will, 
of course, have very different normalization constants 
N= f\*vedr. The parts of R due to the radial and 
angular modes of excitation, to be denoted by Rraa 
and Rang, are given by 


| f (Yraa? sovdr / f vo'r*dr, (17) 
0 0 

Rave f (Yang? uatdr | f ver 4dr, (18) 
0 0 


Figure 1 shows 09°(5p), v?(6p), and 07(7p), together 
with the functions y;.47* and Yang” for the Rb* ion. 


) 2 14 6 
RADIUS (4,) 


Fic. 1. Radial probability density # for Rb 5p, 6p, and 7p, and 
the functions Yang/r? and Yrn,a/r* for the Rb* ion. 


2 T would like to thank Professor H. M. Foley for suggesting 
to me this investigation of the values of R for excited states. 
8 See also T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 
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TaBL¥ II, Contribution of various regions of r to Jo*(vraave/ 
r*)dr for the 5p, 6p, and 7p states of Rb. The radial functions 
v(np) have the same values near r=0. The values of fo* (v¢/r*)dr 
and Rya™(7paar*)/(r) are listed below fo" (vraave/r*)dr. The 
normalization constant fo"vedr (not needed to evaluate Ryaa) 
and the values of (y;,47~*) and (r*) (in units aq™*) are given in 
the last three rows of the table 


5p op i? 


6.91 
4.05 
2.95 
21.43 
82.81 
— 16.56 
8.00 
115.49 
719.04 
0.161 
4550.0 
0.0254 
0.158 


0-0.3 
0.3-0.8 
0.8-1.6 
1.64 
4-10 126.77 
10-20 — #89 
20- mA) 
So? (vrnavd/)dr 139.30 
So" (ve? /r*)dr 719.55 
(Yena? \/ir *) 0 194 
So"vddr 737.55 
‘Yrear* 0.189 
ir? 0.976 


6.91 
4.06 
3.06 
17.67 


6.91 
4.05 
2.98 
20.32 
91.33 
— 20.91 
4.11 
122.73 
719.19 
0.171 
2114.8 
0.0580 
0.340 


With the present normalization, the denominator 
Sv*vjr*dr of (17) and (18) is practically the same for 
5p, Op, and 7p, since the values of this integral depend 
only on the region close to the nucleus, where vo is 
essentially independent of nm. Thus the values of 
Sv*ver*dr are 719.55, 719.19, and 719.04 for 5p, 
6p, and 7p, respectively. More than 94°, of these 
integrals is due to the region from r=0 to 0.14aq. It is 
evident from Fig. 1 that the values of v9?(5p), v0’ (6p), 
and v°(7p) differ appreciably only for r2 5ay. 

We will now consider the behavior of the integral 
So? (Yaar) vedr with increasing n. In the following, 
this integral will be denoted by I';,a. In Table II, we 
have listed the contributions to I',,q from the different 
regions of r, for 5p, 6p, and 7p. These results were 
obtained from the wave functions of type 6, calculated 
by means of the potential 2Z,/r of Hartree. Table II 
shows that the region of r between 4 and 10aq gives 
the largest contribution to l'.aa. Hence the dependence 
of Taq on m will be governed mainly by the values of 
vy” in this region. As is shown by Fig. 1, the maximum 
of v?(6p) at r=6ay is appreciably smaller than that of 
v'(5p). This accounts for the decrease of the corre- 
sponding term in Iya, which is 126.8 for 5p and 

91.3 for 6p (see Table I1). The terms due to the 
region of r>10a,q are somewhat larger for 6p than for 
5p, because of the contribution of the principal maxi- 
mum of 6p at r= 1744. However, the complete integral 
rea 18 smaller for 6p than the 5p, showing that the 
behavior of the term due to 4<r<10aq predominates. 
Similarly, the integral for 7p is somewhat smaller than 
that for 6p, but the difference is less than half as large 
as the corresponding 5p— 6p difference. It thus appears 
from the present calculations that R will attain a 
constant value for very large n, of the order of —0.15. 

A crude estimate can be made which shows why Reaa 
is considerably smaller than the value yraa(*®) which 
would be expected for a completely external charge. 
We consider the Rb 5p state and assume that all of 
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the charge of the valence electron is concentrated at 
the position of the principal maximum of 0» at r=7.3aq. 
From Table I of V, it is seen that yraa(e)=—72.9; 
Yraa(®) is the sum of the y,,(n/—l) for all of the radial 
modes. With the present assumption, one obtains 


(19) 


J raat *v¢'dr = —72.9/(7.3)'= —0.187an*. 
0 


Since (r*) for Rb 5p is 0.976ay~*, one finds Rraa 

—0.187/0.976= —0.192. The close agreement of this 
result with the actual calculated value of —0.194 (see 
Table II) is probably fortuitous to some extent. In any 
case, this estimate shows that the smallness of Rraa 
arises essentially because J(”yraato’r “dr is compared 
with fo”v'r*dr, which is quite large since the valence 
p electron can come relatively close to the nucleus. 

The behavior of Rang is quite similar to that of Ryaa. 
Thus Rang is almost constant with increasing n. The 
values for Rb 5p, 6p, and 7p are 0.0523, 0.0509, and 
0.0506, respectively. In comparison with Ryoa, the main 
contributions to Jo”Yangte’r*dr [Eq. (18) ] come from 
regions of smaller radius than for a4. Thus for Rb 69, 
47% of the integral is due to the region from r=0 
to 0.30ay. The values of r up to 4ay contribute 90%. 
Similarly to the dependence of Raq on n, the slight 
decrease of the above values of Rang is due to the 
behavior of v(mp) for large r. However, since this 
region is not important for the integral, Rang approaches 
rapidly an asymptotic value with increasing n, Thus 
the small decrease with n of the total R is essentially 
due to the decrease of Rraa. 

In connection with the values of (yang/r’), (Yraa/P*), 
and R given in Table I, it seemed of interest to investi- 
gate whether these results are sensitive to the zero- 
order core wave functions used in the calculations, For 
Cl-, both Hartree-Fock wave functions® and Hartree 
functions (without exchange) are available. Since 
these two types of wave functions are considerably 
different [especially for uo(3p) |, it appeared that a 
good test could be made by calculating R from the 
Hartree wave functions and comparing the result with 
that obtained previously from the Hartree-Fock func- 
tions. Table III gives a comparison of the terms of 
(Yang/?) and (yraa/r*) due to the various modes of 
excitation. These terms are denoted by I'(nl—l’). It is 
seen that for the angular modes, the individual T’’s as 
well as the complete (yang/r’) are not very different for 
the Hartree and Hartree-Fock wave functions. The 
discrepancy of the I’ values is very small for the 1s—d 
excitation and is relatively largest for 3s—+d and 3p-—/f. 
The resulting values of (Yang/r*) differ by only 11%. 
By contrast, for the radial modes, the values of I’ differ 
appreciably for the two types of wave functions, par- 
ticularly for 3p—p. These discrepancies tend to be 
magnified in the values of the total (y;aa/r*), as a result 
of the partial cancellation of the 2p>-—+p and 3p—>p terms. 


uD. R. Hartree, Proc. Roy. Soc. (London) A141, 281 (1933). 
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The resulting R from the Hartree functions is 0.191, 
as compared to the Hartree-Fock value of 0,112. 

A similar comparison was made for Ryaa of K 4p. 
Similarly to the Cl calculations, we used the Hartree 
functions" for the K+ core. The 2p-p and 3p—p 
perturbations were calculated for these functions. The 
resulting values of R,.q are as follows: (1) for the 4p 
valence function a (4p*) the Hartree functions give Rrea 

—0,362, as compared to: —0.1135/0.460= —0.247 
(see Table I) from the Hartree-Fock functions; (2) for 
the 4p’ function, the Hartree result is: —0.075, as 
compared to the Hartree-Fock value —0.061. These 
discrepancies for the radial modes are of the same order 
as those obtained for Cl. It may be noted that a rough 
calculation of some of the angular terms I'(nl—l’) 
showed that the differences for these terms are quite 
small, in agreement with the corresponding result for Cl. 

It can be concluded that the inaccuracy of the zero- 
order core wave functions introduces only a small 
uncertainty in the values of (Yang/r*) (~10%), but 


| (Wi, otW, 1) (1) 


V=(n!)-4) 


(Wi ot V1.1) (n) (Woo { 2,1) (n) 


where yi,0, W2,0, *** Wn-1,0 are the unperturbed wave 
functions of the core, ¥,,o is the unperturbed valence 
wave function ; Wi, 1, W2,1, «°° Wn,1 are the perturbations 
of these wave functions due to the nuclear Q. The 
parentheses (1), (2), -- - () label the different electrons, 
In the following, it will be assumed that the valence 
electron is in a p state. The zero-order wave functions 
¥i,o0 are normalized in the usual manner: 


anf J |Wio|?r’dr sinddé=1, 


where @ is the polar angle of the electron with respect 


(21) 


TABLE III. Values of (yang/r*) and (yraa/r*) for the ground 
state of Cl, as calculated from the Hartree and Hartree-Fock 
wave functions. The term of (y/r*) due to the nl-l’ excitation is 
denoted by ['(nl-l’). The I's, (y/r*), and (1/r*) are in units aq”. 


Excitation Hartree Hartree-Fock 
0.130 
0.050 
0.086 
0.036 
0.042 
0.344 
0.29 
0.59 
0.30 
0.644 
5.73 
0.112 


0.126 
0.045 
0.078 
0.027 
0.032 
0.308 
0.22 
0.96 
0.74 


I'(1s—+d) 
I'(2s—+d) 
r'(2p-+f) 
I'(3s—+d) 
r(3p-—f) 
(Yang/?*) 
I'(2p->p) 
I'(3p—+p) 
(Yrna/P?) 
(y/r3 1.048 
(1/r*) 5.50 
R 0.191 
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(W2,0 t 2,1) (1) 
(Wi, otWi,1)(2) (Wo, ot We, 1) (2) 
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may result in an appreciable error of the radial term 
(yraa/7*). For the 4p* function of K, the difference 
between the Hartree and Hartree-Fock results for Ryaa 
is 0.12, which is of the same order as the uncertainty 
in R due to the choice of the valence wave function. 
It is evident that whenever the Hartree-Fock wave 
functions are used, we avoid the errors considered in 
this discussion. However, it is possible that the actual 
atomic wave functions taking into account configuration 
interaction differ from the Hartree-Fock functions by 
an amount comparable to the difference between 
Hartree and Hartree-Fock functions. In this case, the 
Hartree-Fock 
uncertainty of the same order as that determined above. 


results would still be subject to an 


Ill. EXCHANGE TERMS 


In order to discuss the exchange terms due to the 
induced quadrupole moment, we consider the total 
wave function ¥ for the electrons of spin parallel to the 
spin of the valence electron. W is given by 


(Wn, 0 t Wn.1) (1) 
(Wn, 0 { Wn, 1) (2) 


’ 


(Wn, ot Wn, 1)(n)| 


to the axis of Q. It is assumed that the different y,, 
are orthogonal to each other. 

Before proceeding to a discussion of the exchange 
that the complete perturbed 
are also orthogonal, to terms of 


terms, we will show 
functions Wy oti. 


order 0*. We have 
fives tii") (Wy oth, dr 
birt [ WeViot Vio rdde, (22) 


where a second-order term involving y;, ;*W;,1 has been 
omitted. For i= 7, the integral on the right-hand side 
is automatically zero, since the perturbed wave function 
¥.,1 is orthogonal to Yo. We now consider the case 
1% 7. From perturbation theory, y;,1 is given by 


fv oH Wy, odr 


ki OF —Fy 


Vx, 0, 


where H;, is the perturbation due to the nuclear QO: 


Hy (3 cos*@—1)/(2r*), (24) 


KE, and £y are the unperturbed energies pertaining to 
Yio and Wx, o. It is assumed that the different functions 
vx,0 are the solutions of a single Schrédinger equation 
with the same potential V». The sum in (23) extends 
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over all of the bound states (except k= i) and over the 
continuum states, Similarly to (23), ¥;,1 is given by 


fv. oH wy, odr 
Wi, 1 > Wr, 0- 


hy) E,;—-E, 


From (23) and (25), one obtains 


fv oH wy, or 


fv "Wy, or fv o's, dr= , 
E,;-E; 


so that the integral in (22) is zero for i# 7. This result 
is, of course, very reasonable, since it states that the 
nl—n'l’ excitation just cancels the n‘l/-nl term, as 
was expected because the nl and n’l’ shells are already 
filled in the unperturbed state. We note that the 
orthogonality and normalization of the (Wot W,.1) 
implies that the perturbed ¥ [Eq. (20) ] is normalized 
to 1, to terms of order Q*. 


(26) 


In Sec. Il, we have considered the direct Coulomb 
terms due to the induced moment. The complete 
quadrupole coupling including these terms is obtained 
by replacing (r-*) by (r-*)(1—R) in the expression for 
the quadrupole hfs splitting. Thus for the valence 
electron in the m=O state, the total energy of inter 


action with the nuclear Q is given by 
ka (2 


5)Or*)(1—R), (27) 


where Eg is in Rydberg units and lengths are in units 
‘an. Hence if Qy is the value of the nuclear moment 
obtained from the observed Eg by disregarding the 
core effects, the actual Q is given by 


R) |. 


We will now discuss the exchange terms due to the 


O=Oof 1/01 (28) 


induced moment. These exchange terms are of two 
types: (A) those due to the perturbation of the core 
wave functions; (1) those due to the perturbation of 
the (p) valence wave function'® by the nuclear Q. The 
terms (A) have been evaluated in I-III for some typical 
cases. The terms (B) have not been previously con- 
sidered. It will be shown below that they make only a 
very small contribution to the quadrupole correction 
factor for excited states. 

The correction to R due to the terms (A) has been 
previously denoted by 6R, and is given by [see Eq. (14) 
of TIT}: 


1 
; {>-[ (4/3) K (ns—od, P1) |ne 
(rr) » 


S-[4K (np—>p, Po) + (4/25) K (np, Po) 


dR, 


+ (36/25)K(np—>f, P2) |np}, (29) 

T am very much indebted to Professor H, M. Foley for 
calling my attention to the terms due to the perturbation of the 
valence wave function 
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where the sums extend over the occupied s and p shells 
of the core. K is defined by 


K(nl—l', i= f tuo’ vo frdr, (30) 


0 


where uo’ is the unperturbed core wave function and 
fi is given by 


r 
finer" f t's, revvo 9 “dr’ 


0 


eo 
+r f t's, vor "'dr', (31) 
Tr 


in which w’;, 14 is the core perturbation. 

As has been discussed in III, the term —(r~*) 
x >on 4K (np—p, Po) in (29) (denoted by 6R,,o) plays 
a somewhat different role than the remaining terms of 
65R.. In the experimental determination of Q, the value 
of (r~*) [Eq. (27) ] is generally deduced from the ratio 
a/yu of the magnetic hfs splitting a to the nuclear 
magnetic moment yu as obtained from nuclear induction 
experiments, Thus a is given by 


a= 2(I+1) uml (jr) (1—-8Rm)/T1 i (G+ MAI, 


(32) 


where uo= Bohr magneton, J is the nuclear spin, / and 
j are the orbital and total angular momentum of the 
atomic state, F(j) is a relativistic correction, and 6R,», 
is a core correction for the magnetic hfs! which is 
similar to 6R, for the quadrupole coupling. It has been 
shown previously that 6R,, contains a term equal to 
5R,, 0, besides other terms which will be discussed below. 
If (r~*) is obtained from a/y, then it is easily seen from 
(28) and (32) that Q is proportional to 


1 u(1—5dR,,) 


Ja « 


: . 2 
(1—R—8R,)(r-*) a(1—R—SR,) 


Thus the effective correction factor is given by 
C= (1—6R,,)/(1—R—-6R,). (34) 


In taking this ratio, the common term in 6R,, and 6R, 
cancels out to a large extent. This can be shown by 
writing for 6R, and dR,,: 


6bR, = bR.. ot bR,’, 
5R,, = bR,. ot $2", 


(35) 
(35a) 


where 5R,’, 5R,,’ are the remaining terms of 6R, and 
5R», respectively. Thus C becomes 


5Rm’ R+56R,' 
C: [1 s |/|- | 

1—4R.o i afilies 
Hence the effect of 6R,o is merely to multiply the 
corrections 6R,’ and R+6R,’ by a common factor 


(1—6R,,o)'. Numerical values of 6R,o and 6R,’ will 
be given below. 


(36) 
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We will now discuss the exchange terms (B) which 
arise from the excitation of the valence electron. The 
valence electron is in a p state, so that there will be two 
types of perturbation involving excitation to higher p 
states and to f states. The perturbed functions are 
obtained by the same procedure as in Eqs. (15) to (20) 
of I. One thus finds for the p and f wave parts of the 
perturbation 0: 


01, p= $(3)!Q0's, 141 cosd, 
1, 4° §(3)400',, 1+ 3 cos*@— (9/5) cos6 |, 


(37) 
(38) 
where the radial functions v’;,..7 are determined by 

@ I'(l’+1) 


dr” r 


+ Vo- Eo fs lol’ 


1 1 
ul —— ( daw (39) 
rp \pf 


where (1/r*) is the average of 1/r’ over the unperturbed 
valence function v9’. For //=/1, we must choose that 
solution of (39) which is orthogonal to v9’. 

We will first consider the exchange terms due to 5 
states of the core. The p wave 0,» gives rise to the 
following overlap density with the s-wave function 


Uy= 2M! : 
Pu — 2u00s, p= — (2V3/5)Ouo'v’s, 141 c0s8. (40) 


Here the minus sign arises from the exchange, and the 
factor of 2 is due to the presence of two equivalent 
terms in V*, The potential due to p, is 


V,= — (8/5V3)QOg, cos8, (41) 
where V, is in Rydberg units, and g,(r) is defined by 


r 
gL(r)=r f to 0's, -ev9 “dr’ 


0 
L 


tet f to V's, pay? dr’, 


r 


The exchange energy is given by 


ak,= f J V ,Uovodr sinddé 
o Yo 


=—(8/15)OM(ns,P:), (43) 


where M is obtained from 


(44) 


M (nl,P 1): “f tuo’ Vo gxadr. 
0 


Finally, the term in R is defined as — AE, divided by 
the direct interaction of Q with the valence electron 


[Eq. (27)]. Thus the correction to R is given by 
5R, (ns) = — (4/3)M (ns,P)/(r-*). (45) 


It may be noted that the f wave v;,, does not con- 
tribute any exchange term with ms, since the corre- 
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sponding p, and V, have the angular dependence 0,° 
which is orthogonal to uovo ( « O,°). 

We now obtain the exchange of 0,, with a closed p 
shell of the core. The electron of parallel spin with 
magnetic quantum number m,=0 will be considered 
first. Its wave function is 


Uo (3 2) S140" cosé, (46) 


The exchange density p, is given by 


Po= — 2uors, p (2/5)Quo'v’s, rif. (3 cos*®— 1)+ 1], (47) 


in which the square bracket is the sum of a P, and a 
Po function. The potential due to the Po part is 


Vv,0 _ (8 5)Qgo, (48) 


where go is obtained from (42). The corresponding 


exchange energy is given by 


AEF, 0 ff Ye amecadr sinoao 


(8/5)OM (np,Po), (49) 


where M is defined by Eq. (44). There is no similar Po 
term in the interaction with the m,=-t1 electrons. 
Hence the correction to R due to M (np,Po) is 

5R, (np, Po) 1M (np,Po)/(r-). (50) 
The potential due to the P2 part of (47) is 


Vv,2 


with g2 obtained from (42). The resulting exchange 
energy is given by 


2) rT 
AE, 2 f f V », otovodr sinbdé 
0 0 


(32/125)OM (np,P2). 


(16/25)Og2P2, (51) 


(52) 


For the two np electrons with m,=-+1, one obtains 


the following energy term: 


(48/125)OM (np,P2). (53) 


AEF, g(t) 
Hence the complete P: contribution of the np shell is 


AE,,2 (16/25)OM (np,P2), (54) 
giving 
(55) 


5R, (np, P2) (8/5)M (np,P2)/(r*). 


For the f-wave perturbation of the valence function, 
v1, one finds that the contribution of the m,=0 
electron [AE,=— (216/875)QM | is exactly canceled 
by the term due to m,=-+1. Hence the net term due 
to m7 is zero. Thus the complete correction 6R, is 
given by 


1 
bRy= —-—([ (4/3) M (5 Ps) ns 


y/ * 


+3°[4M (np,Po)+(8/5)M(np,P2) |np}, (56) 
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where the sums extend over the occupied s and p 
shells of the core. 

It will now be shown that a term equal to 6R, also 
occurs in the complete core correction 6R, for the 
magnetic hfs and in the fine structure. We will consider 
first the exchange of the valence p electron with the p 
shells of the core. The procedure of the derivation is 
similar to that given in II for the terms due to the 
perturbation of the core wave functions. We assume 
for definiteness that the valence electron is in the 3p 
state with m=1 and spin up, and consider the inter- 
action with the closed 2p shell. The unperturbed wave 
function is given by 


Y= 6 Poy, (Lu, —1— 2p, 0( Lu, ot 2p, —1(1 Wu, 1] 

XWap.1(7)La(1)b(u)—b(1)a(u) ja(7), (57) 
where W2p,m(1) is the 2p function with magnetic 
quantum number my, for electron 1, yu, m is the combined 
wave function of the other 5 electrons in the 2p shell 
with total magnetic quantum number m; Wsp,m is the 
3p function with magnetic quantum number m2; a and 
b are eigenfunctions for spin up and spin down, respec- 
tively ; in particular, a(u) and b() are the spin functions 
for the five 2p electrons labeled 2, --- 6. 

We are interested in the perturbation of V due to 
the excitation of the valence wave function Ws,,1 by 
the exchange with 2. The space part of the pertur- 
bation, to be denoted by yw (M=total magnetic 
quantum number of system) is obtained from the 
Schrédinger equation : 


2 
» Vv? t V o(r,) lx M lox M a Wo + E wo, (58) 


Vij 


where Wo is the space part of the unperturbed function, 
Vo(r,) is the central potential acting on the ith electron 
(with radial coordinate r,), r;; is the distance between 
electrons i and j, /, is the perturbation of the energy 
due to exchange. In the term — }°,5;(2/ri;)Wo of (58) 
we must include only the exchange part of the inter- 
action, since the direct Coulomb term does not produce 
a net magnetic field at the nucleus. 

Upon using the same procedure as in II, one finds 
that the perturbation of the term W2p,m(1)W3p.m2(7) of 
V is given by 


X M(mjymgo) iF A mm’ Way, m7)», aw (1 ) 


+ ae A an’ Y2», m(7 Wp, mm? )( 1), (59) 


are perturbed p-wave func- 
(L) 


where Wp, m and Wp, m 


tions, and the coefficients A mm” are obtained from 


Amm ™ of 6,"'*P,™ mig) ,™ sin0 dé, 


xf O,"* Pp" O,™ sinBrdbr. (60) 
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Here the spherical harmonics 0," are normalized 
according to 


(60a) 


f oy |? sinddo=1. 
0 


For L=0, Amm’™ is zero unless m’ =m ,, m= mz, so that 
the sum of (59) reduces to a single term with Amm 
=—?, 
The perturbed one-electron functions Pp», m are 
given by 
Wp, m= (w,, 1/101", 


(L=0,2) (61) 


where wy, is that solution of 


ae 2 
( —_ + : +-Vo- Bs) aa hyuo, 


dr fr 


(62) 


which is orthogonal to the 3p function 09’. In (62), uo’ 
denotes the radial 2p function, and h;(r) is defined by 


r ® 
hirer f tuo’ vo 9 “dr' +r" J tug vo r’—*—""dr', (63) 


0 , 

Upon using (59) for each term W2p,myap,1 of the 

space part of ¥ [Eq. (57) ] one obtains the perturbation 
X1: 

x1= — (2/V3) [Wp Wu, 1 — Vp, Wu, oF Wp, 1 Wu, 1 We 

“7 (2/ 25v3) {Wu,- V2», Wp, 1 — Wy, of Sop, Wp, he 

Wop, Wp,0 ]+Wu, Ory, Wp, 1 
— Wap, Wr, 0 +V2p, Hy—1” J}, 


in which the coordinates of Wp, m‘” are m™, while those 


Of Wop, m are Ir. 
In the same manner, one finds for the perturbation 
of the wave function with M=0: 


xo ont (2 V3)[ Wp», Oy — Vp, 1 OW au, ot Wp, a, 1 Wop, 0 
+ (2/25v3){Wu, il op, Wp. — Shap, Wp, 0 ] 
Vu, Lap, Vp,—1 — Apap, Wp, 0+ Sop, Wp, 1 J 
+ Wu iL 2W2», 0 Pp, 1) — Srp, Wo” ]}. (65) 


The magnetic field at the nucleus H(O), which deter- 
mines the hfs splitting, is given by 


ej 3(ser)(re-j) sej 
H(0)-j -2uo Z| | _ ! (66) 
itr r) 3 


F r 


(64) 


where j is the total angular momentum of the atom, 
Il; and s,; are the orbital angular momentum and the 
spin of the ith electron. For the magnetic field Ho(0) 
in the unperturbed case, one finds 


H,(0) j= —4yolr ep» (67) 


both for the *P, and *P, states. In order to obtain the 
additional magnetic field H,(0) due to the perturbation 
xm, one must combine the xy and the spin functions, 
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using the appropriate coefficients for *P, or Py. H,(0)-+j 
can then be obtained from (66). The resulting expres- 
sions contain the integrals 9%v'w, ,r “dr. In the same 
manner as in II [Eqs. (14) to (14c) ], it can be shown 
that 


f 19 W1,  *dr= M(2p,P1), (68) 


0 


where M(2p,P_,) is the integral over 0’, .. as defined 
by Eqs. (42) and (44). One thus obtains 


H, (0) -j= — 160M (2p, Po) — (32/5)uoM (2p,P2). 


Equation (69) holds both for ?P, and *P3. 

The exchange of 3p with the 2p shell also produces 
an excitation of 3p to f states. The resulting pertur- 
bation of V is a sum of terms of the form Pop, mnWu, mWy, ms 
where Wy, m is the perturbation of 3p. However, it is 
found (both for *P; and ?P;) that the 3p-—/ excitation 
does not give rise to a net magnetic field at the nucleus. 
This result is similar to that obtained for the pertur- 
bation v':,143 due to 0 which also does not contribute 
to the hfs. 

The exchange of 3p with the 1s shell of the core will 
now be discussed. The exchange of 3p with the 1s 
electron of parallel spin produces an additional exci- 
tation of 3p into higher p states. Thus for the unper- 
turbed function y,(1)W3p.m2(2), the exchange pertur- 
bation is given by 


xm2! = Pom Brit p,m (1)Wi.(2), (70) 


where {p,m is the perturbed p function and the coeffi- 
cient B,, is obtained from 


(69) 


By = -2f 6,"’*P;"'0° sind dp, 


0 


xf Oo" P, m'Qym sinBedb>. (71) 


It is seen that B,, is zero, unless m’=mp». Hence the 
sum of (70) reduces to a single term with Bmy=—4, 
p,m i8 given by 

(we/r)O,”’, 


(72) 


¢ p,m’ 


where we is the solution (orthogonal to 09’) of the 


equation 
ae 
|- nannefimonely F 
dr 


in which uo’ is r times the radial 1s function and hy is 
given by Eq. (63) with L=1 and uo’= uo’ (1s). 

The magnetic field H,(0) due to the exchange of 3p 
with 1s involves the integral f(”%v9’waw~*dr. In the same 
manner as in II, it can be shown that 


J U9 We ‘dr M(1s,P). 


Eg \wo= hyn’, (73) 


(74) 
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One thus obtains both for *P, and *P,, 
H;(0) «j= — (16/3) uoM (15, P1) 


(75) 


From Eqs. (69) and (75), the extra magnetic field 
due to the perturbation of the valence wave function 
by the closed s and p shells of the core is given by 


-wol 2[ (16/3) M (ns,P1) Jas 
+> [16M (np, Po) + (32/5)M(np,P2) |np}. (76) 


AH(0)-j 


The resulting correction to dR», is 


5Rinw AH (0) -j/Ho(0)-j. (77) 
In view of Eqs. (67) and (77), 5Rm»=5R,, where dR, 
is the correction for the quadrupole coupling, given by 
(56). Thus the term 6R, is similar to 6R, 09 since it 
appears both in the magnetic hfs and in the quadrupole 


coupling. Upon inclusion of 6R,, Eq. (36) for C becomes 
5R,,’ 


c-[1 \/[) 
1—65R,,o—5R, 1 


It may be noted that the same term 6R, also enters 
into the fine structure. Thus from (64) and (65), one 
finds that the extra spin density due to the perturbation 
of 3p by 2p is given by 


AW 3p,me*Wp,my | (8 S)Wap.me* p,m”, 


R+-5R,’ 
(78) 


-5R,,o—bRyd 


MApi* (79) 


From (61), one obtains 


f Ap sin6d@ [ 409'w, ot (8/5) v0'w,, 2 \/r = £1 ap. (80) 


0 


The expression (80) will be called &2,. For the pertur 
bation of 3p by 15, the spin density is 
Ap. 


(4 ‘3 )Wap,mo*t p.ma, (81 ) 


which gives 


f Aps sin6dé (4/3)v9'w2/r* = bo le (82) 


0 


For an atom with several closed s and p shells, we 
denote by & the sum of the £,,, for the occupied p 
shells and by & the sum of the & ,, for the s shells. 
The correction for the fine structure due to the pertur 
bation of the valence function is given by 


R= f Ceeten/r yar / or, (83) 


0 


which is equal to 6R, by virtue of (68) and (74). 
From the present result and from Eq. (62) of II, one 
finds that the observed fine structure splitting v is 
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proportional to 


v= ir 9| 1 —6bR, o- dR, 


L[K(np—p, Bx 
+ (8/5) rf (84) 


ly 3) 


The term involving K(np-—>p, P2) is very small for the 
excited states of the alkalis. For Na 3p and K 49, the 
values of (8/5)>°,[ K(np—, P2) |np/(r*) were found 
to be —0.006 and 0.0025, respectively, from the calcu- 
lations reported below. Thus the correction factor for 
the fine structure contains essentially just those terms, 
6R, o and 6R,, which are common to both the quadrupole 
coupling and the magnetic hfs. 

The exchange terms due to the induced moment have 
been evaluated for B 2p, Na 3p, and K 4, using the 
perturbed wave functions u', 14 discussed in Sec. II. 
For the term 6R,’ (Eq. (35) |, we found the following 
values: 6R,’= —0.095 for B 2p, —0.0294 for Na 3p, 
and —0.0194 for K 4p. For B, the exchange of 2p with 
lsd and with 2s—+d contribute approximately equal 
amounts. The 1s-»d and 2s—+d terms [Eq. (29) ] are 
—0,046 and —0,.049, respectively. Both for Na 3p and 
K 4p, the largest term of 6R,’ is due to the 1s—d 
perturbation. The values of this term are —0.0204 and 

(0.0125, respectively. 

The present results for 6R,’ will be compared to the 
corresponding values of R. For B, 6R,’ is comparable 
with R (=0.143) so that the inclusion of the exchange 
terms considerably modifies the value of the correction 
factor C [Eq. (78) }. On the other hand, for Na and K, 
5R,’ is only of the order of yy of R. From these results 
and from the value 6R,’= —0.009 for Cs 6p obtained 
in III, it can be concluded that the effect of 6R,’ is 
very small compared to the antishielding given by the 
direct term R for the excited states of the alkalis. 

Besides 5R,’, we have also calculated the terms 5R,, 0 
and 6R, which appear both in the quadrupole and the 
magnetic hfs. For B, 6R,,o is zero since there are no 
closed p shells. For Na 3p and K 49, 6R,.o is — 0.249 
and — 0.287, respectively. The value for Na is somewhat 
larger than that obtained in ITI (—0.180). This small 
difference is due to the use of the more accurate values 
of t':,1+1 for 2p-+p in the present work, For K, the 
exchange of 4p with 3p-+p gives the largest contribu- 
tion, —0.210, while the 2p—+p term is —0.077. 

In order to obtain 6R,, it is necessary to determine 
the p wave perturbation of the valence wave function 
v': 101 from Eq. (39). For K, we used the 4p function 
v*(4p) which is orthogonal to the core 2p and 3p wave 
functions. After v’s,:.1 is calculated, 5R, is obtained 
from Eqs. (42), (44), and (56). The resulting values are: 
5R, = —0.463 for B 2p, +-0.170 for Na 3p, and —0.051 
for K 4p. It should be pointed out that only a limited 
significance can be attached to these numerical values 
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for 6R,, since the results are very sensitive to the 
detailed behavior of the radial wave functions. We note 
that for Na, 4R, is positive and cancels a large part of 
5R,o (= —0.249), 

From the preceding results for 6R,’, 6R.,o, and 6R,, 
and from the values of R given in Table I, we can calcu- 
late the effective R which enters into the denominator 
of Eq. (78) for C: 


Rou (R+6R,’)/(1—5R,, >—5R,). (85) 


One obtains: Reg=+0.033 for'® B 2p, —0.252 for 
Na 3p, —0.155 for K 4p, which can be compared to 
R=0,143, —0,243, and —0.188, respectively. As was 
anticipated from the discussion of the values of 6R,’, 
Rs is considerably different from R for B, whereas for 
Na and K, the two values are very similar. Thus the 
additional exchange terms 6R,o and 6R, have only a 
minor influence on C for these excited states. 

We will now discuss the magnetic hfs correction term 
5R,,’ of Eq. (78). An attempt to obtain 6R,,’ from the 
Hartree-Fock equations was made in II and III. The 
calculated values of 6R,’(?P;) and 6R,,’(?Py) were, 
however, too large to give agreement with the small 
observed deviation of S5a(?Py)/a(?P,) from 1 for the 
light atoms. From Eqs. (32), (35a), and (77), one 


obtains 

SF(1/2)a(??Py) 1—6R,»'(?Py)—5R,,0—5R, 

F(3/2)a@?P;) 1—5Rn’(*P,) BR, oR, 
1—5R,,' (?P;) 


RRS egy (86) 
1—6Rn’ (*P,) 


where 6R,,’(?P;) is defined by 


bR,. @P;)=6Rn'(?P;)/(1—5R,,0—45R,). (87) 


From the calculations of II and III, it was found 
that the largest term of 6R,,’ [which is given by Eqs. 
(56) and (56a) of IT] is that due to the excitation of s 
electrons of the core into unoccupied s states as a result 
of the exchange with the valence electron. This conclu- 
sion is in agreement with Schwartz’s treatment!” of the 
hfs anomaly in Ga. Unfortunately, it seems that the 
value of the perturbed ns—>s wave functions at r=0 
cannot be obtained reliably from the present treatment 
of the Hartree-Fock equations. A similar disagreement 
of the ns—s terms given by the Hartree-Fock equations 
has been obtained recently by Abragam, Horowitz, and 
Pryce."* It may be noted that we have carried out 
additional calculations of the ns—s effect for B 2p and 
Na 3p. For B, the value of the complete ns—s term 
was considerably too large and was found to be very 


‘6 For B 2, the large value of 5R, indicates that a more com- 
plete investigation of the core effects would be necessary to 
obtain the actual value of C. 

17 C, Schwartz, Phys. Rev. 99, 1035 (1955). 

48 Abragam, Horowitz, and Pryce, Proc. Phys. Soc. (London) 
A230, 169 (1955). 
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sensitive to the 1s and 2s functions used in the calcu- 
lation. For Na, the total ms—s term was quite small 
(+0.009 for *Py, —0.002 for ?P;), but this appears to 
be due to a fortuitous cancellation of the perturbed 
wave functions for 1s In view of the 
inadequacy of the calculations, it seems appropriate to 
obtain 6R,,’ from the experimental values of a(?P,)/ 
a(?P;). Schwartz!’ has shown that the major part of 
bR,,’(?P;) is due to ns—s excitation. With this assump- 
tion, one finds 

bR,,' (2 Py)= 


»s and 2s—s, 


55Rn!' (2P}). (88) 


Upon inserting (88) into (86), one obtains 


bR,,’(?P;) (p- 


1)/(p+5), (89) 


where p is the ratio 5F7(1/2)a(?P))/F(3/2)a(?Py). 

The values of p are very close to 1 for the light atoms. 
For B 2p and C) 3p°, p= 1.0034 and 1.011, respectively. 
For these cases, we can safely neglect 6R,,’ in the 
expression for C. On the other hand, for the ground 
states of heavy atoms, the difference p—1 is quite large. 
If this is also found for the excited states, there may be 
an appreciable 6#,,’ term in the equation for C for the 
states of Rb and Cs discussed above. 


IV. CONCLUSIONS 


Values of the core correction for the nuclear quadru- 
pole coupling have been obtained for 11 atomic ground 
states and excited states. For the excited p states of 
the alkalis, the direct Coulomb terms give a net anti- 
shielding. The corresponding values of R are of order 
—().1 to —0.3. For the ground states of B, Cl, and Cu, 
we have obtained positive values of R, indicating a net 
shielding. However, there are appreciable exchange 
terms for B, and probably also for the ground states of 
some of the other light atoms. Hence the values of R 
for the ground states cannot be used without making 
the corrections for the exchange terms. By contrast, 
the exchange terms are very small for the excited states, 
so that the correction factor C for the quadrupole 
moment is approximately 1/(1—R) for these states. 

The dependence of the calculated values of R on the 
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core wave functions has been investigated for Cl 3p° 
and K 4p. The angular term (yang/r’) is quite insensi- 
tive; for Cl, it decreases by only 11% if the Hartree 
Fock wave functions are replaced by Hartree functions 
in the calculations. On the other hand, (y;,a/r°) depends 
strongly on the core wave functions. Thus for K, Rraa 
changes from —0,247 for Hartree-Fock functions to 
—().362 if Hartree functions for the K+ core are used 
to obtain Yraa(r). We have also compared the core 
correction terms for two different choices of the valence 
wave function for the K, Rb, and Cs excited states. 
The resulting values of R differ by ~0.10 to 0.15. This 
difference is due mainly to the strong dependence of 
(yraa/’) on the radial distribution of the valence wave 
function. It can be concluded that there is an uncer- 
tainty of the order of 0.15 in the values of R for excited 
states because of possible inaccuracies in the core and 
valence wave functions used in the calculations. 

In connection with the radial modes of excitation 
u's,i+1 Which enter into (y;aa/r°), we note that the 
existence of these modes has received strong support 
from the values of the quadrupolar relaxation time 7) 
in magnetic resonance experiments.!® T; is proportional 
to 1/Qjon?, where Qion is the total quadrupole moment 
of the ion, As was shown in IV and V, the total induced 
moment Qir is very large, especially for heavy ions 
where the ratio |Q,:r|/O is of the order of 100. This 
result is in agreement with the fact that 7; is smaller 
by a factor 108-104 than would be expected from the 
nuclear Q alone. Since Q,7 is almost entirely due to the 
radial modes, this provides a good confirmation for the 
calculation of these terms. As pointed out in IV, there 
is also evidence for this effect from the quadrupole 
coupling in polar molecules. 
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Experimental Limit for the Electron-Proton Charge Difference* 
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Yale University, New Haven, Connecticut 
(Received August 22, 1956) 


By a study of the deflection of a beam of CsI molecules in a homogeneous electric field an upper limit is 
established for the charge on a CsI molecule. This upper limit is 1.7 10 esu or 4 10™ of the electronic 
charge, and implies that the magnitude of the electron-proton charge difference is less than 3107 of the 
electronic charge or that the charge on a neutron is less than 2 10~ of the electronic charge 


I. INTRODUCTION 


HE equality of the magnitude of the charge on 

all “elementary” particles is a basic principle in 
physics. Yet there seems to be very little direct experi- 
mental evidence on a microscopic level to test this 
principle. In the oil drop experiment! Millikan verified 
that the unit positive ionic charge is equal to the unit 
negative electron charge with an accuracy of about 
1 part in 1500. This result can be interpreted further 
from a macroscopic point of view to imply that there 
can be no difference in the magnitude of the electron 
and proton charges sufficient to yield a net charge of 
1/1500 of a unit charge from all the electrons and 
protons comprising an oil drop, For a typical oil drop 
with a radius of 10~ cm the charge difference can be no 
greater than about 3 parts in 10'®. Still higher accuracy 
is achieved in a macroscopic experiment done by 
Piccard and Kessler.’ They established an upper limit 
to the charge on a mass of de-ionized carbon dioxide gas 
by observing with an electrometer that the potential of 
an iron sphere in which the gas is contained under 
about 8 atmospheres pressure does not change within 
the limit of experimental error when the gas is allowed 
to escape from the sphere. The charge per kilogram of 
gas is thus found to be less than 1.4 10~* esu, which 
implies that the magnitude of the electron charge is 
equal to the magnitude of the proton charge to within 
5 parts in 10”. 

In this paper a microscopic experiment will be de- 
scribed which tests the electrical neutrality of single 
molecules by a study of the deflection of a molecular 
beam in a homogeneous electric field. The upper limit 
of the charge on the molecule can be interpreted to 
yield an upper limit to the charge difference between 
an electron and a proton. A brief report on this experi- 
ment has appeared.* 

* This experiment was performed in the molecular beams 
laboratory at Columbia University in 1948. This report, which 
has been delayed for the usual reasons, and its publication have 
been assisted by recent support from the Air Force Office of 
Scientific Research. 

1R, A. Millikan, Electrons (+ and ), Protons, Photons, 
Neutrons, and Cosmic Rays (University of Chicago Press, Chicago, 
1941), p. 85. 

2A. Piccard and E. Kessler, Arch. sci. phys. et nat. 7, 340 
(1925). 

3V. W. Hughes, Phys. Rev. 76, 474 (A) (1949), 
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Il. DESCRIPTION OF EXPERIMENT 


The apparatus was built by the author to do 
molecular beam electric resonance spectroscopy and 
has been described by Lee et al.‘ Since the apparatus 
was designed for an experiment quite different from the 
experiment being described here, many features of the 
apparatus are not optimum for the present application. 
A schematic diagram giving the features of the appa- 
ratus pertinent to the present experiment is shown in 
Fig. 1. The region /, of homogeneous electric field was 
formed by two parallel plates separated by about 0.65 
cm. Because of its spectroscopic design history the 
spacing between the plates was uniform to 0.001 cm 
and the plates were gold-plated to minimize contact 
potentials, but no provision was present for reducing 
end effect field inhomogeneities. Standard techniques 
were employed for the production, collimation, and 
detection of a beam of alkali halide molecules.° In par 
ticular, the detector was a hot-wire, surface-ionization 
detector together with an FP54 tube electrometer 
circuit. The molecule used was CsI. 

The beam intensity in the plane of the detector is 
observed with and without an electric field present in 
region /,. In the absence of an electric field the theo- 
retical beam shape in the plane of the detector is 
trapezoidal in shape® (Fig. 2). The integrated intensity 
on a detector of finite width wz is easily computed as an 
integral over the detector width. A comparison of the 
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Fic. 1. Schematic diagram of apparatus, showing horizontal 
cross section through center of apparatus. Region O is the source 
chamber, which includes the oven with a source opening 1.1 cm 
high and 0.0025 cm wide. C represents the collimator slit which is 
1.1 cm high and 0.005 cm wide. The region of length /; contains 
the homogeneous electric field which is produced by applying a 
voltage across two parallel plates. D is the hot-wire surface 
ionization detector of width 0.0076 cm. The regions of length /; 
and /; are field free regions. 1; =13 cm, l2=12 cm, and /;=18 cm. 
The total distance from oven slit to detector wire is 44 cm. 


‘Lee, Fabricand, Carlson, and Rabi, Phys. Rev. 91, 1395 
(1953). 

*N. F. Ramsey, Molecular Beams (Clarendon Press, Oxford, 
1956), Chap. XIV. 

® See reference 5, Chap. IT. 
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calculated and observed beam intensities is shown in 
Fig. 3; the agreement of about 10°% in relative in- 
tensities is well within customary experience and is 
within the accuracy allowed by our knowledge of the 
geometry of the apparatus. 

If a uniform electric field is applied in region Jy, and 
if the molecules are uncharged, the beam intensity at 
the detector should be unchanged from that of Fig. 3. 
On the other hand, if the molecules have a small charge q¢ 
they experience a force F in the homogeneous electric 
field E given by 

F=gE, 

and the integrated beam intensity on a detector of 
finite width is now different. The detector was placed 
on one side of the beam with its center at the half- 
intensity point of the trapezoidal pattern (Fig. 2), 
because at this position the signal is most sensitive to 
small deflections of the molecules. Furthermore, this 
unsymmetrical placement of the detector makes possible 
the distinction between an effect due to a net charge on 
the molecule and one due to a polarization force arising 
from the inhomogeneity of the applied electric field. 

The beam intensity / at the detector in the absence 
of the field is simply 


I=T(d—p)/2; (1) 
the symbols are defined by Fig. 2, and the detector 
width wa is taken equal to d— p. With the field present 
and a charge g on each molecule the deflection of a 
molecule with mass m and with velocity a, the most 
probable velocity for molecules in the source, is given 
by? 


gk 
(L2?+-2lols), (2) 


2mv* 


in which the lengths /, and /; are defined in Fig. 1. The 
deflected beam intensity pattern in the detector plane, 
I(s), including the average over the molecular velocity 


I, 


Fic. 2. Beam shape before 
deflection in plane of detector. 
Calculated curve. The maxi 
mum intensity is /o0. Each unit 
of so is 0.0025 cm. The param 
eters p and d have the values 
p=0.0056 cm, d=0.012 cm. 
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7See reference 5, Chap. IV for a discussion of formulas (2) 
and (3). Note that an error in sign is present in this reference 
A plus sign appears before sa in Eq. (IV.34), whereas a minus 
sign should appear as in the integrand of our Eq. (3). 
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y Xx 
Fic. 3. Relative beam in 
tensity / in arbitrary units 
seen by a detector of width 
wa=0.0076 cm vs position 
of center of detector. Solid 
curve calculated curve 
and dashed curve is curve 
through observed points 
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distribution, is given by the formula 


- (d+s 
I(s) Iw f 
s a+d) 


Sq/x)xe~*dx 

(3) 
d Pp 
(s 
nate in the plane of the undeflected beam and s is the 


in which x= Sq sy), Where so is the position coordi 
position coordinate in the plane of the deflected beam. 
Both so and s are measured with respect to the zero 
position shown in Fig. 2. Equation (3) applies when sq 
is positive and when —d<s<—p. 
Hence, by integration, 
d+s ‘. 
I(s) Too t 1 
d—p s+d 


exp Sa/(S + d) 


Sa 
To exp| 
d p 


Sa/(s-+-d) |. (3) 


Integration of this expression over the region of the 
detector from s dtos p and utilization of the 
condition that sg is small compared to the beam and 
detector dimensions yields the formula for the relative 
change in beam intensity due to the field 


Al/I 254/(d—p) 


If sq is negative, then, with the same assumptions used 
in deriving Eq. (4), the relative change in beam in 
tensity will have the same magnitude but it will be an 


(4) 


increase in intensity for this case. 

The applied electric field of the parallel plates is, 
of course, not perfectly homogeneous principally be 
Hence a 
will act on the molecules. 


cause of end effects and nonparallelism 
polarization force, F 


F, 
in which W is the energy of the molecule in the field of 


magnitude #. With the geometry fixed, this force will 
remain unchanged both in magnitude and in direction 


py 


(OW /dE)VE, (5) 


when the polarity of the potential applied to the plates 
is changed. Thus the effect of a polarization force can 
be distinguished from the effect of a force on a net 
charge q, because the change in beam intensity at the 
detector does not depend on polarity in the first case 
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TABLE I. Observed change in beam intensity when an electric 
field is applied. The unit of beam intensity is 1 cm of deflection 
on a galvanometer scale (~10~"* amp of beam current). With the 
detector centered to give maximum beam signal, the beam 
intensity was 15 000. For the data given in the table, the detector 
was moved about 7X 10~* cm off the centered position 


Change in beam intensity 
Field on 
negative 
direction 


Electric field 
intensity 
(volts/cm 


3100 
3500 


Field on, 

positive 

Beam intensity direction 
11 000 40 — 40 
11 000 100 100 


but does depend on polarity in the second case, pro- 


vided the detector is unsymmetrically placed in the 


beam 

The experimental data are given in Table I. The 
over-all stability of the apparatus allowed the measure- 
ment of changes of about 0.1% in beam intensity. 
A small change in beam intensity is observed when the 
field is applied, but this change is independent of the 
direction of the field to within the experimental accu- 
racy, and hence cannot be due to a force associated with 
a net molecular charge. This change in beam intensity 
agrees in order of magnitude with the estimated effect 
due to field inhomogeneity of the end regions of the 
parallel plates. It may be remarked that the ion content 
in the beam should be quite negligible. Thus it can be 
concluded that the relative change in beam intensity 
Al/I due to a force on charged molecules is less than 
0.1% of the total beam intensity. 

The upper limit of the allowed charge g on a molecule 
can be computed from Eqs. (4) and (2). The values 
of the experimental parameters were p= 5.6 10 cm, 
d=12X10™ cm, wa=7.6X10 cm, T (oven tempera- 
ture)=650°K. Hence by Eq. (4), Sa=3.2K10~° cm. 
The inaccuracy of Eq. (4) due to the fact that 
wa (=7.6%10~ cm) is not exactly equal tod— p (=6.4 
x10°-* cm), as was assumed in its derivation, is 
negligible. Use of Eq. (2) yields the result that g must 
be less than 1.7 10~” esu or 4X 10~" of the electronic 
charge 

Ill. DISCUSSION 


Since the molecule CsI has an atomic number of 108, 
the above result for g implies that the difference be- 
tween the magnitudes of the electron and_ proton 
charges is less than 3 10~'® of the electronic charge. 


The experimental result can also be interpreted as 


implying an upper limit to the charge of the neutron.* 


*B. T. Feld, in Experimental Nuclear Physics, edited by 
E. Segre (John Wiley and Sons, Inc., New York, and Chapman 
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Thus if the electron and proton are assumed to have 
charges of equal magnitude, then the 152 neutrons in 
CsI must have a net charge of less than 1.7 10~?? esu 
or the charge of a single neutron is less than 2.0 10~" 
electronic charge.’ 

The question of the equality in magnitude of the 
electron and proton charges is not only of importance 
to fundamental particle physics but also to the study 
of large scale matter. Indeed the experiment of Piccard 
and Kessler was performed to test Einstein’s suggestion” 
that the magnetic field of the earth might be explained 
if the earth had a net charge due to an electron-proton 
charge difference of only 3 parts in 10'*. Apart from 
any other objections to this suggestion, the Piccard- 
Kessler experiment rules out this possibility. A further 
general remark can be made. It is well known that 
gravitational forces are much smaller than electrostatic 
forces, e.g., by a factor of about 10* for the electron- 
proton system, and hence only a very slight deviation 
from charge equality would have important effects on 
the behavior of large scale matter where gravitational 
effects are important. 

It was remarked at the beginning of this paper that 
the apparatus used was not well suited to do the 
optimum experiment on the electron-proton charge 
difference. It may be of interest to estimate the accuracy 
which might be attained with appropriate modern 
design. With an electric field 10 meters in length and of 
intensity 510° v/cm, with an ion-multiplier—-mass- 
spectrometer detector to reduce noise background from 
the surface ionization detector and to increase the 
inherent signal-to-noise ratio of the current measuring 
circuit as compared with an FP54 electrometer circuit, 
and with careful oven design and vacuum technique to 
obtain a very stable beam, it is estimated that an 
electron-proton charge difference of about 1 part in 
10! could be detected. 
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and Hall, Ltd., London, 1953), Vol. 2, p. 214. The experiment 
described in the present paper is the one quoted in Feld’s article. 
Feld states that the charge on a CsI molecule is proven to be 
less than 10°” of the electronic charge; the correct limit should be 
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® Note added in proof.—A recent experiment on the deflection 
of a neutron beam in an electric field puts an upper limit on the 
neutron charge of 6X 10~" of the electron charge. I. S. Shapiro 
and I, V. Estulin, Zhur. Eksptl’. i Teort. Fiz. 30, 579 (1956); 
Soviet Phys. JETP (to be published) 
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Numerical values for the one-electron integrals of interest in the analysis of atomic hyperfine structure 
have been calculated by using screened relativistic wave functions. Ratios of these integrals, representing 
the relativistic correction factors of Casimir, are given to replace the older values which neglected shielding 
effects. The most marked changes occur in the studies of the octopole interaction and hfs anomalies in 
p-states. The calculated one-electron magnetic dipole integral, when compared with the experimental 
ratio, dipole hfs/nuclear moment, makes it possible to deduce the magnitude of atomic polarization (Stern 
heimer) effects. In the doublet p-states that were studied, the polarization terms seem to be almost entirely 
of the sort discussed in an earlier paper: excitation of s-electrons. In a general discussion of polarization 
calculations we give some explanation of the large correction factors for the fine structure, dipole and 
quadrupole hyperfine structure that were calculated by Sternheimer (the radial redistribution of charge 
terms). It is also suggested that large polarization corrections may be needed for the octopole interaction 


INTRODUCTION 


EASUREMENTS of atomic hyperfine structure 
to determine nuclear magnetic dipole moments 
have to a large extent been supplanted by the more 
direct measurements of nuclear resonances in externally 
applied magnetic fields. However, for the determination 
of all other nuclear moments—electric quadrupole, mag- 
netic octopole, and so forth—it is felt that we shall have 
to rely on observing the interactions with the electronic 
structure surrounding the nucleus. Of the three struc- 
tures used in experimental work : atoms, molecules, and 
bulk matter (usually crystals) we emphasize the first, 
solely because of its relative simplicity. 

In an earlier paper! the general analysis of hyperfine 
structure in atoms was set up and a number of detailed 
aspects were worked out. This is the second report in a 
continuing program of analysis for determining the 
values of nuclear moments to an accuracy of a few 
percent. 

First-order atomic hyperfine structure is described 
generally by some relation like the following: 


nuclear moment 
electronic matrix element. 


Measured hfs 


Our goal is a reliable evaluation of the electronic matrix 
element. The operators involved are presumed to be 
well known (1), and it is the wave function of the elec- 
tronic system that is being studied. In the first approxi- 
mation of the “closed inner shell’ model of atomic 
structure only the one (or few) valence electron(s) con- 


tribute to this matrix element and it is these one- 


electron integrals that we attempt to evaluate in this 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research). 

t Now with Department of Physics, Stanford University, 
Stanford, California. 

1'C, Schwartz, Phys. Rev. 97, 380 (1955). This work will be 
referred to as I; numbering of equations will follow consecutively 
from the last (63) of I, and notation in this work will conform to 
usages in I. 


work. The contribution of all other electrons (polariza- 
tion corrections) has been the subject of much work by 
Sternheimer,’ some of whose results are rather unsatis- 
factory in comparison with experimental data. We shall 
speak here only qualitatively of the polarization effects 
and leave their actual calculation for future work. 

The results of the present work include a revised 
evaluation of the relativistic correction factors used 
in I, revised values for the nuclear octopole moments, 
corrections to the analysis of hfs anomalies, some re 
marks on the polarization corrections of Sternheimer, 
and a completion of the earlier 
analysis of second-order corrections to the octopole 
interaction 


in the appendix 


EVALUATION OF ONE-ELECTRON INTEGRALS 
IN HFS 


Evaluation of the one-electron matrix elements in hfs 
reduces (see I) to the problem of working out a charac- 
teristic radial integral for each multipole. The expecta- 
tion value of r* for the dipole interactions was first 
estimated by Goudsmit and by Fermi and Segré by 
comparison with the hydrogenic wave functions, 
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iydrogen 


n®ay*l (1-4 s)(L+ 1) 


except that for » and Z they used effective quantum 
numbers n*, derived from the term values, and shielded 
nuclear charges Zo, Z;. The determination of Z; has 
always been something of a sport; in fact, the general 
success of this formula in correctly determining nu- 
clear dipole moments is somewhat surprising. 

Later work made great use of the similar dependence 
of magnetic dipole and electric quadrupole hfs as well 
as fine structure on (r~*) to derive the lesser known of 


* RK. Sternheimer, Phys. Rev, 80, 102 (1950); 84, 244 (1951); 
86, 316 (1952); 95, 736 (1954), 

*A calculation of the hfs of lithium, with polarization (con- 
figuration interaction) effects included, has been started by 
R. K. Nesbet of M.LT . 
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these quantities from the better known. The corrections 
to these ratios, which arise mainly from relativistic 
effects, were given by Casimir (reference 3 of I) and 
others who used the analytical eigenfunction for a 
Dirac electron in a pure Coulomb field with zero binding 
energy. The same procedure was used in I to calculate 
the octopole integral relative to the fine structure or 
to the dipole integral, and also for our analysis of 
s-electron configuration interaction. 

The starting point of the present work was the desire 
to have more reliable values for the relativistic cor- 
rection factors F, R, 7,G, 8S, H,C’/C’ (see 1), as well as 
Z, which is defined by the fine structure. Reasons for 
doubting the Casimir values are as follows: some of 
these factors can be easily calculated by using Dirac 
hydrogen wave functions for n=1, 2; then it is seen 
that they differ significantly from the Casimir values 
at n=”, In a many-electron atom, the first correction 
to the purely Coulomb potential Ze*/r at small values 
of r is the constant shielding potential of all the other 
electrons that can be estimated from the Thomas-Fermi 
statistical model to be approximately —1.9Z*%e?/ap. 
rhus, in the region near the nucleus that is important 
for hfs integrals, the electronic wave functions behave 
as hydrogen wave functions characterized by a principal 
quantum number t~4Z'* that barely exceeds 2 in 
the heaviest atom 

We decided to undertake a program of numerical 
integration of the Dirac radial equations for some 
reasonable atomic potential in order to calculate all 
the hfs integrals without appealing to mathematical 
approximations. The facilities of the M.I.T. electronic 
digital computer, Whirlwind I, were used for this work. 


CALCULATIONS 


The Dirac 
central field are (see I): 


d h 2 a’ : 
( )se) le 2(x) g(x), 
ax y 4 


x a 


radial equations for an electron in a 


2o(x) | f(x), 


me*, € is the binding energy in 
Rydbergs = e* 1/137, «= (j-D(j+1+}). 
| (r), the potential seen by the electron, (e/ao)p(x); 
the normalization integral is 


where x=9r/do, do=h? 


2d, a e he 


£ 


[ dx(f?-+g2) =N. 


vo 


(65) 


The only problem is to define the screened field $(-). 
Ideally, @(x) should be that field which gives the eigen 
functions f, g that are just the Hartree-Fock functions 
for the particular atom. It is, of course, impossible to 
make this comparison ; therefore, we shall use a reason- 
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able potential, ¢, and compare some of the results— 
term values, fine structure—with experimental values, 
as a test. 

We have actually used the convenient form sug- 
gested by Tietz.‘ 


1 Z—1 
o(a)=-[14+ — i 

x (1+ 8x)? 
In Fig. 1 we have plotted, for the purpose of com- 
parison, the exact Thomas-Fermi shielding function, 
Tietz’s approximation (1+-0.643Z"/*x)~*, and the Har- 
tree equivalent Z,(x) for neutral gallium (Z=31). In 
our work, @ in formula (66) will be treated as a param- 
eter to be varied so that good values for the term 
energies and fine-structure splittings are obtained. We 
actually end by taking ratios between calculated fine- 
structure and hfs integrals, and the exact value of 8 
will have negligible effect on these comparisons. 

The range of « was limited to 0,0001<*<12 for 
most of the atoms studied, and this total region was 
broken up into 484 intervals with spacings varying 
from 0.000005 to 0.1. Numerical integration was 
carried out by the computer, using a fourth-order 
Kutta-Gill method at a rate of approximately two 
intervals per second, With some particular values of the 
parameters x, Z, and some guessed values of ¢ and 8, 


(66) 


IO po py 











Fic. 1. Screening functions for atomic potential in neutral 
gallium; note doubled abscissa. Thomas-Fermi function, solid 
curve; Tietz’s approximation, dashed curve; Hartree, Z,/Z [from 
A. J. Freeman, Phys. Rev. 91, 1410 (1953) J, dotted curve 


‘T. Tietz, J. Chem. Phys. 22, 2094 (1954); 23, 1167 (1955). 
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the ratio f/g at «=0,0001 is determined by a simple 
power series expansion, and Eqs. (64) are integrated to 
x=12. For x>12, @ is put=0, and f(12), g(12) are 
joined to the appropriate spherical Hankel functions 
for this outer region. The eigenvalue criterion is that 
the coefficient of the exponentially increasing Hankel 
function determined by this matching should go to 
zero. With a fixed value of 8, € would be varied to make 
this coefficient go to zero by a simple linear interpola- 
tion-searching procedure which improved the value of ¢ 
by approximately a factor of 10 for each complete 
iteration when we were fairly near the correct value. 
Alternatively, we could specify the energy eigenvalue « 
and vary the potential parameter 8. Thus, for each 
atomic state, an energy eigenvalue accurate to within 
one part in 10° could be obtained after about 20 minutes 
of machine computation time. 

If this procedure is repeated with one value of @ for 
k= +2 and —1 (p5/2 and py2), we have immediately the 
doublet fine-structure splitting 6= €1,2—€3/2 (measured 
in Rydberg units). Another program took the calcu- 
lated eigenvalues and used a fourth-order numerical 
integration formula to calculate the normalization in- 
tegral (65) and the quantities of interest for hfs: 


f feu *dx 
0 


(ps and pi) 


f tered (oo 
0 


(ps). 


f fex*dx 


This was all worked out for two different values of the 
potential parameter @ for each of the following atomic 
doublet states: B 2p, Al 3p, Ga 4p, In 5p, Tl] 6p, Cl 39°, 
Br 4p°, I 5p®. We intended to use these two sets of data 
for interpolating or extrapolating to that value of 8 
that best reproduced the experimental values of «, 6. 
The actual use of the calculated numbers is displayed 
in the following sections; the raw numerical results have 
been given in a previous report.° 


RESULTS 1: USE OF TIETZ’S POTENTIAL 
FOR ATOMIC WAVE FUNCTIONS 


The one-parameter Tietz formula (66) was found to 
be a very simple and, we believe, accurate form for 
constructing shielded atomic wave functions. It is 


suggested that an extended form 
(14+-Bxt+~yx?)~?, 
with 8, 7 as suitably parameterized functions of atomic 


5 Quarterly Progress Report, Research Laboratory of Elec 
tronics, Massachusetts Institute of Technology (January 15, 
1956), p. 70. 
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Fic. 2. Values of the potential parameter § calculated to give 
experimental values of term energies (crosses) and fine-structure 
splittings (circles), with Tietz’s value 6 =0.6432'/4 


give an excellent of 
In this extended form, 


could 
atom 


number, representation 
shielded potentials. 
6 controls the initial slope of the function and y controls 
the rate of decrease for large x. 

In Fig. 2 we plot the values of 6 that give the experi- 
mental values of €,/2 (crosses) and 6 (circles) for the 
several atoms mentioned, together with Tietz’s value 
B=0.643Z"* (dotted curve). 

In some additional calculations, it was found that 
one value of 8 gave the term values of the 6s, 6p, and 7p 
levels of Cs, each of which is within one percent of the 
experimental value, Also, the matrix elements (s| «| p) 
between these states were calculated and found to be 


in good agreement with the measured transition rates. 


RESULTS 2: RELATIVISTIC CORRECTION FACTORS 


The ratios between any two hfs integrals or between 
the fine-structure and any hfs integral calculated at one 
particular value of the potential (8), are very insensitive 
to moderate changes in 8; hence they can be reliably 
obtained directly from our calculated values. By factor 
ing out the theoretical values of the ratios in the limit 
of no shielding and aZ-—>0 we have determined the 
factors. For the 


ratios of the relativistic correction 


p-doublets, we have 


yx *dx( py) 
(67a) 


*dx( py) 


f yx *dx( py) 

Ny Yo 

Ny, 7" 
of {gx *dx(p;) 


(67b) 
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hic. 3. Calculated relativistic correction factors for p electrons 
HZ ;/F yo is measured on the right-hand ordinate, all others on 
the left. The values for 6 and R//’s/. are very well represented by 
Casimir’s formulas. The strong depression of T/F 4/2 results from 
screening of the electronic wave function, HZ;/Fy. represents 
only the one-electron fine structure and neglects the exchange 
eflect 


J fex*dx(p,) 
T 3 Jo 


Fy 22% p* 
J tex-raxip0 


45.0864 


’ 


HZ; 


RO” | 
J fer rax(on 


The calculated values of these ratios are shown in 
Vig. 3 as heavy marks, and smooth curves have been 
drawn to facilitate interpolation. Effects of shell struc- 
ture, i.e., different behavior for p versus p*® configura- 
tions, are most apparent in the values of 7/Fy._ and 
somewhat apparent in 6. We want to compare these 
results with those gained by using Casimir’s approach, 
which neglects shielding. 

Shielding corrections, as we would expect, are most 
pronounced for the lighter elements, although they are 
not negligible even for the heaviest. Values of R/F 3,2. are 
essentially identical to Casimir’s, any shielding effects 
canceling out the ratio, since both these integrals are 
(r*) in the region removed from the nucleus. The 
calculated values of @ are also in excellent agreement 
with those given by Casimir’s formulas (see 1); this is 


thought to be somewhat fortuitous, but nevertheless 


serves to recommend Casimir’s admittedly approximate 


formula for future use.* In Casimir’s theory, H/F 42 is 
very close to unity for all Z and so our ratio’ (67d) 
should give very nearly just Z; defined by 

1 dV 

é= (+ B)ar{- —)= (+4 jatZdr-*), (68) 

r or 
where we neglect the two-electron exchange contribu- 
tions to fine structure which will be discussed later. 
Our values of Z; are larger than we expected, thus 
indicating that Casimir’s work overestimates F3;2. and 
underestimates H.* These criticisms are supported by 
the comparison of results for pure hydrogenic wave 
functions for principal quantum numbers n=1 and 
n=O, 

The most outstanding new result is in 7/F32, the 
ratio of octopole to dipole integrals. The chief assump- 
tion in the Casimir approach is that the hfs integrals 
have almost all their contribution in the region very 
close to the nucleus. Actually, the dipole integral 
~(r*) in a p-state extends for a considerable distance 
into the total electron cloud of the atom, more so in the 
lighter elements. Consequently, the rapidly oscillating 
Casimir wave functions give too small a value for all 
(r-*)-dependent quantities. This large error, as we have 
stated before, cancels out almost completely in com- 
parisons involving dipole, quadrupole, and fine struc- 
ture; however it does show up in the ratio with the 
octopole integral, which depends essentially on the 
electron density at r=0. 

We also calculated the off-diagonal p1j2— ps2 matrix 
elements of the dipole and quadrupole operators for 
indium and thallium and found values for the relativistic 
correction factors £, 7 that were essentially equal to the 
values given by Casimir’s formulas (see I). 

The chief results of this analysis of ratios is a rather 
large correction to the octopole integrals, which will be 
applied in a later section, and another similar revision, 
which will now be discussed. 


RESULTS 3: CORRECTIONS TO hfs ANOMALIES 
IN p;-STATES 


The theoretical analysis of the aspects of hfs anomalies 
(i.e., isotope effects in hfs), which are ascribed to either 
the Bohr-Weisskopf (B-W, nuclear magnetization dis- 
tribution) or Breit-Rosenthal (B-R, nuclear charge 
distribution) effects, depends on the ratio of the valence 
electron’s charge density at r=0 to the entire dipole 
integral. These ratios (b coefficients) were previously 
worked out, using the unshielded Casimir wave func- 
tions. The analysis of our calculations described above 
gives shielding corrections for these b-coefficients for 
piystates. We find that the theoretical strength of 
B-W or B-R effects for py2-states should be reduced 
from their earlier given values by dividing by the 


* Closer study reveals that the factors F1/2, Fs2 in (67b) are 
overestimated by Casimir and the factor |Ci/2/Cs2|* is under- 
estimated, although the errors accidentally compensate. 
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TABLE I. Calculated values of hfs integrals. 


B 2p Al 3p Ga 4p 


0.000139 0.001021 0.007528 
0.4150 


(0.588) 


0.3885 
(0.573) 


0.4796 
(0,367 
1.7190 
0.233) 


2.4521 
0,193) 


1.2836 
0.223 


0.025982 
(0,980) 


0.0086317 
(0.932) 


7) ( - 
ao? J, fer *dr (pi yt 380 
0,0042518 
(0.927) 


0.011783 
(0,969) 


0.001 8655 


a 
ao f, Ser *dr (pays) (0,833) 


«© 
ao f. 
oO 


"2 
ao | 
Jo 


3.2701 
(0.971 


1.1669 
(0.929) 


. 0 2 
S242) 8dr (piss aut 2 
0.27831 
(1.113) 


5.6309 


0.011940 
1.185 (1,046) 


fer ‘dr (pas 


factors 1.68 for Al; 1.49 for Cl; 1.38 for Ga; 1.30 for Br; 
1.22 for In; 1.19 for I; 1.10 for Tl. For other elements 
we can easily interpolate. It should also be pointed out 
that, in view of recent experiments, we should use a 
nuclear charge radius of approximately 1.2A4'*x10~-" 
cm in these theories instead of the larger values used 
earlier. 

RESULTS 4: FIXING THE POTENTIAL; COMPARISON 

WITH EXPERIMENTAL DATA 


The absolute magnitudes, not just ratios, of all the 
hfs integrals depend strongly on the value of the 
potential parameter 8. Our plan is to interpolate these 
integrals—calculated for two different potentials—as 
linear functions of the calculated fine structure 6 and 
take their final value at that point which corresponds to 
the experimentally measured fine structure. These 
interpolated points do not generally give the correct 
term value but we console ourselves with the observa- 
tion that the separation of the pairs of points in Fig. 2 
is not very great. We are falling back on the old feeling 
that fine structure and hfs are closely akin, and the 
energy is only a secondary criterion. 

There is one more correction to be made, however, 
before we can take this final step. The fine structure in 
a many-electron atom is not solely the result of the 
motion of the valence electron in the fixed Hartree- 
Fock central field of the nucleus and all other electrons; 
but this one-electron problem is all that we have calcu- 
lated. There are exchange matrix elements of the mutual 
spin-orbit interaction between electrons (Breit inter- 
action) which are not included in the formula (68) even 
when V includes the exchange electrostatic potential. 
We have estimated the magnitude of this correction to 
our calculated one-electron fine structure, using simple 
analytical forms for the wave functions involved, and 
we find a correction to 6 of —11a¢*(r~*) cm™ for all the 
atoms studied here,’ with an estimated uncertainty of 
approximately + 20%. This exchange correction, which 
amounts to a fraction —1/Z of the total fine structure, 
comes chiefly from interaction of the valence p electron 


7In boron this effect is very important and a more detailed 
study will be necessary 


Hfs 
For use of these numbers, see the text. 


In 5p rl 6p Cl 3p* Br 4p I Sp* 


0.02016 0.071013 0,008028 0.033580 0.069281 


0.9202 
(0.843) 


0.9846 
(0,832) 


1.0348 
(0,828) 


0.4185 
0.644 


0.4770 
(0.701) 


2.2353 
—0,210) 


2.3632 
0,209) 


3.1231 
0,159) 


1.6390 
(~—0.255) 


2.5937 
0,164) 


0.15937 
(0.988) 


0.049119 
(0,953) 


0.10297 
(0.980) 


0.16635 
(1.020) 


0.048380 
0,998) 


0.057652 
(0,993) 


~0,023857 
(0,952) 


0.045056 
(0,983) 


0.034432 
(0,975) 


0.018571 
(0,980) 


16.558 
(0.996) 


6.5595 
(0.952 


12.570 
(0,985) 


5.2864 
(0.982 


10.619 
0.978) 


101.506 


26.460 173,98 3.1222 29.704 
l (1.024) 


(1.026 1,003 1,061) (1,037) 


with the K-shell and a smaller contribution from the 
L-shell; the uncertainty in the exact magnitude of this 
correction will limit the accuracy of our final numbers. 
In Table I we give values of the calculated hfs 
integrals chosen by interpolating against the calculated 
values of 6 at that value of 6 which equals the experi 
mental doublet fine structure® (i.e., neglecting the 
exchange correction). In Table I, 6 and ¢€, are in 
Rydberg units, while all other quantities are dimension 
less. The numbers in parentheses are the fractional 
increases in the particular quantities for a unit frac- 
tional increase in 6, That is, we actually calculated for 
each quantity « the values (2%,6;) and (%9,49). The 
table gives 
X2(50o 6) x1 (69-82) 
xo , 
(62—5)) 
where do is the measured value of the fine structure and 
the quantity in parentheses is 


(Xe a 150 
(db 61) x 0 


Thus, for chlorine with the fine-structure exchange 
correction of —116,56/109 7374 20% 0.00066 
+0,00013, we would want to take our calculated 
hfs integrals at a value of 6 that is increased by 
(66+ 1.3)/803= (8.2+1.6)%. This yields 


at f fer *dr (py) = 0.049119 


[1+ (0.953) (0.0824-0.016) |= 0.0530-+-0,0008, 


at f fer *dr( py) 0.023857 
(1+ (0.952) (0.0824-0.016) | 


0.0257 +0.0004, 


and so forth. 

§ The experimental value for the 2 fine-structure splitting of 
boron, 0.000139 Ry = 15.340.2 cm™, comes from Dr. S. P. Davis 
(private communication), Spectroscopy Laboratory, MIT. Other 
data came from Landolt-Bornstein, Zahlenwerte und Funktionen 
aus Physik, Chemie, A stronomie, Geophysik, und Technik (Springer 
Verlag, Berlin, 1950), Vol. 1, Part 6. 





178 


We would like to check this determination of the hfs 
integrals by comparing them with the measured dipole 
interactions for which the nuclear magnetic moment is 
known by independent measurements. However, it is 
not surprising that there are a number of discrepancies 
in these comparisons; this is attributable to the effects 
of electronic configuration interactions (core polariza- 
tion). We shall, therefore, use our calculated values of 
the one-electron dipole hfs in order to deduce the magni- 
tude of these polarization corrections that are defined 
according to the formula: 


(measured hfs) 
(measured nuclear moment) 
(calculated one-electron matrix element) 


X(1+R); (69) 
and we compare these apparent values of R,, (for mag 
netic dipole hfs) with the numbers calculated by Stern- 
heimer for a few atoms 

These polarization effects can be described as follows, 
using the language of perturbation theory. The zeroth 
order atomic wave function describes a series of closed 
shells and one (or a few) valence electrons; and with 
this wave function only the valence electrons contribute 
to the hfs matrix element. The first-order correction to 
contains states in which some 


this function 


electron from the core is moved into all of the many 


wave 


unoccupied energy levels outside the core. This “virtual 


0.07, 


0.05 


604p 
t 


60 70 60 








Fic. 4. Fractional contribution of s-electrons to the dipole hfs 
in pi2-states, calculated by ignoring all other polarization effects, 
in accordance with Eq. (3) of reference 9. It is interesting to note 
the trends of fi/2 versus Z for each of the configurations s*p 
(B, Al, Ga, In, Tl), s*p* (Cl, I) and s*p*p’ (Na*, Rb*). Experi- 
mental data on Rb* 5p from I, I. Rabi and B. Senitzky, Phys. 
Rev. 103, 315 (1956). 
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excitation” of a core electron comes about through the 
electrostatic interaction of this core electron with the 
valence electron(s). The polarization contribution to 
hfs is mainly the cross matrix element of the hfs inter- 
action between the zeroth-order wave function and 
these first-order, polarized-core, wave functions. 

For a doublet p valence state there are several modes 
of excitation of core electrons; we shall limit our 
attention to the two modes which appear from Stern- 
heimer’s work to be the most important ones. These 
two are the excitation of a core electron in an s-orbit 
into a higher unoccupied s-orbit (s—>s’ mode), and the 
spherical symmetric part of the excitation of a core 
electron in a p-orbit into a higher unoccupied p-orbit 
(p—>p’; Po mode). 

From angular momentum considerations, we know 
the relative contributions of these two modes of excita- 
tion between py2- and py2-states of the doublet 


Ried 
Rinaj2(p >p’; P») 
Ruz o(s >s’) 


Rnj(pp'; Po) +Rmj(s—s’), (70a) 


Rm 2(p >p’; Ps), (70b) 


— 50R mij2(s—s’). (70c) 


for pPiy2- and py2- 
states—-we can solve for the two independent polariza- 
tion terms R,,(p—>p’; Po) and Rm1j2(s—s’). 

In an earlier work’ we defined the quantities 84/2, 83/2" 
as the fractional contribution of the (s—s’) excitation 
to the dipole hfs in a *P1,2- or a *P4/2-state. These are 
related to R,,(s—s’) by 


Biyo Rin 2(s 


Since there are two Eqs. (69) 


) 


»s')/(1+R,). 


The values of fy. deduced for p-doubleis under the 
assumption that R,,=R,»,(s—>s’) can be deduced solely 
from the measured ratios @4/2/d3;2 and the theoretical 
values of @. Values for several atoms are shown in 
Fig. 4. 

f Most interesting are the values of Rn (p »>p’; Po) 
deduced according to (69, 70). Table II gives values of 
polarization correction terms R,,(p—>p’; Po)—deduced 
by using our calculated one-electron dipole integrals— 
and 61/2, B42—calculated from our earlier formulas 
(see reference 9) that assume R,,=R,,(s—s’). The 
pi2-state of bromine has not been measured; and the 
exchange correction to the fine structure in boron is so 
large that we have not been able to determine 
Ry, (p-?'; Po), which should be identically zero for 
this atom. Also finite nuclear size effects (a few per- 
cent in Tl) have been ignored. Except in the case of 
iodine,'' all the uncertainties here result from the 
inaccurate determination of the exchange correction to 
the calculated one-electron fine structure. It is remark- 


*C. Schwartz, Phys. Rev. 99, 1035 (1955). 

” Not to be confused with the atomic potential parameter 8, 
which will not be referred to again. 

“The value Av (?P1/2,I"*”) =0.673 cm™'+2% was measured by 
R. Onaka of the Spectroscopy Laboratory, M.I.T. (private com- 
munication). 
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TABLE II. Deduced values of polarization correction 


the excitation of s- ¢ 


6 


1.0019 
1.015, 
1.103 
1.303 
2.416 
1.029, 
1.143 
1.382 


ai/2/Sasy2 


0.9985 
1.065 
1.403 
1.887 
16.1098 
1.012 


t 
t 
t 
t 


1.55-+-0.08 


+-0.0 
* See reference 13. 


able how small and uniform all of these deduced values 
for the pp’; Po excitation are. The only comparable 
values calculated by Sternheimer are + 0.17 for alumi- 
num and +0.47 for chlorine. Reasons for the large 
discrepancy in the results for these ‘‘antishielding”’ 
terms will be discussed in the next section. 

We cannot conclude anything from our present 
calculations about the magnitude of all other modes 
of excitation, e.g., (sd), (p>), (p->p’; P2), and so on. 
However, our earlier phenomenological theory of s—s’ 
effects'® is based on the assumption that all other 
modes are negligible. This theory has been so successful 
in predicting the g; perturbation (see I) and the relative 
magnitude of the hfs anomalies in py and py 
states! that it appears that probably all polarization 
effects for dipole hfs in *P-states are negligible except 
for the s—s’ excitation which can be handled by our 
empirical analysis. 


DISCUSSION OF POLARIZATION TERMS 


Sternheimer’s calculations of the s—+s’ polarization 
contribution to dipole hfs in boron and chlorine give 
values about six times too large,’ as determined by 
comparison with the experimental values of d/2/d3/2. 
This error is believed to be a result of the inaccuracies 
of the particular mathematical approach used by Stern 
heimer. However, in the case of the pp’; Po excita 
tions—which are frequently described as a radial re- 
distribution of core charge—much more can be said 
regarding the difference between the large terms calcu 
lated by Sternheimer and the small values we have 
deduced. 

First, it should be pointed out that the values of 
R,,.(p- >p’; Py») which we derived were based on the 
values of the calculated dipole integrals fixed by com- 
paring our calculated fine-structure splittings with the 
experimental fine structure. We have tacitly assumed 
the absence of any polarization contributions to the 
one-electron fine structure. Sternheimer does find a 
pp’; Po polarization contribution to the fine structure 
of just the same size as those he finds for the dipole hfs, 
and he also has the same term contributing to the 
quadrupole hfs. Thus, Sternheimer finds? very little or 

12 A. Lurio and A. G. Prodell, Phys. Rev. 101, 79 (1956) 

3G. Gould, Phys. Rev. 101, 1828 (1956). 
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factors for dipole hfs in *P states; contributions from 
and p-core electrons. 
Rm» Po 


Bia *p'; 


+-0.0028 
0.0412 
0.231 
0.390 
4.96 

+-0.0138 


Bisa p 
0.00057 
0.00773 
0.0329 
0.0413 
0.0616 
0.0027; 


+-0.028+0.019 
+-0.023+0.008 
+-0.034+0.005 
+-0.050+-0.003 
+-0.030-+0.015 


135+0.006 0.104+0.05 +-0.040-+-0.022 


» See reference 11 


no relative pp’; Po polarization correction in ratios of 
these quantities. The last statement is essentially in 
agreement with our results and gives support to the 
statement that in comparing dipole hfs to fine structure 
only the s—»s’ configuration mixing is important, In 
comparing quadrupole hfs to dipole hfs we cannot make 
such a general statement, since there are the terms in 
the quadrupole polarization problem—the 
angular redistribution of core charge—-that 
present in the dipole or fine-structure problems. We 


classical 
are nol 


therefore suggest the following modification of well 
known formulas for the determination of nuclear quad 
rupole moments.'* For atomic states p*(a= +1) *P 4)», 
buF’ 0.269 


V=4 (71) 


ayl RC ‘(1 


barns, 
By) 


where 6 is the measured quadrupole hfs, a is the dipole 
hfs, w is the nuclear dipole moment in nuclear mag 
netons, / is the nuclear spin, //R is the ratio of rela 
tivistic correction factors, and @ is the fractional con 
tribution of s electrons to the hfs! | (1—8)~'=(1+R) | 
C is Sternheimer’s quadrupole polarization correction 
factor by the or 
equivalent method.’ It is, of course, understood that 


as calculated Thomas-Fermi his 
this formula should be replaced by the results of 
thorough going calculations with polarized atomic wave 
functions. Calculations of this sort must be consistent 
with all experimental data and Sternheimer’s present 
results are not. 

One important lesson that has been learned from the 
rather confusing history of this polarization problem is 
that in speaking of a polarization correction factor we 
should state for which initially unpolarized description 
we are correcting. Sternheimer generally starts a calcu 
lation by using the available Hartree, not Hartree-Fock, 
wave functions for an atom; sometimes he has to start 
with the given wave functions for an ion containing 
one electron more or less than the atom he is interested 


4 This is essentially Sternheimer’s Eq. (59a), in the third of 
references 2; his (1+R,) has been replaced by our (1—8y4,/2) Be 
and the Thomas-Fermi (modified) factor C replaces his (1+), 
in accordance with Sternheimer’s discussion 

© The factor (1—6)"' in Eq. (71) is most important for indium, 
in which it reduces the previously given values of Q by 28%; 


A. K. Mann and P. Kusch, Phys. Rev. 77, 427 (1950). 
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in. In Sternheimer’s work, the large p->p’; Po term is 
mainly a readjustment of the radial wave function of 
the valence p-electron by virtue of the exchange inter- 
action between core and valence electrons that was 
neglected in the wave functions taken at the start. 
Hence, we claim that these are not polarization effects 
of consequence to hfs'*; indeed these terms cancel out 
in ratios of dipole and quadrupole hfs and fine structure. 

A formal analysis of the Hartree-Fock method shows 
that in this scheme two excitations, which give the 
major part of Sternheimer’s pp’; Po terms,’ are 
identically zero: 

(A) Excitation of an electron from a closed nl-shell 
of the core into the valence n'l-shell. 

(B) Excitation of an electron from the valence n’l- 
shell into an unoccupied n’I-shell. 

These “selection rules” reflect a stability of the 
Hartree-Fock wave functions, in that we cannot im- 
prove the radial wave functions of the occupied nl- 
shells by attempting to mix states, since they have 
already been determined to be the best possible as a 
consequence of the variational principle on which the 
Hartree-Fock procedure is based. Indeed, in the most 
general Hartree-Fock procedure,'* when we do not 
impose the restrictions of the shell structure, this 
stability becomes so extreme that there will be no 
(first-order) polarization corrections of any sort. How- 
ever, the solution of this generalized Hartree-Fock 
problem is at least as difficult as that of the ordinary 
approach; e.g., modified (shell model) Hartree-Fock, 
plus polarizations as perturbation effects. There are 
alternative restrictions’ on the generalized Hartree- 
Fock procedure that give Oth-order wave functions 
which, in the polarization calculation, have still different 
selection rules regarding the nature of admixed con- 
figurations. All of these different starting points should 
(must) lead to the same final results, and the decision 
as to which program will be used depends upon the 
ease and reliability of calculation. 


OCTOPOLE MOMENTS 


In determining the nuclear magnetic octopole mo- 
ments, we have made several improvements on the 
earlier work. First, the problem of deriving the purely 
octopole interaction by calculating the second-order 
dipole-quadrupole effect is very nearly solved (see 
Appendix), at least for *Ps/2-states. Our conclusion is 
that there is only one small, easily calculable addition 


It may be claimed that these really are independent “spin 
polarizations” caused by separating “direct” and exchange phe 
nomena. However, in the very important aspect of describing 
several electrons in the same (equivalent) orbit no separation like 
this is meaningful. 

17 Py means, in the notation of atomic spectroscopy, that only 
those parts of matrix elements of configuration interaction in- 
volving the Slater integral F° are considered. 

81, Brillouin, Actualités Sci. et Ind. No. 71 (1933); No. 159 
(1934). 

“ R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955) 
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to be made to the doublet perturbing terms calculated 
in I, 

Second, our calculations give new values for one- 
electron octopole integrals that are quite different from 
the Casimir-styled evaluation of I. For evaluating the 
nuclear octopole moment { from the corrected octopole 
interaction constant c, we use a formula similar to (71). 


For p? l 2P, a, 


cul 41.96 10° 
Q nmb, 
alT(h ~— By)Z? 


(where 1 nmb=1 nuclear magneton barn=eh/2Mc 
10~-*4 cm’), and the existent data are summarized in 
Table III, wherein we give the measured and corrected 
values of c (= A; defined in I) as well as values for 2 de- 
duced from (72) with our new calculated values of T/F 
(Fig. 1). The errors given in Table IIT are experimental 
errors fOr Cmeas, Plus the estimated theoretical error in the 
second-order correction (<1%) for Coorr. No error has 
been given to the theoretical evaluation of the octopole 
moment {2 from the corrected interaction constant. 
The one-electron part of this—which is all we have 
used—is believed to be accurate within a few (<5) 
percent. 

The new octopole data, obtained after the publication 
of I, is on the chlorine isotopes. In this light element, the 
second-order correction is extremely important; it re- 
verses the sign of the apparent octopole effect. Further- 
more, the nuclear shell model predicts, for a d3;2-proton, 
(= — 0,008 nmb, which is a very small octopole moment 
on account of the mutual cancellation of the spin and 
orbital contributions. The values of 2 for the chlorine 
isotopes given in Table III are somewhat unique in that 
they fall outside the Schmidt-like lines in Fig. 2 of I. 

The unanswered question is “What about polariza- 
tion corrections to the one-electron octopole inter- 
action?” It has been thought that, analogous to the 
dominant configuration interaction contributions of 
s-electrons to dipole hfs, the most important modes of 
core excitation for the octopole problem will be pp’ 
and s¢+d. Both of these modes involve the delta-func- 


TABLE III. Octopole data. 


Cmeas (CPS) Coorr (CPS Q (nmb) 

—0.0188+0.0003 

—0,0146+0,.0003 
0.137 +0.005 
0.180 +0.005 
0.475 +0.011 
0.181 +0.047 


—6.95+1.2 
—5A1+1.2 
93.0 +3.4 
121.9 +34 
1682 +40 
2010 +520 


9.30-+1,2" 
§.3541.2" 
50.243.3» 
Ga™ 86.04-3.3" 
In" 82432° 

p27 287043708 


cl 
Ci" 
Ga® 


«J. H, Holloway, Ph.D, thesis, Department of Physics, Massachusetts 
Institute of Technology, 1956 (unpublished 

’R. T. Daly, Jr. and J. H. Holloway, Phys. Rev. 96, 539 (1954). 

¢ P. Kusch and T. G. Eck, Phys. Rev. 94, 1799 (1954); experimental data 
corrected slightly in accordance with a private communication from 
P. Kusch, 

4 Jacearino, King, Satten, and Stroke, Phys. Rev. 94, 1798 (1954). 

* Q is given in units of nuclear magneton barns (10~* cm? 
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tion form of the radial operator, 
r5§—+r-45(r), 


that gives the numerically largest contribution. 
Pursuing the analogy, we thought that the relative 
importance of polarization effects to the octopole inter- 
action in a *P3/9-state might be similar to that of s—s’ 
effects in the dipole hfs of a *S,/2-term. However, this 
dipole effect is surprisingly large, for example, in the 
lighter alkali atoms. If we calculate ¥?(0) from Hartree- 
Fock functions for the valence electron in Li, Na, 
and K, we find, in comparison with the experimental 
value of Av/u, apparent polarization correction factors 
of 40-60%. It should be the first requirement of any 
program for calculating polarization effects in hfs to 
give the correct result for the simple Li atom.’ How- 
ever, until more is known about these polarization 
effects, we should probably not trust the values of 
nuclear magnetic octopole moments given here for 
more than qualitative comparison with nuclear models. 


INTERPRETATION OF hfs ANOMALIES 


The hfs anomaly for a particular atomic state is 
defined as the defect in the following ratio between 
measured quantities for a pair of isotopes. 


Ayo! 
A —1, 
Mido] » 


(73) 


where a is the dipole hfs interaction constant measured 
in that state, w is the nuclear magnetic dipole moment, 
I is the nuclear spin, and subscripts 1, 2 refer to the 
two isotopes (convention: 2 heavier than 1). This 
effect has several sources, each of which is of physical 
interest, and it may be a difficult problem to separate 
them from the total measured A. 

The reason that A is small is that the relation (for an 
s-electron, for example) 


a= py?(0) 


is very nearly correct and y*(0) is very nearly the same 
for two isotopes. Corrections to ¥*(0) come from the 


(74) 


following sources: 


(A) The electron’s reduced mass m~'!—+m-!(1-+-m/ 
AM) controls the scale of the electronic wave function; 
hence a factor (14+m/AM)~* in Eq. (74) (and the (r-*) 
terms) contribute to A, since the masses (AM) of the 
two isotopes differ. 

(B) The finite size of the nuclear charge distribution 
implies that the electron sees a non-Coulombic field at 
distances r<R, where R is the nuclear radius (B-R 
effect). Since R may change between two isotopes, this 
distortion of the electronic wave function gives a 
contribution to A. 


Corrections to the nature of the dipole interaction come 
from: 


OF Hfs 181 

(C) A reduced mass factor 1/m—>1/m(1+m/AM) 
enters into the orbital (not spin) g-factor for p, and 
higher /-electrons, and it will contribute differently in 
the two isotopes. There are also “ reduced 
mass” terms that contribute to orbital hfs which are 
of the form: 


spec ific 


AMciwi or 


e ‘ uy: (TeX py) 


(75) 


where i, j refer to two different electrons, This term 
has exchange matrix elements (for L>0) which, on 
account of the nuclear mass factor AM, can contribute 
to A. 

(D) Because the nuclear magnetism is not concen 
trated in a point, a part of the total dipole hfs inter 
action occurs when the electron penetrates the nuclear 
matter (B-W effect). This part of the interaction is not 
represented by the nuclear moment yu, which is measured 
with the field of completely external sources. This 
effect is probably the most interesting, as far as infor 
mation on nuclear structure is concerned, but only its 
differential between two isotopes is seen in A. 

In their contributions to A, the effects that depend 
on the nuclear size (B) are important for heavy nuclei, 
while the mass effects (A), (C) are important for light 
nuclei; this is similar to the situation in the spectro 
scopic isotope shift studies. The B-W effect (D) may be 
larger or smaller than these other effects for any nuclear 
mass and size, depending upon the magnetic structure 
of the two isotopes. 

Moreover, there may be contributions to A from 
second-order hfs. That is, in addition to the usual first 
order formula (74), there may be second-order terms 
coming from the mixing of higher electronic (and 
possibly nuclear) excited states by the hfs interactions. 
These second-order terms have the product of two 
matrix elements of electric (1) or magnetic (M) hfs 
interactions in the form KE, MM, ME; and they may 
give contributions to several multipoles when the 
experimental data are interpreted according to the 
first-order interval rules. Second-order contributions to 
the apparent dipole interaction constant, a, may come 
from nearby atomic states. This part is easily calcu 
lated, say for a perturbing doublet, and the value is 
generally quite small. Probably more important are 
the contributions from the very highly excited (con 
tinuum) electronic state. These terms can be estimated 
in a very crude way by techniques analogous to those 
used in the appendix for the particular problem of the 
M1E£2 second-order pseudo-octopole term. 

The LE terms do not contribute to the dipole hfs but 
may influence the even multipoles.”” The MM terms 
give contributions that appear to be about am/M~10- 
times the first-order dipole term ; thus, they are generally 
negligible. The ME terms, however, may give results 

*” Gunther-Mohr, Geschwind, and Townes, Phys, Rev. 81, 289 
(1951). 
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as large as 1% of the first-order dipole, and might con- 
tribute to A. 

These estimates of second-order effects are very 
rough and considerably more analysis is needed before 
too much trust can be placed in the current interpreta- 
tions of hfs anomalies. 


APPENDIX: THE SECOND-ORDER CORRECTIONS 
TO THE OCTOPOLE INTERACTION 


In I, we calculated the second-order pseudo-octopole 
corrections caused by mixing of the doublet p,,/2-state 
and estimated the further contributions of the higher np 
levels as negligible. The two other classes of terms con- 
tributing to the dipoleX quadrupole (DQ) matrix-ele- 
ment product, which were ignored in I, have now been 
estimated. First, the contributions of almost all excited 
states formed by raising an electron out of the closed 
shells vanish. 

The ground state core system has total angular mo- 
ments J,=0 (in the absence of polarization effects) ; we 
shall characterize the excited states by the angular 
momentum J,’, which is formed by coupling the spin 
of the excited core electron to the spin of the hole in 
the core. J,’ is then coupled to the spin of the valence 
electron(s) to form the total electronic angular mo- 
mentum of the intermediate state. The second-order 
hfs contribution comes from products of matrix ele- 
ments of the form 


(J.=0|D\ JX I/\O|J-=0); 


but, since D is a vector operator and Q is a second-rank 
tensor operator, we have the two incompatible selection 
rules: J,’=1, J,’=2. There are thus no DQ cross 
products from these types of excitations. The only 
exception to this analysis is the case of the core particle 
excited into the valence shell; then, the Pauli principle 
forbids this arbitrary angular momentum coupling 
scheme. For these special terms, we can easily calculate 
the contribution. A good approximation gives the value 
of this part of the DQ pseudo-octopole correction rela- 
tive to the main DQ term from the doublet py/2-state as 


1 “4 bn p 


t (A16) 


’ 


5 filled np shells Ey» 


where the values of 6,,, the fine-structure splittings, 
and E,», the term values, can be obtained from x-ray 
data. This correction is approximately 0.2% for chlo- 
rine, and increases to about 5% for iodine. As the 
importance of the main second-order term (from p12) 
decreases for heavier atoms, the increase of this relative 
correction with increasing Z is not at all serious, and 
it can be ignored completely. The only possibly serious 
approximation in this analysis is the neglect of con- 
figuration mixing for other than the doublet per- 
turbation, 


The second and final class of excited states—in which 
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a valence electron is excited to high continuum states— 
can be estimated by a more careful application of the 
closure approximation attempted in Appendix I of I, 
The scheme is to evaluate the second-order sum as 
follows: 


_G|D\nn|Qli) 1 
~+ ——{i| DQ]i). 
AEw 


(A17) 
5 AEn 


When |i) is a py-state, it is seen that the operator 
product DQ is excessively singular at r-0. One then 
applies a cutoff at r=R,, the nuclear radius, since the 
singular form of these operators is correct only for the 
electron coordinate outside the nuclear coordinate. If we 
did not cut off, in this way, the left-hand side of (A17) 
would also diverge in the sum over the very highly 
excited states. Since the }°, is increasing up to the high 
value of the momentum of excited continuum states 
corresponding to the coordinate cutoff, 


hues — 1/R,, 


we can fairly approximate Ay, by the excitation energy 
at this cutoff: 


Ew~hc/R, (relativistic). 


We then proceed to evaluate (A17) relative to the first- 
order octopole interaction, and it is seen that this is an 
effect of less than 1%. 
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ERRATA IN PREVIOUS PAPERS 


In Eq. (30) of reference 1, the factor in square 
brackets should read: 


“Ck(2x+k) (2n+-k—1)—4a2Z*(1—k) }.” 


In reference 9, the last line of paragraph 4 should read : 
“(—0,80+0.16), while we predict —5.3/(1.7+5.3) 
= —(),76,” 

The definition of the correction factor ¢ (Eq. (47) of 
I) is incorrect since it neglects the effect of s electrons 
on the diagonal dipole matrix element.” The proper 
formula for ¢ can be evaluated with formulas given in 


| This error was pointed out to the author by Dr. Thomas Eck 
in private communication 
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I, and the result can be written for a *P state (replacing 


Eq. (62) of I) as follows: 


16 
c 1 ‘Bus( 1+ -), 
sé 


where 3/2 is defined in reference 9 and some values are 
given in Table II of this paper. The octopole data in 
Table III have been corrected for this error. 

Similarly, in Eq. (51) of I, the factor [Av/6(2I+1) | 
X ¢(£/0) should be replaced by (5/12)£fas2, using this 
new formula for ¢. The correctly calculated values of 
R- still agree with the measured values within the 
experimental uncertainties. 
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Electron g Value in the Ground State of Deuterium*t 


J. S. Geicer,t V. W. HuGues, anv H. E 
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Yale University, New Haven, Connecticut 
(Received July 6, 1956) 


The ratio of the electron gy in the deuterium ground state to the proton g, in a cylindrical mineral oil 
sample has been measured. The measurement was made using the microwave magnetic resonance absorption 
method and apparatus which Beringer and Heald used to determine —g,/gp for hydrogen. The three 
strong-field Zeeman transitions having Amy= +1, Am;=0 were observed at a frequency of 9200 Mc/se« 
The accuracy was limited by the minimum observed line widths of 20 parts per million resulting principally 
from magnetic field inhomogeneities. When one uses the Breit-Rabi formula, the unweighted mean of 68 


observations yields 
the value of 


of Nelson and Nafe 


1, INTRODUCTION 


HE spin magnetic moment of the electron in the 

ground state of the hydrogen atom relative to the 
proton magnetic moment (or, in terms of the g value 
ratios, gy(H)/g,) has been measured in recent years'? 
to a precision of about 1 part per million (ppm). The 
quantity of theoretical interest is the ratio of the spin 
magnetic moment of the free electron to the orbital 
magnetic moment of the free electron (g,/g,). The 
experimental value of gy(H)/gz is obtained as the ratio 
of the value of g,(H)/g, to the value of g,/g,», which is 
measured by comparing the cyclotron frequency of a 
free electron with the proton resonance frequency.’ The 
quantity g,/gz is obtained from g,(H)/g, by making the 


* This research has been supported in part by the Office of 
Naval Research. 

t To be submitted by J. S. Geiger in partial fulfillment of the 
Ph.D. thesis requirement at Yale University. 

t Yale University Sterling Fellow, 1955-56 

1 Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952) 

*R. Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954) 

3J. H. Gardner, Phys. Rev. 83, 996 (1951) 


ga(D)/gp= 658.2162 with an assigned error of 
gs(H)/gp obtained by Beringer and Heald, who used an identical mineral oil sample is 
gs(D)/g7(H) =0.9999983 +0.0000015, and to the value of 
after suitable diamagnetic corrections, is gy(D)/gs(H) =0.9999997 4-0.0000023 
ment with the theoretically expected value of g7(D)/g,(H) 


+-0.0008. The ratio of this value to 


gy (H) g; ol Koenig, Prodell, and Kusch, 


These values are in agree 
1 and with the less precise direct measurement 


theoretical relativistic bound state correction*® g, 
gs(H)(1—4a*) in the structure 


constant. The measurement of g,/g, has been made to 


which a@ is fine 
an accuracy of only 12 ppm and thus limits the accuracy 
of the experimental value of g,/g, to about 12 ppm. 
The experimental values so obtained!” are in agreement 
with the theoretical value® for the electron spin mag 
netic moment, which includes quantum electrodynami 
radiative corrections to order a’. 

One of the early radio-frequency measurements of 
electronic magnetism was a comparison of the electron 
spin magnetic moment in the ground states of hydrogen 
and deuterium by the atomic-beam magnetic resonance 
method.’ To within the experimental accuracy of 10 
ppm, the ratio gy(H)/gs(D) was found to be 1. In view 

4G. Breit, Nature 122, 649 (1928) 

5 N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, p. 72 

§ J. Schwinger, Phys. Rev. 73, 416 (1948); R. Karplus and N 
M. Kroll, Phys. Rev. 77, 536 (1950). A further correction of 
order a to the magnetic moment of the electron in the hydrogen 
atom has been computed by E. H. Lieb, Phil. Mag. 46, 311 (1955) 

7E. B. Nelson and J. £. Nafe, Phys. Rev. 76, 1858 (1949) 
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of the importance of the value of the anomalous spin 
magnetic moment of the electron, the expectation that 
a more accurate experimental value of g/g, will be 
attained by experiments in progress,* and the unex- 
plained values of the electron spin g values in the 
heavier alkalis,’ it has been felt desirable to remeasure 
the electron spin magnetic moment in the ground state 
of deuterium to the accuracy obtained in the recent 
gs (H)/g, measurements. This paper reports a measure- 
ment of g,(D)/g, by the microwave magnetic resonance 
absorption method to an accuracy of about 1 ppm. 
Comparison of this result with the experimental values 
for gy(H)/g, yields values for gy(H)/gs(D). 


2. THE EXPERIMENT 
2.1 Theory 


The energies of the ground-state levels of deuterium 
in a magnetic field are given by Nafe and Nelson." The 
present experiment is carried out under strong mag- 
netic field conditions and the observed transitions cor- 
respond to a reorientation of the electron spin (i.e., 
Am,= +1, Am;=0, where my is the magnetic quantum 
number for electronic angular momentum and my is 
the magnetic quantum number for nuclear spin). These 
are the m,, m2, and a, transitions listed by Nafe and 
Nelson. Expressing the magnetic field strength H in 
terms of the corresponding proton resonance frequency, 
Vp g, (soll /h) where yo is the Bohr magneton and h 
is Planck’s constant, and solving for gy/g, in terms of 
the transition frequency v, one obtains 


mw, transition: 

gy v U+Vy(ga/hp) — Ava 4 (v/v) (Ba/ Bp) Ava 

bp py v+v,y(ga/ep)— hava 
my transition: 

gy (v/vy) + (ga/8») 

fp 4AL(4+2/3x4-1/2*)§4+-(1—2/344+-1/2*)! 
mw, transition: 

gs v wt vy (ga/fp) + Avat 4 (vp/v) (ga/ep) Ava 


v+vy(ga/£p) +4 Ave 


Ra Vp 
+—)—, 
kp Bp Ava 


g P Vv p 


where 


ga is the deuteron g value, and Avg the deuterium 
ground-state hyperfine structure separation. 


* Private communications from P. Franken (Stanford Univer 
sity) and E. Purcell and W. Hardy (Harvard University) 

*W. Perl, Phys. Rev. 91, 852 (1953) 

” P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1949) 

“J. E. Nafe and E. B. Nelson, Phys. Rev. 73, 718 (1948). 
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2.2 Experimental Procedure 


The measurements reported in this paper were made 
using the microwave magnetic resonance absorption 
apparatus and technique employed by Beringer and 
Heald? (BH) for their hydrogen measurement, and the 
reader is referred to their article for a description of the 
apparatus and the details of the procedure. The mag- 
netic field strength in the transition region within the 
microwave cavity is measured using a simulator proton 
resonance probe. A second regulator proton probe 
mounted outside the cavity is used to control the mag- 
netic field strength. Calibration of the magnetic field 
strength in the cavity in terms of the regulator setting 
over the region of field strength in which a transition 
occurs is made before and after taking the microwave 
absorption data. The field shifts observed between these 
calibrations varied from 0 to 2 ppm with a mean of 
about 0.5 ppm. Use of a small-amplitude 30-cycle field 
modulation and a lock-in detector results in a detected 
microwave absorption signal approximating the first 
derivative of the absorption curve (see Fig. 1). The 
field corresponding to the crossover on the absorption 
derivative curve is obtained from the field regulator 
settings by interpolation between calibration runs based 
on a linear time drift. During more recent runs, the 
data have been obtained in a 30-minute period. 


2.3 Line Width and Relaxation Mechanism 


Magnetic field inhomogeneities are a major source 
of line broadening. During this experiment considerable 
effort was devoted toward improving the field homo- 
geneity without marked success. Under good field con- 
ditions the proton line width, determined by observing 
the “derivative” of the proton line using the narrow- 
band amplifier and lock-in detector, was 20 ppm. If 
this width is used as a measure of field homogeneity, 
the inhomogeneity is twice that quoted by BH, and a 
full width at half-maximum of 200 kc/sec is inferred 
for a non-field-broadened, non-power-broadened deu- 
terium line. 

The deuterium gas pressure is about 50 microns at 
the microwave cavity. Observation by BH on the 


13.666000 : = 
5 4 —_4-—_—+_—+- — + + 4—= 
13.667000 
Proton Frequency 
Mc/sec 





Golvonometer Defiection in cm 


V © 9216.398 Mc/sec 





Fic. 1. Typical deuterium absorption line. Empirical relationship 
The quantities a, b, c, and d are used as measures of the line shape. 
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TABLE I. Summary of experimental data for deuterium 7 line. In reducing the data, the values Avg = 327.384 302 40.000 030 Mc/se« 
[P. Kusch, Phys. Rev. 100, 1188 (1955) ], and ga/gp=0.1535062+15 [N. F. Ramsey, Nuclear Magnetic Moments (John Wiley and Sons, 
Inc., New York, 1953) ] have been used. (Blanks indicate data not taken.) 


Microwave 
power at 
bolometer 

in milliwatts 


Field 
modulation 
in ppm 


Pressure 
at pump 
in microns 
0.03 9 
0.02 10 
0.055 15 
0.025 13 
0.023 10 
0.02 
0.02 
0.03 
0.03 
0.03 
0.03 
0.03 
0.03 
0.03 
15 0.03 
16* . 0.03 
17 t 0.03 
18* 5 0.03 
19 0.03 
20* 0.03 
21* 0,03 
22 0.03 
238 0.03 
24 0.03 
25* 0.03 


33 

33 
33 
33 
23 
23 
23 


10 
11* 
12 
138 
14 


in ppm 


RJ/hp 

(finite 
cylindrical 
mineral oil) 


Line 
width 
asymmetry 


Line 
amplitude 
asymmetry 


Line 
width 


658.2146 
658.2171 
658.2155 
658.2104 
658.2161 
658.2152 
658.2154 
658.2172 
658.2170 
658.2149 
658.2199 
658.2207 
648.2147 
658.2141 
658.2090 


31 +-1.08 
30 1.13 
34 + 1.18 
31 1.59 
25 1.16 
23 1.03 
22 1.07 
24 1.26 
23 1.35 
23 1.56 
22 1.08 
23 1.19 
22 1.09 
22 45 
23 54 
22 50 658.2120 
23 18 658.2137 
22 33 2 658.2197 
22 52 658.2199 
22 10 658.2178 
22 10 658.2165 
21 57 658.2216 
22 61 658.2217 
23 1.13 658.2190 
22 1.00 658.2182 


* Magnetic field decreased through microwave line; increased on remaining runs 


atom concentration and the observed microwave signal 
strength suggest an atom density of 10'°/cm# as reason- 
able. If a kinetic mean free path of 0.1 cm is assumed, 
the expected reduced Doppler width” is 6 ke/sec. 
Wall collisions occur at a mean rate of about 10°/sec per 
atom, and, in addition to being an important source of 
line broadening, probably are the relaxation mechanism, 
The other collision process we believe to be of im- 
portance as a source of line broadening is the atom- 
atom electron exchange collision discussed by Dicke 
and Wittke.” A further discussion of gas collisions and 
relaxation processes is given in the Appendix. 


3. RESULTS 
3.1 Data 


A representative set of experimental observations is 
tabulated in Table I. The values listed under the head- 
ings Line width, Line amplitude asymmetry, and Line 
width asymmetry are arrived at in the following way. 
The line width is the frequency separation between the 
zero-slope points the ‘derivative’ curve ex- 
pressed in parts per million of the crossover frequency. 
The line amplitude asymmetry is the larger of deflec- 
tions ¢ and d, depicted in Fig. 1, divided by the smaller, 
a plus sign indicating that c>d. Similarly, for line 


on 


2 R. H. Dicke, Phys. Rev. 89, 472 (1953) 

8 J, P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956); 
J. P. Wittke, Ph.D. thesis, Princeton University, 1955 (unpub 
lished). "E. M. Purcell and G. B. Field, Astrophys. J. (to be 
published ). 


width asymmetry, the tabulated value is the ratio of 
the larger of a and b in Fig. 1 to the smaller, a plus sign 
indicating that a> bd. 

The line widths observed in the m, data are 1.5 times 
narrower than those for the mw, and m, lines. These 
narrower lines resulted from a decrease in the micro 
wave power level together with improved magnetic 
field homogeneity. Power broadening made no con 
tribution to the mw, line widths 

The observed lines were in general asymmetric, A 
high correlation exists between the two measures of 
asymmetry listed in Table I, the two asymmetries of a 
line differing in sign in only 9 of 63 cases. No relation 
is found between these asymmetries and the direction 
in which the field was varied in taking the data, It is 
therefore likely that they do not result from changes 
with time of the atom density entering the microwave 
cavity, such as might arise from a nonequilibrium condi 
tion in the discharge. 

Magnetic field inhomogeneity gives rise to a major 
part of the observed line width and is believed to be 
the principal cause of the asymmetries. A second source 
of line asymmetry, present only if the microwave fre 
quency does not correspond accurately to the resonant 
value for the cavity, results from dispersion by the 
deuterium atoms. Further consideration will be given 
to these sources of line asymmetry in discussing possible 
systematic errors. 

Unweighted and weighted mean values of g,/g, for 
the lines are given in Table IT with standard errors. The 





GEIGER, 


HUGHES, 


AND RADFORD 


Tas_e II. Summary of results. 


Line amplitude asymmetry 
No. with Mean 
asym + asym 

metry metry metry 


1.17 1.29 
1,18 1.11 
1.27 
1.24 


Mean 


asym 


No. with 
y+ asym 
metry 

23 12 11 

20 12 7 

25 13 11 1.31 

6% 37 29 1.22 


Number 
of runs 


Line width asymmetry 
No. with Mean 

~ asym +asym- 
metry metry 


8 1.12 
5 1.12 
10 1.16 
23 1.13 


Mean 
—asym- 
metry 

1.08 

1.06 

1.23 

1.14 


No. with 
+asym 
metry 


ksi/Rp 
(finite cylindrical 
mineral oil) 
658.2173+0.0005 
658.2147 +0.0005 
658.2165+0.0007 
658.2162+-0.0004 


Weighted mean values 


(A) Lines with line amplitude asymmetry > 1.20 discarded 


658.2171+-0.0006 
658.2154+0.0005 
658.2168 +0.0006 
658.2164+-0,0003 


(B) Lines with line width asymmetry >1.10 discarded 


"a 
Ws 


Wi 
All 


spread in the unweighted mean values for the individual 
lines is considerably in excess of that expected from the 
statistically calculated errors. In particular, the ms 
value falls considerably below that for the m, and m2 
lines. As indicated in the table, this value is based pre- 
dominantly on lines of positive asymmetry which are 
expected to yield low values. When the three lines are 
taken as a group, the asymmetries tend to balance out. 
The histogram of Fig. 2 suggests that the data as a 
whole are of a random nature. The Gaussian curve has 
been matched in area to the histogram and has the 
root-mean-square deviation of the data. 

In determining weighted mean values, the lines have 
been weighted in inverse proportion to their width, and 
lines of excess line amplitude asymmetry or line width 
asymmetry have been rejected as indicated in Table I 
The 3 value of g,/g, shows an increase in these cases 
and the scatter in the means for the three lines shows 
reasonable agreement with the statistical standard 
errors, The low value of gy/g, obtained for the m line 
when runs are discarded on a line width asymmetry 


basis is based on only five runs, four of which show 


20 


Number of Observetions 





an a —s 
7 658.2200 
658.2162 


Gu/Qe 


vee 
658.2100 


Fic. 2. Histogram of g-factor ratio determinations for all the 
unweighted data. The solid curve is a Gaussian which has been 
matched in area to the histogram and which has the rms deviation 
of the data 


7 658.21764-0.0007 
4 658.2155+0,.0006 
0 658.2150+0.0018 
11 658.2162+4-0.0005 


positive asymmetry. The three mean values of gy/g, 
for all the lines are in close agreement. 


3.2 Possible Systematic Errors 


As has been indicated, a major source of broadening 
of the microwave lines is magnetic field inhomogeneity. 
In order that the mean field measured with the simulator 
proton probe will be the mean field effective in the 
microwave experiment, it is necessary that the field 
region sampled and the weighting be the same in the 
two cases. Weighting differences which vary from about 
(}-20% over the sample volume result from differences 
of the rf field distribution in the cavity and in the 
solenoid containing the proton sample. To estimate 
these weighting differences, approximate numerical 
values of the solenoid field at points off its axis were 
found by representing each turn of the solenoid by a 
plane current loop and then superposing the fields of 
these loops. A second sampling difference results from 
the gas pressure gradient across the cavity length in the 
microwave experiment. The change in atom density 
between half-power positions in the cavity is estimated 
to be 10% or less. The sampling difference introduced 
by this effect will lead to different effective mean fields 
except in the case of static magnetic field distributions 
symmetric about the cavity center. 

In order to reduce to a minimum any systematic 
error resulting from these sampling differences, the 
magnet was reshimmed each day and no more than 
two runs were made without some adjustment of the 
nickel shims. The cavity position along the horizontal 
center line of the magnet was shifted several times. The 
mechanical structure of the system prevented similar 
motion in the vertical direction. The pole caps were 
removed and their alignment altered twice during the 
course of this experiment. 

Any line asymmetry arising from failure to set the 
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microwave frequency accurately to the resonant value 
for the cavity results in a shift in the crossover point 
on the “derivative” curve. In this experiment the 
microwave frequency was tuned to the cavity resonant 
value by using the poy er reaching the bolometer as a 
tuning indicator. For a chosen line shape, the shift in 
crossover position as a function of detuning can be 
calculated.“ For a Lorentz absorption curve and for 
small amounts of detuning, the shift is Av= }(a/Af)Avo, 
where a= f— fo measures the microwave detuning and 
Af and Avo are the cavity response width and the 
microwave line width respectively. The tuning method 
used is believed to limit a/Af to 5%, which in turn 
limits the line shift to about 1 ppm. The microwave 
frequency was retuned for each run and a random 
distribution of errors from this source is expected. 

To eliminate frequency modulation of the proton-unit 
oscillators resulting from the beat effect seen as wiggles 
in the proton pattern, the units were designed? with 
separate oscillator and detector resonant circuits. The 
accurate alignment of these resonant circuits is neces- 
sary to eliminate line shifts similar to those just con- 
sidered for the microwave case. This is achieved by 
modulating the oscillator frequency with a motor- 
driven rotating capacitor and capacitively trimming 
the detector tank circuit for minimum output signal. 
The field was measured by adjusting the proton oscil 
lator frequency for a symmetric proton pattern. 

A 30-cycle field modulation frequency and a coherent 
oscilloscope sweep were used. At large modulation am- 
plitudes, the observed proton pattern has many wiggles 
resulting from the persistence of coherence in the mag- 
netic moment precession after passage through reso- 
nance,'®!® In this experiment, modulation amplitudes 
of about the observed proton line width were used. 

Use of the sinusoidal field modulation, a coherent 
sinusoidal oscilloscope sweep, and care in aligning the 
proton resonance circuit results in a symmetric proton 
pattern'®* for the frequency and field strength of the 
true line center. 

A brief search for pressure dependence of the deu- 
terium transition frequency indicated that any such 
shift is less than 0.5 ppm. 

The only materials whose’ diamagnetic 
field in 


properties 
might alter the effective magnetic the two 
measurements are the Lucite container for the proton 
sample, the copper wire of the coil, and the quartz 
tubing which confines the deuterium gas to the center 
of the cavity. The cylindrical form of these structures 
results in a negligible shielding effect to the present 
precision provided the magnetic susceptibility of these 
materials is less than 10~* cgs emu.!” 


4 Gordon, Zeiger, and Townes, Phys. Rev. 99, 1264 (1955) 

16 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948) 

16 B. A. Jacobsohn and R. K. Wangsness, Phys. Rev. 73, 942 
(1948). 

17 [,, Page and N. I. Adams, Jr., Principles of Electricity (D. Van 
Nostrand Company, Inc., New York, 1949), second edition, p. 143. 
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In view of the indicated possible systematic errors, 
an error of twice the standard error is 
assigned to the unweighted mean of all the data, giving 


statistical 


— g/g,» (finite cylindrical mineral oil) 
== 658.21624-0.0008, 


3.3 Diamagnetic Corrections 


In order to compare this result with the value ob- 
tained by Koenig, Prodell, and Kusch (KPK)! for 
hydrogen, a diamagnetic correction for the difference in 
the shapes of the mineral oil proton samples used must 
be applied to one of the values. Approximating the 
cylindrical sample used in this experiment by an ellip- 
soid of revolution of the same axial dimensions (ratio 
3 to 1) and using for the magnetic susceptibility of 
mineral oil the value! x 0.73X10~°, the increase in 
gy/f» necessary to convert the ratio from that for a 
finite cylindrical sample to a spherical sample is 1.0 
ppm. The demagnetization factor for the finite cylinder 
can also be inferred from experimental data given by 
Dickinson.!* Use of this demagnetization factor leads to 
a conversion correction of 1.2 ppm. Since the mag- 
netization is not uniform for a finite cylinder, the 
experimental arrangement can be expected to influence 
the effective demagnetization factor. Taking the dia 
magnetic correction to be 1,140.2 ppm gives 


g/ fp (spherical mineral oil) = 658.2169-+-0,0009, 


4. DISCUSSION 


The experimental result can be directly compared 
with that of BH for hydrogen, —g,(H)/g,= 658.2173 
t(0).0002, obtained by using this same apparatus and 
an identical mineral oil sample. The ratio of these 
values is ga(D)/gs(H) 0.9999983-+-0.0000015. The 
ratio of the deuterium value of gy/g,, corrected to 
spherical mineral oil, to the hydrogen value of KPK, 
— gy (H)/g,= 658.21714+-0,0006, is 


ga(D)/¢7(H) = 0,.9999997 + 0.0000023. 


We do not regard the slight deviation from unity of the 
first of these ratios as significant. 

The atomic gy for the hydrogen and deuterium ground 
states are derived in present theory by calculating first 
the quantum electrodynamic radiative correction to the 
electron spin magnetic moment for a free electron in a 
field.6 One then applies to the 


uniform magnetic 


resultant spin moment the relativistic bound state 


correction of the Dirac theory*® which is the same for 
the two atoms, Nuclear effects,” which would presum 
ably differ for hydrogen and deuterium, are not believed 


to be sufficiently large to alter the gy value to the 
48W. C. Dickinson, Phys. Rev. $1, 717 (1951). 


4M. Phillips, Phys. Rev. 76, 1803 (1949); see also appendix of 
reference 1 
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present experimental precision. The observed value of 
1 for gy(D)/g,(H) confirms this belief. 

It is a pleasure to thank Professor RK. Beringer and 
Dr. M. A. Heald for helpful discussions. 


APPENDIX. COLLISION LINE BROADENING AND 
RELAXATION PROCESSES 


In analogy with the treatment of line widths and 
relaxation in nuclear paramagnetic resonance, it is 
useful to introduce into a discussion of electronic para- 
magnetic resonance the times 7; and 7,*, which are 
measures of the relaxation time and the inverse ob- 
served line half-width, respectively.” It has been pointed 
out that significant contributions to the microwave line 
width arise from field inhomogeneities, wall collisions, 
and gas collisions. If one assumes a Lorentzian line 
shape, the value of 7,* corresponding to the observed 
200-kc/sec line width is about 2 10~® sec. The relaxa- 
tion time 7; can be determined from a study of the 
saturation of the power absorption as a function of the 
amplitude H, of the applied microwave field. The ex- 
pression for the variation in the absorbed power at 
resonance P, with H,, 7;, and 7;*, as given by formulas 
(6) and (13) of Bloembergen, Purcell, and Pound 
(BPP), is 


Po HPT ,*/(1+7H?T,T;*), 


where ¥ is the gyromagnetic ratio. In the present experi- 
ment 7’; is less than 10° sec. 

For a gas collision process to contribute appreciably 
to the line broadening, the cross section for the process 
must be of the order mag’, ao being the Bohr radius. The 
nature of the atom-molecule and atom-atom magnetic 
dipole interactions are such that these mechanisms 
result in relaxation as well as line broadening. Because 
the deuterium molecule has no net electronic magnetic 
moment, atom-molecule collisions have no significance 
for line broadening and relaxation, The relaxation time 
due to a magnetic dipole-dipole interaction between 
the electron spin magnetic moments in atom-atom col- 
lisions has been estimated in the analogous manner to 
that by which BPP evaluated the proton relaxation 
time in water. In this case relaxation results from mag- 
netic dipole transitions induced by the rf field at an 
atom which arises from the thermal motion of the 
other gas atoms relative to it. If one assumes that the 
atomic dipoles are independent of one another, 1/7; 


® Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948) 
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is given by 


| 
—=1.69"N Yh] (J+ 1) 


Ty 


9 | Te 2T. | 
xf + dr, 
a liddetnde? 14-I6etates! 


where b (~10~* cm) is the distance of closest approach, 
r is the dipole separation, vp (=9.210° cps) is the 
transition frequency, N is the number of atoms per 
cm’, and r, is the correlation time for dipoles separated 
by a distance r." A reasonable correlation time for the 
low pressure gas is taken to be r/v, where v is the atomic 
velocity. This process gives a relaxation time of 0.2 sec, 
insufficient to account for the observed relaxation and 
resulting in very little line broadening. The wall col- 
lisions are sufficiently frequent in this experiment to 
account for the relaxation time observed. Impurities in 
the gas and those associated with the water vapor 
present in the discharge may also contribute to line 
broadening and relaxation. 

The important gas collision process for line broaden- 
ing is believed to be the atom-atom electron exchange 
collision discussed by Dicke and Wittke." In this col- 
lision process, the electrostatic interaction between the 
two atomic electrons results in an “exchange” of these 
electrons which is accompanied in the present high- 
field case by an interchange of the my’s of the atoms 
involved. This process is expected to have a cross 
section of order 10~'® cm?, a value not inconsistent 
with the presently observed line widths in view of the 
accuracy with which the deuterium atom density is 
known. 

A result of the transitions induced by the applied 
microwave power is an increase of the total my of the 
atomic gas sample. Since the electron exchange col- 
lisions in the present high-field case result only in an 
interchange of m,’s by the atoms involved, the total 
m, for the atomic gas is unchanged by this process and 
it does not produce relaxation. Due to the hyperfine 
structure interaction the strong field quantum numbers 
are only approximately applicable, and relaxation is 
produced by the exchange collisions in a higher approxi- 
mation. 


*| The interaction in the present case is analogous to the inter 
action of the nuclei of neighboring water molecules in a water 
proton sample discussed in Sec. X of BPP. The above expression 
results from combining Eqs. (34) and (43) of BPP. A more 
detailed discussion of this type of interaction is given in N. 
Bloembergen’s thesis, Nuclear Magnetic Relaxation (Drukkerij Fa. 
Schotanus and Jens, Utrecht, 1948), pp. 87 and 88. 
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The decay of Er!” has been investigated by means of a coincidence scintillation spectrometer. Eight 
gamma rays have been arranged in a level scheme with levels at 5, 118, 130, 337, and 425 kev. Spin and 
parity values have been assigned to most of levels. It is found that the first four levels form a rotational 
band in good agreement with the theoretical formula for the case K =}. The beta-ray spectrum has been 
resolved in components which fit very well into the level scheme. The beta- and gamma-ray transition 
probabilities are discussed. They are found to be in good agreement with the theory 


INTRODUCTION 


HE nuclide Er'”' decays by 8~ emission to Tm"?! 
with a half-life of 7.5 hours. The decay was first 
investigated by Ketelle and Peacock.' They analyzed 
the beta spectrum and found three gamma rays. A 
metastable state of 2.5-usec half-life was found by 
McGowan and DeBenedetti.’ Keller and Cork® investi- 
gated the internal conversion spectrum and reported 
seven gamma rays. The available information, however, 
is not sufficient for setting up a consistent decay scheme. 
The level structure of ‘Tm! should be very similar 
to that of Tm'®, which has a rotational structure 
characteristic for nuclei with the ground state spin 4.‘ 
It was therefore deemed worthwhile to make a more 
complete investigation of the decay of Er'”, in order to 
obtain more information about this special type of 
level structure. 

In the present work the decay of Er'” was investi- 
gated by means of a coincidence scintillation spec- 
trometer. The experimental results make it possible to 
set up a consistent decay scheme which in all details 
agrees with the unified model. 


MEASUREMENTS 


The radioactive sources were obtained by pile irradi- 
ation of erbium oxide. The irradiated material (supplied 
by Johnson, Matthey, and Company, Ltd., London) 
was of very high purity. Foreign elements other than 
the rare earths were estimated to amount to less than 
0.015% of the product. The only detectable impurity 
was 0.05% thulium. It can be shown that this impurity 
does not disturb the present measurements. 

Figure 1(a) shows a Kurie plot of the beta spectrum. 
The upper end of the spectrum has been corrected for 
the limited resolution of the spectrometer. Apparently 
there are two groups with the end points at 1.52 and 
1.11 Mev. The intensities are 6% and 94%, respectively. 
The 0.67-Mev group reported by Ketelle and Peacock 
has not been found in the present work. The Kurie 


1B. H. Ketelle and W. C. Peacock, Phys. Rev. 73, 1269 (1948) 

*F. K. McGowan and S. DeBenedetti, Phys. Rev. 74, 728 
(1948). 

5H. B. Keller and J. M. Cork, Phys. Rev. 84, 1079 (1951) 

*Sven A. E. Johansson, Phys. Rev. 100, 835 (1955); J. M. 
Cork et al., Phys. Rev. 101, 1042 (1956). 


plot indeed starts to deviate from a straight line at 
about 0.5 Mev, but this is a well-known effect of the 
scintillation spectrometer. By comparison with simple 
spectra one can conclude that if there is any 0.67-Mev 
group at all, its intensity is less than 5%. Furthermore, 
as will be shown below, there are no gamma rays which 
can be associated with a low-energy beta group. 
Particularly, the 0.8-Mev gamma ray reported by 
Ketelle and Peacock was not found. Therefore, the 




















ENERGY-MEV 


Fic. 1. Kurie plots of (a) the beta-ray spectrum of Er'”, (b) 
the beta rays in coincidence with the 300-kev gamma-ray group, 
and (c) the beta rays in coincidence with the 120-kev gamma-ray 
group. 
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0.67-Mev beta group might be ascribed to some 
impurity in the source. 

The gamma spectrum of Er'” is shown in Fig. 2(a). 
At 50 kev there is a peak due to the K x-rays of thulium, 
showing that one or several of the gamma rays are 
considerably converted. The two main gamma-ray 
peaks fall at 120 kev and 300 kev. This is in good 
agreement with the gamma-ray energies reported by 
Keller and Cork: 113, 118, 125, 176, 295, 307, and 420 
kev. The first three rays cannot be resolved but merge 
into the 120-kev peak. The 295- and 307-kev rays form 
the 300-kev peak. At higher energies there is a peak at 
420 kev in agreement with the previous work. The 
176-kev gamma ray is not found in the present work. 
In addition to the gamma rays previously reported, 
there are two rays at 88 kev and 207 kev. They are 
both very weak but they appeared consistently both 
in single crystal spectra and in coincidence spectra. 
Their relative intensities were constant over a period of 
several half-lives. They therefore seem to be associated 
with the decay of Er'”'. 

In order to establish a level scheme, a series of 
coincidence measurements was performed. First the 
relations between the beta rays and the gamma rays 
were investigated. The the gamma-ray 
spectrometer was set to select the 300-kev peak. The 
corresponding beta-ray spectrum is shown in Fig. 1(b) 
as a Kurie plot. It shows a single group with the end 
point at 1.10 Mev. With the channel of the gamma-ray 
spectrometer set to select the 120-kev peak, the coinci 


channel of 


dence spectrum of Fig. 1(c) was obtained. The main 
component is the 1.10-Mev beta group. In addition 
there is a group with the end point at about 1.40 Mev. 

The position of the 2.5-usec metastable state was 
found in the following way. The single-channel analyzer 
was set to select beta rays around 300 kev. A delay of 





PELATIVE COUNTING faTE 








EWEROY-HEY 


Fria. 2 


(a) Gamma-ray spectrum of Er'™. (b) Spectrum of the 
gamma rays following the metastable state 
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about 0.5 usec was introduced after the beta-ray spec- 
trometer. Hence the coincidence gamma-ray spectrum 
shows the gamma rays following the metastable state. 
The coincidence spectrum is shown in Fig. 2(b). It has 
nearly the same shape as the spectrum in Fig. 2(a). 
Even the weak gamma rays at 88 and 207 kev are 
present. The 420-kev gamma ray is so weak that the 
statistics are very poor in this region. There is, however, 
some indication that the 420 gamma ray is also present. 
Hence all the gamma rays seem to follow the metastable 
state. 

Some gamma-gamma coincidence measurements were 
then performed. The channel was set at 110 kev so 
that the 113-kev gamma ray was selected from the 
mixture of gamma rays in the 120-kev peak. The 
coincidence spectrum is shown in Fig. 3(a). Its main 
component is a peak at 307 kev. Hence the 113- and 
307-key gamma rays are in coincidence. With the 
channel set at 130 kev the 125-kev gamma ray is 
selected from the other rays. The coincidence spectrum 
is shown in Fig. 3(b). It shows a peak at about 295 kev. 
Hence the 125- and 295-kev gamma rays are in coinci- 
dence. ; 

Both of the preceding spectra have a long tail below 
250 kev. This could be due partly to the 207-kev 
gamma ray, but the statistics are too poor to allow any 
conclusions. In order to investigate this point further a 
wide channe! was used to select the whole 120-kev peak. 
This gives a higher counting rate and better statistics. 
The coincidence spectrum is shown in Fig. 3(c). The 
main peak is now composed of the two gamma rays at 
295 and 307 kev. At about 210 kev there is obviously 
a small peak. It is not completely resolved. To the right 
it merges into the tail of the 300-kev peak and to the 
left into the Compton distribution of the 300-kev peak. 
It seems probable, however, that the 207-kev gamma 
ray really exists and that it is in coincidence with one 
or several of the gamma rays in the 120-kev group. 

Finally, an attempt was made to detect gamma rays 
preceding the metastable state. For this purpose, the 
channel of the first spectrometer was set on the 300-kev 
peak and a delay of 0.5 wsec introduced after the second 
spectrometer. The number of coincidence pulses was 
very low and no conclusion can be drawn except that 
any gamma ray preceding the metastable state must 
be of very low intensity. 


LEVEL SCHEME 


The present work leads to the level scheme shown in 
Fig. 4. It exhibits a very great similarity with the level 
scheme of Tm'®. This similarity has been used to 
place the 118-kev gamma ray in the scheme as shown 
in the figure. This implies a level at 5 kev. The main 


support for this arrangement is the good agreement with 


the theoretical level formula as discussed below. 
The positions of the 88-kev and 207-kev gamma rays 
are not given exactly by the coincidence measurements. 
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Fic. 3. Spectra of the gamma rays in coincidence with (a) the 


113-kev gamma ray, (b) the 125-kev gamma ray, and (c) the 120- 
kev gamma-ray group. 


It is known that both of them follow the metastable 
state and that the 207-kev transition goes to the 130-kev 
or the 118-kev state. The reason for placing them as 
indicated by the figure is the following. The theoretical 
formula predicts a level at 334 kev. From the spin and 
parity assignments it follows that this level should be 
populated from the 425-kev level and that it decays 
primarily to the 130-kev level. This would give two 
gamma rays with the energy values 91 and 204 kev. 
The good agreement with the experimental values 
supports the proposed position of the two gamma rays. 

The beta-ray spectrum fits very well into the level 
scheme. The 1.52-Mev group goes to the ground state 
and the first excited state and the 1.10-Mev group to 
the 425-kev state. The 1.40-Mev group is in coincidence 
with the 120-kev gamma ray peak. It therefore goes 
to one or both of the levels at 118 and 130 kev. In 
calculating its intensity from the coincidence spectrum 
in Fig. 1(c), it is necessary to take into account the 
fact that the 1.10-Mev group goes to a metastable 
state. The half-life of the metastable state is consider- 
ably longer than the resolving time of the coincidence 
circuit. The states at 118 and 130 kev, on the other 
hand, have lifetimes shorter than the resolving time. 
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The intensity of the 1.40-Mev group is therefore 
enhanced in the coincidence spectrum of Fig. 1(c). 
After correction for this effect, the true intensity 
amounts to about 1%. The high-energy group in the 
beta spectrum of Fig. 1(a) is therefore composed of 
two components, one 1.52-Mev group with 5% intensity 
and one 1.40-Mev group with 1% intensity. 

For determining the multipolarity of the gamma rays, 
the following information is available. The K/L ratios 
of the interval conversion spectrum have been measured 
by Keller and Cork.’ The K-conversion coefficients have 
not been accurately determined. The present work 
shows, however, that the 120-kev group is rather 
strongly converted but that the 300-kev group is only 
weakly converted. Furthermore, lifetime considerations 
show that no higher multipolarities than two can be 
involved. This information is enough to classify the 
295-kev and 307-kev gamma-ray transitions as electric 
dipole, the 113-kev transition as magnetic dipole, and 
the 118- and 125-kev transitions as electric quadrupole. 

Nothing is known experimentally about the spin and 
parity of the Tm!” ground state. In view of the great 
similarity between the level schemes of Tm'® and 
Tm!'”, it seems justified to assume that they have the 
same ground state configuration, i.e., 4+. The multipole 
assignments then uniquely determine the spin and 
parity values shown in Fig. 4. The spin of the 337-kev 
state cannot be assigned in this way. The value 9/2+ 
is the most likely one from the intensities of the beta 
and gamma rays. 
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Fic. 4, Level scheme proposed for Tm'”, The numbers to the 
right of the levels are the experimental energies in kev, the spin 
and parity, and the calculated energies in kev. The level scheme 
of Tm'® is shown for comparison to the right in the figure. 





DISCUSSION 


The ground state and the first four excited states 
form a rotational band. The spin and parity values are 
the ones expected for a rotational band. The anomalous 
level spacings are characteristic for bands with K=}. 
The energy values fit the theoretical formula very well. 
The values to the right in Fig. 4 are calculated using 
the following values on the parameters h?/2% = 12.15 
and a= —0.860. The agreement with the experimental 
values is quite good and lends very strong support to 
the proposed decay scheme. 

The transition probabilities in the decay of Er'” give 
information about the properties of the rotational and 
intrinsic levels. It therefore might be worth while to 
discuss them in some detail. 

The log ft values of the beta groups at 1.52, 1.40, and 
1.10 Mev are 8.2, 8.8, and 6.4, respectively. The spin 
and parity of Er'” are not known experimentally, but 
the most likely assignment’ according to the unified 
model is 5/2—. The beta transitions to the ground 
state and the first four excited states are then classified 
as first forbidden, unhindered according to the selection 
rules given by Alaga® for beta transitions in strongly 
deformed nuclei. The relative intensities of the five 
groups are rather difficult to estimate. The ground state 
transition has A/=2 and is therefore expected to be 
weaker than the transition to the first excited state. 
The latter one, however, is K-forbidden. The influence 
of these two effects is not known exactly but it seems 
probable that the intensities of the two beta groups are 
of the same order of magnitude. The experimental log ft 
values for the 1.52-Mev and 1.40-Mev groups are in 
agreement with the proposed classification. 

The beta transition to the 9/2+ state has the same 
character as the ground state transition. Due to the 
lower energy its intensity is smaller, probably below 
1%. It is therefore very difficult to detect experi- 
mentally. The 1.10-Mev group leading to the 7/2 
level is classified as allowed, hindered, in good agree 
ment with the log f/ value. 

Two low-energy gamma rays with the energy values 
5 kev and 12 kev are expected to go from the 5-kev 
level and 130-kev level, respectively. They are not 
observed because the energies are too small for the 
scintillation spectrometer. The intensity of the transi- 
tion from the 9/24 level to the 5/2+ level can be 
calculated. It turns out to be very small. The corre- 
sponding gamma ray has not been found experimen- 
tally. The 7/2— level decays mainly by electric-dipole 
emission but the lifetime is as long as 2.5 usec. The 
retardation of the transition probability relative to the 
single-particle estimate is 10’, The reason for this is 
that the electric-dipole transitions from this level to 
members of the rotational band are K-forbidden. The 

*B 


(1955). 
*G. Alaga, Phys. Rev. 100, 432 (1955) 


R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
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difference between the change in K and the multi- 
polarity is two. The 420-kev gamma ray is a magnetic 
quadrupole transition. Even if its intensity is very low, 
it is rather surprising that it can compete with electric 
dipole transitions. This is partly due to the higher 
energy. The main reason, however, is that the K- 
forbiddenness of the 420-kev transition is only one unit. 
It is therefore not as much retarded as the electric- 
dipole transitions. 

It is interesting to compare the level schemes of 
Tm'™ and Tm'”. This comparison is made in Fig. 4 
where the levels of Tm'® are shown to the right. As 
can be expected the two nuclei have almost identical 
rotational bands. The parameters h?/2{ and a have the 
following values: 12.60 kev and —0.76 for Tm'™ and 
12.15 kev and —0.86 for Tm'”, respectively. Hence 
Tm!” has greater moment of inertia than Tm'®, This 
would imply greater deformation for Tm'”. This is in 
agreement with the fact that the two extra neutrons 
in Tm'” fill up a level which tends to increase the 
deformation of the nucleus.® The value of a as a function 
of the deformation has been calculated by Mottelson 
and Nilsson.’ It turns out that a varies very little with 
the deformation. The change of a found here is within 
the limits of error of the calculation. 

Tm'™ has two intrinsic levels with the spin 7/2+ 
and 7/2—. The latter one is also found in Tm!” with 
only a slight change of energy. This is in agreement 
with the fact that the position of this level changes 
only slightly with the deformation. The 7/2+ level 
does not show up in Tm’, Hence it must have shifted 
upwards close to or above the 7/2— level. Otherwise 
one would expect an electric dipole transition between 
these two levels. Since this transition would not be 
K-forbidden it would be by far the strongest transition 
from the 7/2— level. If the distance between the two 
levels is small the intensity would be less and the 
gamma ray would also be more difficult to detect due 
to the low energy. If the 7/2+ level is above the 7/2— 
level, the intensity of the connecting gamma ray is 
determined by the intensity of the corresponding beta- 
ray group. It is classified as first forbidden, hindered. 
Hence it is considerably weaker than the main beta 
group at 1.10 Mev and the associated gamma ray might 
easily escape detection. The upward shift of the 7/2+ 
level is in agreement with the fact that this level, 
according to the theoretical calculations, rises strongly 
with increasing deformation.° 

The 7/2— level should be the ground state of a 
rotational band. The first excited state of this band 
has in fact been observed in Tm'®.* This state would 
be very difficult to observe in Tm", since the corre- 
sponding beta-ray group is second forbidden and 
therefore of very low intensity. 

7B. R. Mottelson and S. G. Nilsson, Z. Physik 141, 217 (1955). 


* Hatch, Boehm, Marmier, and DuMond, Bull. Am. Phys. Soc 
Ser. IT, 1, 170 (1956). 
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Neutrons in the energy range 3.8 to 8.1 Mev were used to determine the total neutron cross sections of 
Be, C, F, Co, and Ge. Transmission measurements were made in steps of 100 kev with a neutron energy 
spread of 100 kev. The present data are compared with previous results. 


INTRODUCTION 


HE total neutron cross sections of Be, C, F, Co, 

and Ge have been measured for neutrons in the 
energy range 3.8 to 8.1 Mev. The neutron transmissions 
were measured for samples of these elements, and the 
total cross sections calculated from the relation 
I=Ioe~"'*', where J is the neutron intensity at the 
detector with the sample interposed between the 
neutron source and the detector, J» is the neutron 
intensity with no sample, m is the number of sample 
nuclei per cm*, / is the length of the sample, and a; is 
the total neutron cross section. In the case of fluorine 
the total neutron cross section was obtained from the 
transmissions of Teflon and of carbon. 


EXPERIMENTAL METHOD 


The neutrons were produced by bombarding a 
deuterium gas target with deuterons in the energy range 
1 to 5 Mev from the NRL 5-Mev Van de Graaff ac- 
celerator. Transmissions were determined using neu- 
trons emitted at an angle of 0° to the incident deuteron 
beam. The energy interval was 100 kev in incident 
deuteron energy and the energy loss in the deuterium 
gas was set at 100 kev at each energy. The mean neu 
tron energy is then determined from the incident beam 
energy, the energy loss in the Ni foil at the target 
chamber, and half the total loss of energy in the gas. 
The neutrons were detected by a scintillation counter. 
Under different conditions, noted below, two types were 
used. In one case a single piece of Pilot B plastic scintil- 
lator 4 in. in diameter} in. long, in the other case 
alternating layers of plastic scintillator 4 in. in diameter 
0.100 in. thick and Lucite or quartz } in. in diameter 
0.300 in. thick, were mounted on an RCA 6199 
photomultiplier tube. The integral bias curve for each 
detector was determined at several neutron energies, 
and for each transmission measurement the bias was 
set 1.3 Mev below the end point of the bias curve. The 
neutron 90° to the incident 
deuteron beam. About half of the data were taken using 
a long counter as a monitor; the other half were taken 


flux was monitored at 


using a ZnS-Lucite scintillator as a monitor. The 
counts appearing in the forward detector were normal- 


ized to the monitor counts. A distance of 77.15 cm 


* Permanent address: Catholic University of America, Washing- 
ton, D.C 


separated the neutron source and the detector, The 
sample was placed approximately midway between the 
source and the detector. The sample and detector were 
supported with 20-gauge steel wire. Dummies of the 
sample and detector and a cathetometer were used to 
achieve alignment with the incident beam direction, 
The transmission measurements consisted of deter 
mining the sample-in and sample-out counts and a 
determination of background. The background con 
sisted chiefly of extraneous neutrons produced by inter 
actions near the magnetic analyzer (machine back 
ground), neutrons from the source scattered by the air 
and surrounding material, and extraneous neutrons 
produced in the target. In addition, gamma rays from 
the bombardment of the Ni foil contributed to the back 
ground, The machine background was negligible in 
the forward (transmission) detector, but was quite high 
in the long counter and ZnS monitor detector. In order 
to have a reliable method of normalization, it was 
necessary to maintain a steady deuteron beam on the 
target so that the time of runs was nearly the same 
for one set of transmission determinations. It was 
found that for variations in run time of 20%, the effect 
of machine background variation was negligible. The 
effect of the background from the target chamber 
was negligible in the transmission determination when 
the plastic phosphor-Lucite stack detector was used. 
With the target materials used, the principal back 
ground arises from gamma rays generated in the Ni 
window. Suppression of the gamma-ray integral bias 
curve end point was achieved by use of the detector 
described. It this is identical in 
principle to the ball detector used by Bonner.’ Back 
grounds determined by filling the gas target with 
hydrogen were found to be time dependent. This was 


is to be noted that 


due, apparently, to the exchange of Hy, and Dz between 
the target gas and the gas absorbed in the walls of the 
target chamber. When the plastic phosphor-Lucite 
stack detector was used, backgrounds of from 0.5 to 
1.0% of the forward unattenuated neutron flux were 
observed with the target The 
transmissions of the samples for this background were 


chamber evacuated 
found to be nearly the same as those transmissions 
determined for the neutrons produced with the target 
chamber filled with Dy. When the single solid plastic 
scintillator was used as a detector, backgrounds of 


' McCrary, Taylor, and Bonner, Phys. Rev. 94, 808(A) (1954) 
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F1G. 1. Total cross sections of Be, C, F, Co, and Ge for neutrons 


from the D(d,n)He® reaction. The energy spread is about 
100 kev 


about 2% were observed with the target chamber 
evacuated. In this case, the transmissions of the 
samples were measured with this background and 
corrections were made to the neutron transmissions. 
At low deuteron energies, intensity considerations 
demanded use of the single solid scintillator. 

The background arising from neutrons scattered by 
air and nearby solids was determined by placing a 
copper bar of very nearly 100% attenuation length 
between the source and detector. 

To summarize, the transmission measurements con- 
sisted of the following determinations: sample-out 
count, sample-in count, copper-bar-in count; and a 
similar cycle for the target chamber evacuated. In the 
latter case the current integrator was used as a nor- 
malizing factor. At all energies the transmissions of the 
five indicated elements were determined with at least 
two complete cycles as described above except when the 
phosphor-Lucite stack detector was used. In this case 
most of the target chamber evacuated readings were 
omitted, 

Samples.—The sample lengths were chosen to account 
for transmissions between 40 and 60%. The sample 
diameters were chosen so that the sample would present 
a complete shadow to the source for the detector and 
allow for fairly large alignment errors. The diameter of 
each sample is 1 inch except for the Ge sample, the 
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diameter of which is } in. Each sample was x-rayed to 
check for uniformity. Weight and dimensional measure- 
ments determined the sample constants for the total 
cross-section calculations. Sample purity is as follows: 
carbon, 99.99%; Teflon, undetermined; beryllium, 
98.0% ; germanium, 99.999% ; and cobalt, 99.5%.? The 
natural elements were used. 

Alignment.—Alignment of the neutron source, sample, 
and detector was achieved by setting up a cathetometer 
along the line defined by the path of the deuteron beam 
and then adjusting turnbuckles in the supporting wires 
until the centers of the dummy sample and detector lay 
on this line. 

Electronics.—The amplifiers and counter high-voltage 
supply were housed in a cabinet just in back of the for- 
ward neutron detector. This cabinet has a fan mounted 
in the top so that air (of well-regulated temperature) 
from the air-conditioned room is drawn through the 
cabinet. The electronic stability achieved is considered 
to be good, there being no observable drift during the 
course of a transmission determination. 

Neutron source.-—The deuteron beam from the Van 
de Graaff accelerator was analyzed by magnetic deflec- 
tion to an energy spread of about 0.3%. After passing 
through the magnetic analyzer, the beam was focused 
by an electrostatic strong-focusing lens’ through an 
aperture of 0.100-in. diam in a gold baffle. Current to 
this baffle was minimized by adjusting the voltage on 
the strong-focusing lens. The beam then passed through 
another gold baffle 17 cm beyond the first, through the 
().00005-in. nickel foil of the target chamber, and finally, 
through the target gas. A positive potential of 200 v 
was applied to the second baffle to prevent secondary 
emission electrons from reaching the target chamber. 
With this arrangement it was experimentally deter- 
mined that the number of neutrons from the gas target 
was proportional to the reading of the beam current 
integrator. This was apparently because the ratio of 
secondary emission electrons from the second baffle to 
the number of incident deuterons was strongly depend- 
ent on the incident beam direction; whereas the ratio 
of the number of secondary electrons from the Ni foil to 
the number of incident deuterons was not dependent on 
the beam alignment. The baffles restricted the beam so 
that it did not strike the edges of the foil support. 

The target chamber is constructed in a way such 
that all surfaces are readily accessible for cleaning. The 
interior of the target chamber is gold plated to reduce 
background neutrons and gamma radiation, Aluminum 
gaskets are used to avoid the presence of organic 
materials. 


2 Information concerning the purity of the respective samples 
was obtained from the following sources: Be, The Brush Beryllium 
Company, Cleveland, Ohio; carbon, National Carbon Company, 
New York, New York; Ge, General Electric Company, Schenec- 
tady, New York; Co, Analytical Chemistry Branch, Naval 
Research Laboratory. 

5M. L. Bullock, Am. J. Phys. 23, 264 (1955). 





NEUTRON CROSS 


The target chamber is evacuated through the gas- 
filling manifold. A liquid nitrogen trap separates the 
manifold and pump. The deuterium is stored as UD, in 
a uranium furnace. This procedure helps to insure the 
purity of the deuterium gas used in the target. A 
Wallace and Tiernan precision dial manometer is used 
to measure the pressure of the gas in the chamber. 
Metal-to-metal seals are used throughout the construc- 
tion of the manifold except for the Teflon valve seats 
and the glass insulator in the filling lead to the target 
chamber. 

RESULTS 


The total neutron cross sections of the five elements 
are shown in Table I and presented graphically in Fig. 1. 

Beryllium.—At 3.8 Mev the cross section shows the 
high-energy side of a resonance. Between 4 and 8 Mev, 
the average cross section drops from 2 to 1.9 barns. 
This is in good agreement with the measurements of 
Nereson and Darden‘ who measured the cross sections 
of many elements throughout this energy range with an 
energy spread of 10%. Their results show a slightly more 
rapid drop in the energy range 6 to 8 Mev. Becker and 
Barschall’ have measured the total cross sections of 
beryllium, carbon, and fluorine in the energy range 4.4 
to 5.6 and beryllium and carbon from 7.6 to 8.8 Mev 
with an energy spread of 30 kev in most cases, The 
present values for beryllium are in excellent agreement 
with these in the energy range 4.4 to 5.6 Mev, the 
slight dip at 5.0 Mev being reproduced. In the neigh- 
borhood of 8 Mev, the present measurements show a 
slightly higher cross section. 

Carbon.—The present values are in excellent agree- 
ment with those of Hafner ef al.6 who made careful 
measurements in the energy range 3.9 to 4.9 Mev, 
They are also in excellent agreement with the results of 
reference 4 in the energy range 4.4 to 5.6 Mev but the 
present measurements are not of fine enough energy 
interval to show the resonance at 4.95 Mev reported by 
Becker and Barschall. The present results are in good 
agreement with those of reference 4 in the neighborhood 
of 8 Mev. 

Fluorine.--The agreement of present values with 
those of reference 4 from 4.4 to 5.6 Mev is excellent. The 
resonance at 4.4 Mev is considered to be real. This 
resonance was considered as probable by Nereson and 
Darden.‘ The broad rise between 5 and 6 Mev and the 
peak at 7.5 Mev is not indicated in the results of refer- 
ence 4 where the energy spread was 10%. The absence 
of peaks at 5.4, 6.3, and 7.8 Mev indicates that the 
carbon correction is probably all right. 


4N. Nereson and S. Darden, Phys. Rev. 89, 775 (1953) ; 94, 1678 
(1954). 

*R. L. Becker and H. H. Barschall, Phys. Rev. 102, 1384 (1956). 

* Hafner, Hornyak, Falk, Snow, and Coor, Phys. Rev. 89, 204 
(1953). 
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TABLE I. Total cross sections (in barns) of Be, C, F, Co, and Ge 
for neutrons in the energy range 4 to 8 Mev. 


Ra 
(nominal) En Be Cc ‘ Co 


2.140 2.351 
1.983 2.103 
1.995 1.847 
1.878 1.924 
1.979 2.128 
2.057 1.881 
1.967 1.741 
1,998 1.516 
1.946 1.468 
1.929 1.292 
1.862 1.210 
1.978 1.170 
1.998 1.123 
1,981 1.310 
1.976 1,263 
1.924 1.243 
1.885 1.132 
1.919 1.073 
1.910 1.052 
1.863 1.103 
1.997 1,110 
1.891 1.199 
1.948 1.914 
1.929 1.549 
1.888 1.117 
1.863 0.836 
2.016 0.924 
1.798 0.801 
1.875 0.811 
1.908 0.777 
1.923 0.775 
1,841 0.853 
1.921 1.319 
1.880 1.947 
1.898 1.899 
1.869 1.930 
1.926 2.043 
1.892 2.399 
1.903 2.219 
1.926 2.009 
1.875 2.070 


~ 
S 


3.592 
3.629 
3.642 
3.652 
3.807 
3.771 
3.888 
3.778 
3,873 
3.819 
3.776 
3.927 
3.966 
3.866 
3.855 
3.888 
3.881 
3.841 
3.878 
3.907 
3.994 
3.934 
3.981 
4.047 
3.954 
3.860 
3.977 
3.938 
3.887 
3.968 
3.988 
3.772 
3.937 
3.942 
3.922 
3.971 
3.949 
3,907 
3.866 
3.914 
3.763 


3.78 
3.91 
4.05 
4.17 
4.30 
4.42 
4.53 
4.65 
4.77 
4.88 
5.01 
5.12 
5.23 
5.34 
5.45 
5.55 
5.66 
5.76 
5.87: 
5.98 
6.08 
6.18 
6.28 
6.37 
6.49 
6.59 
6.09 
6.79 
6.89 
6.99 
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Cobalt. 
with those of reference 4 from 4 to 7 Mev but slightly 
higher from 7 to 8 Mev. 

Hughes and Harvey’ show no results 


The present cross sections are in agreement 


Germanium, 
for germanium in the energy range of the present 
measurements, The average cross section rises from 3.8 
to 4.4 barns with a broad peak at 4.3 Mev. 


ERRORS 


Transmission.—The errors shown on the graphs are 
statistical errors only and are typical. They include all 
counting statistical deviations and are about +2%,. 
Other counting errors (such as dead time of the elec- 
tronic circuitry) are not included since they are very 


much less than this. 


7D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend 
ent of Documents, U. 8. Government Printing Office, Washington, 
Gee 1955) 
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Sample constants.—The sample constants are believed 
to be known to +0.5%. 

In-scattering correction.—The in-scattering correction 
was made by the method of McMillan and Sewell.* 
This correction is less than 1.0%; however, the correc- 
tion has been applied in all cases. 

Neutron energy.—The magnetic beam analyzer was 
calibrated by observing the 993-kev Al?’(p,7)Si** 
resonance® and the Li’(p,n)Be® threshold.” The calibra- 
tion of the deuteron beam energy is believed to be 
correct to +0,2%. The energy loss determination in the 
Ni foil has an error due to the variation in thickness. 


*E. M. McMillan and D. C. Sewell, U. S. Atomic Energy 
Commission Report MDDC-1558 (unpublished). 

* Herb, Snowden, and Sala, Phys. Rev. 75, 246 (1949) 

” Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954) 
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A number of foils from the batch used for this experi- 
ment were measured and weighed carefully. The 
average thickness was found to be 0.000057+0,000004 
in. This contributes a maximum error to the neutron 
energy at 1 Mev bombarding energy of +0.4%, and 
at 3 Mev of +0.1%. Variations in gas pressure due to 
heating effects and actual loss of gas through the Ni 
foil contribute an error of 0.1% at 1 Mev per cm of 
Hg change in pressure. The average neutron energy 


error is taken to be +0.5%. 
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An earlier study for new isotopes in nature among the more familiar elements has been extended to include 
yttrium and the rare earth elements. No new isotopes were discovered, but better upper limits have been 


assigned is most cases 


N continuation of work reported earlier,' a search for 
the existence of new isotopes in nature has been 
extended to include yttrium and the rare earth elements. 
The apparatus and procedures used in this phase of the 
investigation were the same as those used in the earlier 
work, therefore a description of them will not be 
repeated here. 

Initial analyses of standard “spectroscopically pure” 
rare earth compounds showed that these samples were 
too contaminated with other rare earth impurities to 
be used in this study. Because of the high ionization 
efficiency of the rare earths and the extreme sensitivity 
of the spectrometer, this impurity problem in many 
cases led to an unresolvable superposition of isobars. 
In view of this situation, Professor Spedding of Iowa 
State College kindly provided us with the purest rare 
earth compounds that he and his associates had 
obtained from their ion exchange program. These 


! White, Collins, and Rourke, Phys. Rev. 101, 1786 (1956). 


proved to be far superior from the standpoint of purity, 
even though trace impurities of other rare earths still 


were detected in each sample. 

No new isotope was found among the rare earth 
elements. The probability that one does exist for these 
elements has been considerably reduced by the upper 
limits which have been placed on their abundances. 
These upper limits are given in Table I together with 
the values reported by earlier investigators. 

In all but two cases, cerium and erbium, Table I also 
includes our measurements of the abundances of the 
known stable isotopes. Experimental difficulties en- 
countered at the time when these two elements were 
analyzed rendered the data on the stable isotopes 
unsatisfactory. The errors associated with the isotopic 
abundances in Table I are standard deviations obtained 
from a series of isotopic ratio determinations and reflect 
only the precision of the measurements. Two rare earth 
elements, lanthanum and neodymium, were included 
in the earlier report.' 





INVESTIGATION OF RARE EARTH ELEMENTS 


TABLE I, Isotopic abundances. 


Percent abundance Percent abundance 
Element Mass No This investigation Other observers Element Mass No. This investigation 


Other observers 


Y 86 <0.00001 Tb 158 <0,0001 <0.03 
87 <0.00001 159 100 100 
88 <0.00001 160 <0.0004 <0.03 
89 100 100 161 <0.0003 <0.03 
90 <0.0003 162 <0.0003 <0.03 
91 <0,0002 <0.05* 
92 <0.0002 154 <0,00005 <0,002« 

155 <0,00015 <0,002 

134 <0,00015 <0,004 156 0.057 4+.0,0006 0.0524-+-0.0005 

135 <0,00006 <0.004 157 <0,00005 <0.002 

137 <0.00015 <0.004 158 0,100+0.001 0.0902 +-0.0009 

139 <0.002 <0.02 159 <0,00005 <0.008 

160 2.35 +0.02 2.294 +0.011 

138 <0,0002 <0,002¢ 161 19.0 +0.1 18.88 +0,09 

139 <0.0004 <0.003 162 25.5 +0.2 25.53 +40.13 

140 <0.002 <0,005 163 249 +0.2 24.97 +0.12 

141 100 100 164 28.1 +0.2 28.18 +0.14 

142 <0.002 <0.005 165 <0.0033 <0.011 

143 <0.0008 <0.01 166 <0,00015 <0.002 

144 <0.0002 <0.001 167 <0,0001 vee 
<0.00005 <0.001 

161 <0,001 <0.04 

<0.00002 <0.0014 162 <0.001 <0.04 

<0.0003 <0.001 163 <0,001 <0.04 

<0.0001 <0.001 164 <0.001 <0.04 

<0,00006 <0.002 165 100 100 

3.15 +0.03 3.16 +0.10 166 <0.0003 <0.001 

<0.00005 <0.002 167 <0.0003 <0.001 

<0.00008 <0,002 168 <0,0003 <0,001 

15.09 +0.1 15.07 +0.15 

11.35 +0.09 11.27 +0.11 o 160 <0.001 <0.0008" 

13.96 +0.1 13.84 +0.14 161 <0.001 <0,0008 

7.47 +0.06 7.47 +0.07 163 <0.001 <0,0009 

<0.0002 <0.02 165 <0,0006 <0.003 

26.55 +0.2 26.63 +0.26 169 “0.0016 <0.008 

<0,0002 <0.01 171 0.00001 <0.005 

22.43 +0,2 22.53 +0.22 172 <0.00002 <0.0014 

<0.002 <0.01 173 <0.00001 

<0.0004 <0,002 





166 <0.0002 
<0.0001 <0.002° 167 <0.00015 
148 <0.0002 <0.002 | 168 <0,0002 
<0.0001 <0.002 169 100 
150 <0,0001 <0.005 } 170 <0.0001 
151 47.86 +0.08 47.77 171 <0,0005 
152 <0.0002 <0.010 | 172 <0.0005 
153 52.14 +0.08 52.23 
154 <0.0002 <0.007 | F 165 <().0008 
155 <0.001 <0.004 166 <0,0003 <0.001' 
156 <0,0008 <0.002 | 167 <0.0002 <0.0005! 
168 0.1354+0.002 0.140 +0.002! 
149 <0.002 <0.0015 169 <0.0008 <(0.0005! 
150 <0.002 <0.0005 170 3.14 +0.04 3.034 +0.03) 
151 <0.0004 <0.0003 171 144 +015 14.34 +014 
152 0.205+0.01 0.20 +0.005 172 21.9 +0.25 21.88 +0.22) 
153 <0.0002 <0,0005 | 173 16.2 +0.2 16.18 +0.16) 
154 2.23 +0.03 2.16 +0.02 174 31.6 +04 31.77 +0.32) 
155 15.1 +0.15 14.68 +0.15 175 <0.0016 <0.02) 
156 20.6 +0.2 20.36 +0.2 176 12.6 +015 12.65 +013) 
157 15.7 +0.16 15.64 +0.16 177 <0.0001 < 0,001! 
158 24.5 +0.25 24.96 +0.25 178 < 0.0001 < 0.0005! 
159 <0.01 <0.002 
160 21.6 +0.2 22.01 +0.22 | y 172 <0).00005 
161 <0.002 <0.001 173 <0.0001 <0.008" 
162 <0.01 <0.002 174 <0.00015 <0.008 
163 <0.001 + 175 97. 4124-0.013 9740 +0.03 
176 2.588+0.013 2.00 +0.03 
155 <0.00002 <0.03° 177 <0,00005 <0.006 
156 <0.00002 <0.03 178 <0,00005 <0.006 
157 <0.00004 <0.03 179 <0.00002 tee 


* A. J. Dempster, Phys. Rev. 55, 794 (1939), «Inghram, Hayden, and Hess, Phys. Rev. 74, 1724 (1948) and 75, 693 
» Inghram, Hayden, and Hess, Phys. Rev. 72, 967 (1947 1949) 

* Inghram, Hess, and Hayden, Phys. Rev. 74, 98 (1948 » Hayden, Hess, and Inghram, Phys. Rev. 77, 299 (1950) 

4 Inghram, Hess, and Hayden, Phys. Rev. 73, 180 (1948) 'F. W. Aston, Proc, Roy. Soc. (London) A146, 46 (1934) 

¢D, C. Hess, Jr., Phys. Rev. 74, 773 (1948). i} Hayden, Hess, and Inghram, Phys. Rev. 75, 322 (1949). 

!W., T. Leland, Phys. Rev. 77, 634 (1950). 
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Neutron Resonances in the kev Region: Heavier Odd Elements* 


H. W. Newson, J. H. Gissons,t H. Marsuax,t R. M. Witttamson, R. C. Mostey,§ J. R. Patrerson,|| anp P. F. Nicnois 
Department of Physics, Duke University, Durham, North Carolina 


(Received August 20, 1956) 


The neutron total cross sections have been measured as functions of energy for thallium (0.1-80), yttrium 
(6-80), rubidium (5-25), copper (1-80), and chlorine (6-200) ; peaks are observed which appear to be due 
to single resonances. The energy range of the measurements in kev is indicated in parentheses. Lanthanum 
(1-10) and yttrium (0.5-10) show peaks which may be due to single resonances. Lanthanum (10-100), 
praseodymium (0.5-150), gallium (1-60), gold (1-40), tantalum (1-6), silver (2.5-11), niobium (0.5~-10.5), 
cesium (1-4,.5), and iodine (1-15) show flat or wavy cross-section curves which are typical of spectra so 
poorly resolved that no single resonances are observed. Our failure to observe even the strongest single 
resonance in any of these elements is consistent with a roughly exponential distribution of reduced widths. 
Useful averaged cross sections are tabulated for some of the latter elements. 


INTRODUCTION 


HIS paper presents the results of a survey on the 

total cross sections of heavy odd elements. The 
apparatus is described in paper I of this series.' We 
were interested principally in the question of whether 
or not an element had a resonance structure which was 
resolvable with our apparatus; it was also important to 
determine to what extent certain elements, used as 
construction materials in the experiments, could be 
considered to have a constant cross section at our 
resolution. Average cross sections are reported in some 
of the cases where the resonance spectrum was not 
resolved. We have not included cross sections for a 
natural element where more detailed later work included 
remeasurement over the same energy range. However, 
these later studies usually involved enriched isotopic 
mixtures rather than the natural elements. 
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Fic, 1. Total neutron cross section of natural thallium os energy. 
Isotopic assignments are listed above some of the peaks. Errors 
indicated are derived from counting statistics. 


* This work was supported by the U. S. Atomic Energy Com- 
mission, 
t Now at Oak Ridge National Laboratory, Oak Ridge, Ten- 
nessee, 
Now at Brookhaven National Laboratory, Upton, New York. 
Now at Louisiana State University, Baton Rouge, Louisiana. 
|| Now at Furman University, Greenville, South Carolina. 


! J. H. Gibbons, Phys. Rev. 102, 1574 (1956). 
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1} 


THALLIUM 


Figure 1 shows the cross-section curve for thallium 
metal between 100 ev and 20 kev. This cross section was 
measured with a tantalum-backed lithium target and 
an aluminum proton tube (see reference 1) so that large 
background corrections had to be made in the lower 
energy regions. However, the peaks below 2 kev show 
up very clearly: these two peaks have been attributed 
to Tl by Newson and Rohrer on the basis of activation 
measurements.? The peak at about 18 kev may be 
assigned to Tl®* on the basis of both separated isotope 
measurements’ and activation cross sections which will 
be reported later. Many small peaks below 15 kev have 
been shown to be due to Tl*, Figure 2 shows a trans- 
mission curve for a thicker sample of thallium at higher 
energies. 


COPPER, GALLIUM, ARSENIC, AND BROMINE 


Figure 3 shows cross-section curves for gallium and 
copper. The two elements differ in charge by two units 
and both consist of two isotopes with an abundance 
ratio of about 2:1 in favor of the lighter isotope. Never- 
theless, the two cross-section curves illustrate an im- 


THALLIUM 
22 ATOMS /om? 


Fic. 2. Thallium transmission vs energy. This was an early 
measurement performed with a magnetic analyzer alone (see 
reference 1). Isotopic assignments are listed below some of the 
minima. 


7H. W. Newsen and R. H. Rohrer, Phys. Rev. 94, 654 (1954). 
3 J. H. Gibbons and H. W. Newson, Phys. Rev. 95, 644(A) 
(1954). 
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NEUTRON RESONANCES 


portant difference in spectra. The widths at half- 
maxima in the gallium peaks are in general much wider 
than the energy spread of the neutron beam (see 
reference 1). Furthermore, we know from the low-energy 
measurements of the Argonne Group‘ that the level 
spacing of gallium (all isotopes and open channels) is 
about 200 ev. Thus, each maximum (which probably 
contains only about 10 individual resonances) is due to 
statistical fluctuations in the strength function® aver- 
aged over a small number of levels. Hence, a very 
large number of resonances must be averaged by the 
energy spread of a cross-section measurement in order 
to obtain a monotonic cross-section curve. The wavy 
pattern is typical of poorly resolved spectra. The gallium 
curve was obtained with a slightly hydrated sample of 
Ga2O;; a rather large correction for the hydrogen 
scattering is responsible for an unusually large uncer- 
tainty in the absolute cross section (+2 barns). 
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Fic. 3. Total neutron cross section of natural copper and 
gallium. In addition to the statistical errors indicated for gallium, 
there is a +2 barns error due to H,O uncertainty. 


On the other hand, the copper curve shows many 
peaks which are approximately as wide as the neutron 
energy spread and considerably higher than the ampli- 
tude of the fluctuations in gallium. By comparing with 
separated isotope data, it appears that while these 
peaks are not necessarily due to single resonances, they 
probably correspond to the stronger resonances in Cu® 
since the peaks observed in Fig. 3 are nearly the same 
as those observed in pure Cu®.* The Cu®, because of 
its low abundance (31%), is responsible for maxima 
too weak to be observed in the presence of the stronger 
peaks due to Cu® (69%). With a few exceptions near 
magic numbers, copper appears to be the heaviest odd 
element where individual resonances may be found by 


4L. W. Bollinger (unpublished data). 

‘ This is defined as the ratio of the average reduced neutron 
half width to the average level spacing. 

*H. Marshak, Phys. Rev. 94, 774(A) (1954). 
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Fic. 4. Total neutron cross section of chlorine and scandium. 
Chlorine isotopic assignments from later measurements are indi 
cated above the curve. 


our technique. As’° and Br”:*! show only fluctuations 
like those observed in gallium. 


CHLORINE AND SCANDIUM 


Figure 4 shows the total cross section of chlorine as 
measured with a sample of AgCl. The data have been 
corrected for the cross section of the silver using our 
own data at lower energies and that of Bockelman et al.’ 
at higher energies. Chlorine isotopic assignments based 
on separate isotope measurements® are also shown in 
the figure. The peaks at 140 and 190 kev have been 
observed by Kiehn ef al. The separated isotope meas- 
urements have shown that these peaks are complex. 
Any resonances between 50 and 90 kev are too weak to 
be observed clearly even in the separated isotope runs, 
Natural chlorine has been investigated with the Ma- 
terial Testing Reactor fast chopper and no resonances 
were found between 1 and 8 kev." It is evident that 
the resonance spectra of both isotopes of chlorine consist 
of rather widely spaced and unusually narrow levels, 


LANTHANUM 
2.9110** atoms/cm* 


Fic, 5. Total neutron cross section of lanthanum vs energy. 


? Bockelman, Peterson, Adair, and Barschall, Phys. Rev. 76, 
277 (1949). 

* Toller, Patterson, and Newson, Phys. Rev. 99, 620(A) (1955). 

* Kiehn, Goodman, and Hansen, Phys. Rev. 91, 66 (1953). 

” Brugger, Evans, Joki, and Shankland, Bull. Am. Phys. Soc. 
Ser. II, 1, 176 (1956), 
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Fic. 6. Total neutron cross section of yttrium os energy. 


As is evident from inspection of the curve, the shape 
elastic scattering is <4R? and the strength function 
of the resonances <10~‘. These low values are in agree- 
ment with the predictions of the cloudy crystal ball 
model of Feshbach, Porter, and Weisskopf."! The trans- 
mission data from which the curve in Fig. 4 was 
calculated have been analyzed to estimate the strength 
function.” 

As a contrast to chlorine a small portion of a total 
cross-section curve of scandium is also shown in Fig. 4. 
This nuclide is close to the 3s giant resonance at approxi- 
mately A=47. It is quite evident that the strength 
function is much stronger for Sc“ than for either of the 
isotopes of chlorine. The sample was Sc,O3; the curve 
was corrected for the oxygen on the assumption that 
or= 3.6 barns. A more thorough study of scandium will 
appear in a later paper." 


LANTHANUM AND PRASEODYMIUM 


These two nuclides have the same number of neutrons 
(82) and differ in charge by only two. One would, there- 
fore, expect very similar spectra. However, the Brook- 
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Fic. 7. Total neutron cross section of yttrium vs energy. 
Circled points were taken with a metallic sample. Data marked 
by triangles were taken with a Y,O; sample and corrected for 
oxygen assuming or = 3.6 barns. 


1! Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
1H. Marshak and H. W. Newson (to be published). 


haven Fast Chopper Group has found evidence for at 
least 5 resonances in praseodymium below 0.6 kev,” 
but over the same energy range found only one very 
weak one (at 73.5 ev) in lanthanum.” If the level 
spacing is approximately the same for the two nuclides, 
the strength function for lanthanum must be exceed- 
ingly low and at higher energies one should observe an 
average cross section practically constant and equal to 
the shape elastic scattering. Hence, no statistical varia- 
tions should appear. Figure 5 shows the cross-section 
curve for lanthanum which was measured with a 
metallic lanthanum sample under our most favorable 
conditions. The observed peaks are narrow enough to 
be resonant peaks but the general appearance of the 
curve does not preclude statistical peaks. However, no 
peaks at all should be observable if the strength function 
of lanthanum is very low. Thus, it seems most likely 
that the level spacing of lanthanum is much greater 
than that of praseodymium. Preliminary experiments 
on La,O; and Pr,O; above 10 kev showed only statistical 
fluctuations. 


RUBIDIUM 
22 ATOMS / 


Fic. 8. Total neutron cross section of natural rubidium vs energy. 


YTTRIUM 


A sample of Y,O, was studied with neutron energies 
up to about 80 kev. A number of definite peaks were 
observed, but the oxide sample was found to be slightly 
hydrated. Yttrium was remeasured (Fig. 6) with a 
sample of the pure metal loaned by the Ames Labora- 
tories of the Atomic Energy Commission. The same 
resonance structure was found as before but the average 
cross section was now in agreement with results of 
Miller et al.* The earlier measurements, however, had 
slightly better resolving power and the double peak 
indicated in Fig. 6 at about 56 kev showed up much 
more clearly. A third measurement on metallic yttrium 
is shown in Fig. 7 (circles). These data were taken under 


% Unpublished data from this group. This curve can be found 
in BNL 325 [D. J. Hughes and J. A. Harvey, Neutron Cross 
Sections, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955) ]. 

4 A. Stolovy and J. A. Harvey (to be published). 

18 Miller, Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
(1952). 
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the best conditions as outlined in reference 1. The 
lower energy points (triangles) were measured with 
YO; and corrected for the effects of oxygen and water. 
The first measurement on Y.O; indicated two weak 
peaks at about 3 and 5 kev and later measurements 
(Fig. 7) confirmed this observation. 

The spectrum of yttrium is difficult to interpret, 
because of its nearness to the 3p giant resonance at 
about A= 100. The importance of p resonances in this 
spectrum is shown by the gradual increase of o with 
energy in Fig. 6. An interpretation will be attempted in 
a later paper where other nuclides near A=100 will 
be discussed. 

RUBIDIUM 


RbI was pressed and sealed in a brass tube with 
0.005-in. silver end windows. The cross-section curve 
(Fig. 8) was corrected for iodine and silver using the 
previously measured cross sections (see next section). 
Natural rubidium is 72% Rb® and 28% Rb* (50 
neutrons). However, preliminary experiments with sepa- 
rated isotopes® indicate that both isotopes contribute to 
the lower energy peaks. 


TABLE I. Averaged cross sections for gold, cesium, and iodine. 


Sample thickness 
(1072 atoms/cm?) 


Knergy range 


(kev) or (barns) 


Element 


Au 12-21 6.2 
36-38 

Cs 2-4.5 2.1 

I 2-4.5 2.1 


CLOSELY SPACED SPECTRA 


Figure 9 shows three cross-section curves (measured 
with rather thick samples) for elements where the 
levels are so closely spaced that the apparent cross 
sections are essentially flat. Au, Cs, and I also showed 
no prominent maxima (see Table I). It is now known'®:"7 

16 Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 


Rev. 95, 476 (1954). 
17 Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955). 
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Fic. 9. Total cross sections of niobium, tantalum, 
and silver vs energy. 


that the resonance parameters and the distribution of 
neutron widths (approximately exponential) are such 
that there was practically no chance of observing even 
the strongest resonance in any of these elements. 

It may be noted that the average cross section of Cs 
is greater than that of I as might be expected from the 
nuclear model of Feshbach, Porter, and Weisskopf," 
but appears to be contrary to the strength functions 
reported by the Brookhaven Group.'*'? However, the 
observations are reasonably consistent if we take into 
account the rather large estimated uncertainties of the 
Brookhaven results for iodine. 
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A new resonance in the yield of the C¥(p,7)N™ reaction has been observed at E,=3.11+-0.01 Mev witha 
total width of 3043 kev and a peak cross section of 0.70+-0.14 millibarn for the ground state transition. 
An assignment of 2~ has been made for this 10.43-Mev level in N¥ which results from the capture of d-wave 
protons and decays mainly by electric dipole radiation to the ground state. This result is inferred from the 
observed angular correlation of W(@)=1—(0.40+-0.02)P2(cos@) and the large radiation width of 17 ev. 
It is most probably a 7'=1 state. There is about a 10% cascade through the 6.44-Mev level of N¥. 


INTRODUCTION 


TUDIES of proton capture by C” have been carried 
out in considerable detail up to incident proton 
energies of 2.7 Mev,'* yielding excitation energies, 
widths, cross sections, and some spin and parity assign- 
ments for the levels observed in N™. It was the purpose 
of the present investigation to extend this work to 
higher excitation energies. 


PROCEDURE 


Several thin C" targets, enriched to 61%‘ and having 
1- to 5-kev energy loss for 3-Mev protons, were pre- 
pared by cracking methyl iodide vapor at 5-cm pressure 
onto 7-mil platinum backings. It was found that 
platinum (and tantalum) has a very thin surface con- 
tamination layer of silicon which produces an intense 








Fic. 1. The forward yield of gamma rays greater than 2.2 Mev 
from the C¥(p,7)N" reaction. 


1]. D. Seagrave, Phys. Rev. 85, 197 (1952). 

* Woodbury, Day, and Tollestrup, Phys. Rev. 92, 1199 (1953), 

2A. B. Clegg and D. H. Wilkinson, Phil. Mag. 44, 1269 (1953). 

‘Procured from Eastman Kodak Company, Rochester, New 
York. 


1.8-Mev gamma ray from the reaction Si’*(p,p’y)Si** for 
proton energies above 3 Mev.® This layer was partially 
removed by machining the platinum before the cracking 
process. Targets made in this manner were mounted on 
a stainless steel tube, 5/8-in. diameter with a 15-mil 
wall thickness, at 45° with respect to the analyzed 
proton beam (<0.1% resolution in energy).® 

Gamma rays were detected by a NalI(TI) crystal, 
3 in. in diameter and 3 in. high, mounted on a Dumont 
type K1197 photomultiplier tube. This combination had 
a resolution of 8.5% (full width at half maximum) for 
the Cs!’ photo peak. Pulses from the photomultiplier 
were amplified by use of standard electronic techniques 
and recorded with a 20-channel pulse-height analyzer.’ 
Yields and angular distribution measurements were 
taken with the front face of the crystal a distance 
h=9.5 in. from the target. Data taken from 4\,,=0° to 
90° had to be corrected for an absorption through, 
7/|\cos(45°—6)| mils of platinum, while that from 90° 
to 150° had an absorption of 15/|cos(@—45°)| mils of 
stainless steel. This correction was the order of 1 to 2%. 


RESULTS 


Figure 1 shows the relative yield of gamma rays of 
energy greater than 2.2 Mev emitted in the forward 
direction from proton capture by C™. The data overlap 
that of Seagrave,' but were not extended above 3.236 
Mev,® the C(p,n)N™ threshold, where neutron effects 
in the crystal masked the relatively weak capture 
gamma radiation. One new resonance was observed in 
this region at E,=3.1140.01 Mev with a total width 
of 30+3 kev. This corresponds to an excitation energy 
of 10.43 Mev in N*. 

A detailed spectrum at this resonance, Fig. 2, was 
obtained with the crystal at 6=90°, h=2 in. The data 
have been resolved into three gamma rays, 10.43-Mev, 
6.42-Mev, and 4.03-Mev, by using the spectral shapes 


*Cohn, Bair, Kington, and Willard, Phys. Rev. 99, 644(A) 
(1955). 

* Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 
(1955). 

7 Kelley, Bell, and Goss, Oak Ridge National Laboratory 
Report ORNL-1278 (December 20, 1951) (unpublished). 

® Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
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of “monoenergetic” gamma rays previously measured.° 
Energies shown on this pulse-height distribution are 
approximate only, since no attempt was made at a 
precise calibration. The large rise in counting rate 
below the pulse height 20 is due to the contaminating 
reactions B''(p,p’72.14-mMev) and Si**(p,p’y1.78-mev). Thus 
the 10.43-Mev level in N" decays mainly to the ground 
state with about a 10% cascade through the 6.44-Mev 
level (energy quoted from reference 2). 

Measurements of the ground state gamma-ray angu- 
lar distribution with respect to the incoming protons 
are shown in Fig. 3 for E,=3.11 Mev. A fit to the 








f € we 


Fic. 2. A differential pulse-height eK of gamma rays from 
C* proton capture taken at the 3.11-Mev resonance. 


Legendre expansion yields 
W (pv) =1— (0.404.0.02) P2(cosé). 


An absolute 90° differential cross section for the 
ground state transition at the peak of the resonance was 
obtained from a knowledge of the target thickness, 
quantity of charge collected at the target, the calculated 
value of efficiency times solid angle at the measured 
distance from the target (4=9.5 in.), and the total 
number of pulses produced in the crystal by the 10.43- 
Mev gamma ray. Three different targets were used. 


9N. H. Lazar and H. B. Willard, Oak Ridge National Labora 
tory Report ORNL-2076, March 10, 1956 (unpublished). 
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Fic. 3. The angular distribution of the 10.43-Mev C™ capture 
gamma rays taken at the 3,11-Mev resonance, 


The averaged result of 0.067 millibarn per steradian 
has an estimated error (standard deviation) of 20%, 
due mainly to the extrapolation to zero in the pulse- 
height distribution. Integration gives a value of 0.70 
millibarn for the peak (p,y) cross section, 


DISCUSSION 


Theoretical angular correlations can be calculated by 
the method of Biedenharn and Rose.'® Agreement can 
be reached with the observed distribution by assuming 
the 10.43-Mev level in N" is (a) 2~ formed by d-wave 
proton capture, with a channel spin mixture s=0 to 
s=1 of 3 to 2, followed by electric dipole radiation, or 
(b) 2+ formed by f-wave proton capture, all channel 
spin 1, followed by magnetic dipole radiation. 

In all cases of J = 2 the radiation width, I’,, calculated 
from the total width, 
assuming only elastic scattering and capture processes 


observed cross section and 
are involved, is 17 ev. This large width favors an £1 
assignment, and hence J=2~>. The dimensionless re- 
duced proton width, 
I’, 

©), ’ 
2kv2(3h?/2M R) 
is 0.02. 

Wilkinson!!? has made a comparison of observed 
radiation widths for £1 transitions in light nuclei and 
noted that I',(//1) has an average speed of 0.032 that 
estimated by Weisskopf® (I',(/1)<0.11E,°A!) on the 
basis of the independent particle model, with a spread 
in speed of about a factor of seven either way. The 
present value of 17 ev is 0.024 that of the estimated 
value, in good agreement with Wilkinson’s observation. 

Christy has discussed the problem of channel-spin 
mixing in light nuclei on the basis of 7-7 and L—S 

|. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

4 T). H. Wilkinson, Phil. Mag. 44, 450, 1019 (1953). 

27). H. Wilkinson, Phil. Mag. 1, 127 (1956). 

4V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

“RR. F, Christy, Phys. Rev. 89, 839 (1953). 
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coupling. Satchler’® has given explicit formulas for this 
type of calculation. For the case at hand, the mixing 
ratio of 3 to 2 can be obtained from the j— 7 coupling 
model, if one assumes that the captured proton is d5y2. 
L—S coupling gives the correct mixture also, if the 
proton makes the transition from the *#P,. ground 
state of C” to a *F, compound state of N“. Accordingly, 
neither model is favored for this particular example. 
Isotopic spin selection rules for £1 transitions in self- 
conjugate (T,=0) nuclei'®* restrict T to +1 only, 
‘6G. R. Satchler, Proc. Phys. Soc. (London) A66, 1081 (1953). 
16. A. Radicati, Proc. Phys. Soc. (London) A66, 139 (1953). 


17M, Gell-Mann and J. L. Telegdi, Phys. Rev. 91, 169 (1953). 
1. A. Radicati, Phys. Rev. 87, 521 (1952). 
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AND KINGTON 
Hence, provided the Coulomb interaction is sufficiently 
small, the 10.43-Mev level must be a T7=1 state. This 
is in agreement with the nonobservance® of this level 
by inelastic scattering of 22-Mev a particles by N“. 
The integral fo,,,(E)dE over the resonance gives a 
value of 0.033 Mev millibarn, in good agreement™:?! 
with that calculated by detailed balance from the in- 
verse reaction N“(y,p)C™. 


Miller, Gupta, Carmichael, Rasmussen, and Sampson, Phys. 
Rev. 101, 740 (1956). 

” Wright, Morrison, Reid, and Atkinson, Proc. Phys. Soc. 
(London) A69, 77 (1956). 

™ C. B. Sargent (private communication). 
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New Nuclear Reactions Induced by 2-Mev Lithium Ions; the Masses of B'’ and C!*} 


FE. Norseck, Jr 
Department of Physics and Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received August 8, 1956) 


A lithium ion source has been developed which can be used in a standard 2-Mev van de Graaff generator, 
producing a focussed beam of 1-2 microamperes of magnetically separated Li’. Above 1.4 Mev the beam 
produced disintegration particles from lithium targets, and above 1.8 Mev disintegrations from beryllium 
were observed, The reaction Li’(Li’,p)B” was studied by observing the protons at 90° from the lithium 
beam. The Q value is 5.974-0.05 Mev and the M—A of B* is 20,394-0.05 Mev, corresponding to a physical 
atomic weight of 13.02190+0.00005. The cross section for the ejection of B protons into unit solid angle 
at 90° rises monotonically and exponentially from 1.2 to 22 microbarns between 1.4 and 2.0-Mev bom 
barding energy. 

Three groups of protons from the reaction Li®(Li’,p)B' were identified, and the two of lesser energy 
corresponded well with the known excited states of B' at 0.950 and 1.67 Mev. The intensities of the proton 
groups at 2 Mev were ground: first excited: second excited = 1;1,1:0.8 

Two groups of protons were identified from the reaction Be®(Li’,p)C. The more energetic of these 
established the Q value of the reaction as 9.05+0.05 Mev, and corresponds to an M —A of C" of 14.3540.05 
Mey, or a physical atomic weight of 15.01541+40.00005, The proton group of lesser energy is 2.1 times 
as intense as the ground state group at 2-Mev bombarding energy and at 90° from the beam; it corresponds 


to an excited state of the C' nucleus lying 0.704-0.05 Mev above the ground state 


I. INTRODUCTION 


HE fact that Lit ions are emitted from hot 

filaments coated with certain lithium compounds 
has been known since 1916,' and this and other lithium 
ion sources have been subsequently described.’ In 
1935 some Russian investigators’ reported seeing a 
homogeneous group of reaction products of range 8.5 
cm when they turned a 1,2-Mev lithium beam onto a 
lithium target, but they said that they thought these 


t This work supported in part by the U. S. Atomic Energy 


Commission 

1Q. W. Richardson, The Emission of Electricity from Hot Bodies 
(Longmans Green and Company, London, 1916) 

*K. H. Kingdon, Phys. Rev. 23, 778 (1924) 

‘R. L. Thornton and B. B. Kinsey, Phys. Rev. 46, 324 (1934) 

4C. A. Whitmer and M. L. Pool, Phys. Rev. 47, 795 (1935) 

* J. P. Blewett and E. J. Jones, Phys. Rev. 50, 465 (1936) 

*L. H. Rumbaugh, Phys. Rev. 49, 882 (1936) 

7C, A. Whitmer and M. L. Pool, Phys. Rev. 49, 882 (1936). 

® Petuhov, Sinelnikov, and Val’ter, Physik. Z. Sowjetunion 8, 
212 (1935) 


were due to protons in the beam and were not the 
result of genuine Li—Li reactions. 

In 1936 Kinsey® at Berkeley performed a very careful 
series of experiments in which he bombarded lithium 
and beryllium targets with 10 wa of lithium at 1 Mev. 
After carefully removing hydrogen both from the beam 
and the target he could find no neutrons or disinte- 
gration particles with a range greater than 2 cm from 
either target. He claimed that there was less than one 
disintegration per 10" Li ions. The present experiments 
show that this conclusion was correct, and that if a 
few hundred electron kilovolts more beam energy had 
been available, reactions would have been observed. 

Quite recently a group of Russians” accelerated 
lithium from a B-eucryptite source to 250 kev and used 


*B. B. Kinsey, Phys. Rev. 50, 386 (1936). 
 Leviant, Korsunskii, Pivovar, and Podgornyi, 


Akad. Nauk S.S.S.R. 103, 403 (1955). 
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NEW NUCLEAR REACTIONS 
the beam to determine the effective cross sections for 
electron loss in air for the energy range 85-250 kev. 


Il. APPARATUS 
A. Ion Source 


In designing the ion source the method of Blewett 
and Jones’ was used because of the high yield and 
simplicity of construction. The lithium compound used 
was synthetic 8 eucryptite, made by melting an inti- 
mate mixture of powdered LiygCOs, AlyOs, and SiOz at 
1400°C in a platinum crucible."' The melt was powdered 
and remelted, and the final melt was ground until the 
powder passed a 200-mesh screen. In order to apply 
this powder to a filament of platinum or tantalum it 
was suspended in amy] acetate and painted on. Emission 
sion of Lit ions occurs at temperatures near 1000°C, 
below the melting point of the powder. We do not have 
a reliable estimate of the life of such filaments, but 
they are capable of intermittent operation for several 
hours per day for several weeks. The replacement of 
filaments never became a major source of delay in the 
experimental schedule. 


B. Accelerators 


Two accelerators were available for this work, a 
500-kev Cockcroft-Walton circuit, and a 2-Mev Van 
de Graaff generator constructed by the High Voltage 


Engineering Corporation and belonging to the Division 
of the Biolegical Sciences. We are indebted to Dr. R. 
E. Zirkle and Dr. W. Bloom for the loan of this machine. 


Lithium ion were constructed for each 
accelerator; the one for the Cockcroft-Walton circuit 
will be described elsewhere.” For the Van de Graaff 
generator, the gas ion source was removed and replaced 
by a simple cylindrical housing, containing the coated 
filament and an extraction electrode. The same electro- 
static beam-focussing gaps were used for Li as had been 
used for protons. The lithium beam, emerging vertically 
downward from the accelerator, was deflected into the 
horizontal plane by an electrostatic deflector of 36 
inches radius."* The beam emerging from this deflector 
passed between two shutters connected electrically so 
as to supply the signal necessary to control the Van de 
Graaff energy through a variable corona leak. 

Following the electrostatic energy selection and 
control, a 224° magnetic deviation of the accelerated 
beam made it possible to direct either the Li® or the 
Li’ constituent" to the target, and to remove any H* 
or H,* ions if present. 


sources 


1 Tnitial difficulties in obtaining a melt of these materials in 
the proportion of 1 LisO:1 Al,Os:2 SiOz were resolved by adding 
a slight excess (5%) of SiO», which lowers the melting point 
appreciably 

2S. K. Allison and C. S. Littlejohn, Phys. Rev. 104, 959 (1956) 

3A similar device has been described by Fowler, Lauritsen, 
and Lauritsen, Rev. Sci. Instr. 18, 818 (1947) 

4 The ratio Li?/Li® was about 7/1 instead of the natural 12.3/1, 
showing some isotope separation by evaporation from the filament 
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C. Targets 


Films of lithium metal for use as targets were pre- 
pared by evaporating lithium metal from lithium 
carbonate held on a heated tantalum ribbon in vacuum. 
Thick lithium fluoride targets were made by melting 
the salt on iron buttons. Beryllium targets were 
machined out of the metal. In the present reactions 
where short range impinging lithium ions produced 
high-energy protons of relatively very long range, 
typical thin-target proton spectra were obtained from 
thick targets. 


III. DETECTION METHODS 


Some of the reactions induced by lithium bombard- 
ment of lithium and beryllium targets produce disinte 
gration protons of ranges 30 to 240 cm in air. These 
particles are easily distinguished from the a@ particles, 
and other particles isotropic with helium which are 
grouped together in the shorter ranges. The first 
measurements have been confined to these long-range 
proton groups, and in general the method of measure- 
ment was to compare their ranges with ranges of 
protons of known energy, produced in well-known 
nuclear reactions. Foils of aluminum and Mylar'® were 
placed in the path of the protons and the residual 
energy of the protons was measured as they impinged 
on a scintillating crystal attached to a photomultiplier 
tube held at a fixed distance from the bombardment 
chamber. 

The experimental results reported here were obtained 
by an analysis of the electrical pulses from a thallium- 
activated cesium iodide crystal and photomultiplier 
tube combination. A slice of the CsI crystal 0.5 mm 
thick was held on the outer surface of the phototube 
window with silicone stopcock grease light being ex 
cluded by a thin sheet of aluminum foil over the crystal] 
With careful mounting these had a peak width at half 
maximum corresponding to 100 kev in proton kinetic 
energy. 

IV. RESULTS 


A. Energy Measurements on Disintegration 
Particles 


1. Bombardment of Tritiated Zirconium Targets 


Our first attempts to observe nuclear disintegrations 
produced by accelerated lithium ions was through 
bombardment of a tritiated zirconium target. The 
reactions Li®(t,d)Li7; Q=0.988 Mev Li®(t,d)Li™; O 

0.511 Mev and Li®(t,p)Li*; O0=0.800 Mev, produced 
by a beam of accelerated tritons, have already been 
reported and studied by other investigators.'* There 
are tritium-lithium-seven reactions, but the produced 

‘* We wish to thank the Film Department of the E. I, Dupont 
de Nemours Company for supplying us with sheets of this ex- 
tremely strong polyester film 0.00025 inch thick 


16 Pepper, Allen, Almqvist, and Dewan, Phys. Rev 
(1952) 
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Fic. 1. Analysis of the scintillation pulse heights from a CsI (TI) 
crystal struck by protons from various transmutations induced 
by Li’. Aluminum stopping foils were placed in the path of the 
protons between target and crystal 


particles are too energetic for our energy spectrometer. 
The same reactions should be induced by accelerated 
lithium ions, except that to obtain comparable collisions 
in the center-of-mass system the lithium-six kinetic 
energy must be twice that used if tritium is accelerated. 
Disintegration products from the tritium target bom- 
barded by 440-kev Li® and Li’ ions were searched for, 
and some particles were found, but the counting rate 
was so low that no precise information could be ob- 
tained. The experiments were abandoned in favor of 
the higher beam energies obtainable from the Van de 
Graaff generator. 


2. Reaction Li*(Li’,p)B’ 

In a preliminary experiment, an unanalyzed Li’Li® 
direct beam at 1.5 Mev from the Van de Graaff was 
allowed to strike a lithium metal target. It was at once 
apparent that yields of disintegration particles in 
sufficient amount for precise range measurements were 
being produced. Later. when the Van de Graaff energy 
was raised to 2.0 Mev it was seen that the lithium 
beam produced lesser, but still measurable, yields from 
beryllium metal targets. 

From information available before these experiments 
were undertaken, it could be predicted (see Table I) 
that a possible new reaction to be obtained from the 


JR. 


bombardment of a Li® target with a Li’ beam is 
Li*(Li’,p)B”. Two investigations have been made!’ 
from which the mass of B” can be computed, and its 
M-—A is given by Ajzenberg and Lauritsen"* as 16.912 
+0.020 Mev. From these prior studies of B"(d,p)B”, 
excited states have been found at 0.947+0.005 and 
1.674+0.011 Mev, and higher. The upper portion of 
Fig. 1 shows proton groups from a Li®F target under 
2.00+0.05-Mev Li’ bombardment which clearly arise 
from the reaction Li®(Li’,p)B", and show the two levels 
mentioned. The uppermost curve shows the pulse-height 
analysis from the CsI(T1) crystal when struck by 
protons from this reaction after they have passed 
through the equivalent of about 37 mg/cm? of aluminum 
(arising from the exit window of the target chamber, 
the air path, and the foil over the crystal). The figure 
shows how the scintillation pulse intensity decreases as 
increasing, and accurately measured, amounts of alumi- 
num are placed in the path of the protons. The lower 
portion of Fig. 2 shows the displacement of the pulse- 
height maximum as a function of absorber thickness. 
The observed displacement of 14.5 mg/cm? Al at the 
same pulse height agrees well with the separation of 
14 mg/cm? Al predicted in Table II. 

Upon using the previous measurements of the B” 
energy levels, it was calculated that the energies of 
these two excited state proton groups under the condi- 
tions of observation are 7.575+-0.05 and 6.904+0.05 
Mev, and these were used as reference values for the 
measurement of proton groups arising from reactions 
involving residual nuclei whose masses were unknown 
or more uncertain than that of B’. Our estimate of the 
intensity ratios of the group for 2-Mev Li’ ion bombard- 
ment is (ground): (first excited): (second excited) 
=1:1.1:0.8. 


Taste I. Exothermic reactions to be expected from lithium 
bombardment of lithium targets. 


O(Mev) 


Reaction Q(Mev) Reaction 

Li’ beam, Li’ target 
(5.97)* Li? (Li7,a) Be” 
3.31 Li? (Li’,He') Be® 


6.22 Li?(Li’,He®) Be* 


14.77 
6.96 
7.23 


Li?(Li?,p)B¥ 
Li?(Li?,d) B™ 
Li?(Li?,) BY 


Li? beam, Li® target 
8.32 Li®(Li?,He*) Be” 
7.19 Li® (Li? a) Be® 
1.99 Li®(Li’,He®) Be® 


1.450 
15.21 
12.54 


Li*(Li’,p) B® 
Li®(Li7,d) BY 
Li® (Li? 4) B” 


Li® beam, Li® target 
12.21 Li®(Li*,He?) Be® 
2.98 Li®(Li* a) Be® 
0.797 Li’ (Li*,He*) Be? 


1.884 
20.78 
0.898 


Li*(Li®,p) B™ 
Li®(Li*,d) B¥ 
Li®(Li*4) B® 


* Measurement reported in this paper; other values estimated from 
M —A values in F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 
77 (1955), p. 157. 


1M. M. Elkind, Phys. Rev. 92, 127 (1953); Buechner, Van 
Patter, Strait, and Sperduto, Phys. Rev. 79, 262 (1950). 

4 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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3. Reaction Li'(Li’,p)B" 


A measurement of the proton energy from Li’ (Li’,p)B"™ 
led to a determination of the mass of B® which has 
been briefly reported.” From Table I we can calculate 
that, at 1.61-Mev bombarding energy, the expected 
range for the d’s at 90° in the laboratory system from 
Li®(Li’,d)B" is 33 cm in air, and that the range of the 
protons from Li®(Li’,p)B"” is 82 cm. Any proton groups 
of intermediate range which can be demonstrated to 
appear in the Li’ beam Li’ target combination and not 
with a Li’ beam and Li® target must leave as a residual 
nucleus B!*, (Their absence in the Li’7Li® combination 
would show that they cannot arise from Li®(Li’,p)B"’*.) 
A group with these properties was found, at 49.7 cm 
air range, or 73.7 mg/cm* A’. The new proton group 
was compared with a 58-cm proton group from 
B"(d,p)B"* whose Q value has been measured by 
magnetic analysis.” 

The protons in question will have an energy of 
6.802+0.008 Mev at 90° in the laboratory from a 
400-kev deuteron beam. The deuteron beam for this 
reaction was furnished by the kevatron. The photo- 
multiplier tube was firmly clamped to the target 
chamber so that all parameters could be held constant 
even when the entire assembly was moved to a different 
accelerator. Great care was exercised to insure that no 
conditions were changed. The same cables were used, 
and all the relevant voltages were measured, using the 
same meters. The photomultiplier tube voltage was 
measured by an accurate electrostatic voltmeter. After 
taking data using both accelerators, everything was 
moved back to the first in order to insure that nothing 
changed. A comparison of the known and unknown 
protons is included in Fig. 2. 

The identity in slope of the new curve with that of 
the known protons from boron shows that the new 


TABLE II. The Q-value of Li?(Li’,p) B™. 


Source of comparison protons 
B!°(d,p) Bue Lit(Li’,p)B's* = Lit(Lit.p) Bi 


Item 


O value of ground state 
reaction (Mev) 

Energy of excited state 
(Mev) 

Bombarding energy 
(Mev) 

Energy of comparison 
protons at 90° lab 
system (Mev) 

Range of comparison pro 
tons in Al (mg/cm*) 

Range difference B'* 
comparison (mg/cm?) 

Energy of B" protons 
(Mev)e 

O for Li? (Li1,p)B" 

M —A for B' (Mev) 


9.23540.011* 8.325 +0,02» 8.325 4.0.02» 


2.138 +0.009* 0.94740.008» 1.674+40.011> 


0.400 2.00 +0.05 2.00 +0.05 


6.802 40,008 7.575 4.0.05 6.904 40,05 


85.8 102 88.0 


12.4 25.5 11.0 
6.39 
5.97 

20.39 


+0.05 
+0.05 
+0.05 


6Al 
5.99 
20.37 


+ 0.05 
+ 0.05 
+-0.05 


6.23 
5.97 
20.39 


+0.05 
+0.05 
+0.05 


* Van Patter, Buechner, and Sperduto, reference 20 

b Buechner, Van Patter, Strait, and Sperduto, reference 17 

¢Aron, Hoffman, and Williams, Atomic Commission Report 
AECU-663, May 28, 1951 (unpublished 


I nergy 


1 Allison, Murphy, and Norbeck, Phys. Rev. 102, 1882 (1956). 
Van Patter, Buechner, and Sperduto, Phys. Rev. 82, 248 
(1951). 
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ness, constructed from observations of the type shown in Fig. 1. 
Horizontal displacements correspond to range differences 


particles from lithium are protons. The two curves were 
displaced by 12.35+0.5 mg/cm? of aluminum, or 8.35 
t0.5 cm of air, and using the slope of the proton 
range-energy curve in this region we find 6,23+0.05 
Mev for the energy of the new proton group. See Table 
Il. 

If we use the published mass values and a lithium 
beam energy of 1.61 Mev, it follows from the conser- 
vation of energy and momentum at 90° that the Q value 
of the new Li’(Li’,p)B" reaction is 5.97+0.05 Mev, 
giving B", presumably in its ground state, a value of 
(M — A) equal to 20.39+4-0.05 Mev, or a physical atomic 
weight of 13.02190+0.00005. This agrees with the 
value of 19+-2 Mev for (M— A) predicted by Barkas.”' 

The mass of B"” was subsequently remeasured by 
using the same Li’(Li’,p)B" proton group but different 
standards of reference, namely the proton groups from 
the first two excited states of B® in Li*(Li’,p)B” as 
previously discussed. The comparison is shown in the 
lower part of Fig. 2. Using this comparison makes it 
unnecessary to transport all the equipment to another 
accelerator. The result agreed closely with that obtained 
from the B!°(d,p)B" comparison protons (see Table I) 


4. Reactions Be®(Li’,p)C'® and Be*(Li’,p)C!* 


With the Van de Graaff operating at 2 Mev, it was 
possible to penetrate the Coulomb barrier of beryllium 
sufficiently to obtain small but measurable yields of 
protons from Be*(Li’,p)C. The yield of protons per 
steradian per microcoulomb of Li’ was roughly 1/300 
of that from the B" reaction. As shown in the pulse 
height analysis in Fig. 1, two groups of protons were 


™ W. H. Barkas, Phys. Rev. 55, 691 (1939). 
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Fic. 3. Yield of 50-cm protons from a LiF target bombarded with 
Li’ ions, and the cross section of Li’ for the reaction Li’(Li’,p) B™, 


found, and were compared with the protons from 
Li®(Li’,p)B", according to Table III. There is of course, 
always the question as to whether the most energetic 
group of protons observed represents a transition to 
the ground state. A search for higher energy proton 
groups from Be*(Li’,p)C'® however showed that if this 
is not really the ground state, the protons from the 
real ground state would be at least 100 times fewer in 
number than those from our alleged ground state. Such 
a strong selection rule seems unlikely, Table III shows 
that the proton group of lesser energy is 2.1 times as 
intense as the ground state group and may be inter- 
preted as arising from a C'® excited state at 0.70 Mev. 


B. Yields and Cross Sections 


The yield of protons from the B"” reaction has been 
measured as a function of bombarding energy of the Li’ 
beam. The target was a thick deposit of natural LiF 
and the measurements were made into a solid angle of 
approximately 0.05 steradian at 90° from the lithium 
beam, The results are exhibited in Fig. 3. 

The thick target yield curve was converted into a 
cross-section curve by the conventional calculation, 
which results in the formula 


da 1 (—)(<) 

d2 = N,yNr\dE/ \ dx 
in which do/dQ is the cross section for disintegration 
protons into unit solid angle at 90° in the laboratory, 


JR. 


N, is the number of Li’ ions striking the target per 
microcoulomb, N7 is the number of Li’ nuclei per cm? 
in the target, dY /dE is the slope of the yield-energy 
curve (Y in protons per steradian per microcoulomb; 
E in Mev), and dE/dx is the stopping power of the 
target material for the beam ions in Mev per centimeter. 

The stopping power of LiF for 1.61-Mev Li’ ions was 
estimated to be 5.7 10* Mev/cm, by using data on 
the stopping power for helium and lithium ions obtained 
in this laboratory and as yet unpublished. V,=6.2 
x10"; Nr=4.7X 10”. Values of dY /dE were obtained 
from the yield curves. The resultant cross sections, 
which vary from 1.2 to 19 microbarns per steradian as 
the Li’ energy rises from 1.4 to 1.95 Mev, are exhibited 
in Fig. 3. The excitation curve shows no resonances 
and is undoubtedly determined almost entirely by the 
Coulomb potential barrier. 


V. DISCUSSION OF RESULTS 
A. B" 


It has been anticipated that the nuclear species B!* 
would be stable with respect to disintegration into other 
heavy particles. Using the mass found in this investi- 
gation, this prediction is verified. The least endothermic 
heavy-particle breakup would be B"—-B"+n; Q 

—4.88 Mev. B" is undoubtedly a 8 emitter; the full 
energy available for the transition to the ground state 
of C" is 13.43 Mev. 6 emission from Li’ targets bom- 
barded by a Li’ beam, decreasing markedly in ~0.1 sec 
after shutting off the beam, has been demonstrated. 
Unfortunately the 0.022-sec B"”, with 6 rays of approxi- 
mately the same energy, is also produced and further 
experiments will be necessary to eliminate the inter- 
ference. Some other reaction might be used to produce 
B" without the B™” interference although all other 
reactions leading to B' are endothermic. 

Considerable interest has been shown in the nuclide 
B" because it was suspected of being a delayed neutron 
emitter.” These delayed neutrons have been searched 
for in fission and spallation fragments with negative 
results.4.* The argument suggesting the delayed neu- 
tron activity postulates an analogy between B™” and 
N!7. It is observed that O'’ with one neutron added to 
a very stable nucleus emits a neutron when it is pro- 
duced in an excited state from the 6 decay of N". 
Similarly C" arising from the 6 decay of B™ has just 
one neutron added to a very stable nucleus. The shell 
model now shows that the analogy is really very poor. 
The ground state spin of N"’ is 1/2 which is discouraged 
from decaying to the 5/2+ ground state of O" by the 
selection rules. It therefore goes mostly to excited states, 
some of which have enough energy to emit neutrons. 
The ground state of B" would be expected to be a 3/2- 


2 AH. Snell, Science 108, 172 (1948). 
*% Hubbard, Ruby, and Stubbins, Phys. Rev. 92, 1494 (1953) 
*R. K. Sheline, Phys. Rev. 87, 557 (1952) 
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state which would go almost entirely to the 1/2~ ground 
state of C*. From a study of the energy levels for C¥ 
it can be seen that the branching ratio for decay of B" 
into neutron producing levels would be completely 
negligible. 

B. C'* 


B rays of mean life 24+0.3 seconds, presumably 
arising from the decay of C'®, have been observed by 
Hudspeth, Swann, and Heydenburg.”* They bombarded 
a BaCOy target containing 40% C™ with 2.4-Mev 
deuterons, the reaction being C'(d,p)C'®. They esti- 
mated that the maximum energy of the B-ray spectrum 
is 8.8+0.5 Mev. Later, Rickard, Hudspeth, and 
Clendenin** studied the excitation curve for the pro- 
duction of the 2.4-second activity from C™, and from 
theoretical analysis of the excitation curve concluded 
that Q for the (d,p) reaction lies between 0 and 0.3 Mev, 
most probably at 0.15+0.15 Mev, placing the M—A 
of C!® at 13.1 Mev, and predicted that the observed 
8 spectrum upper limit would be 8.6 Mev. 

In experiments at the University of Wisconsin, 
Douglas, Broer, and Chiba*’ failed to confirm the small, 
possibly positive Q-value for C'(d,p)C'® and found 
O=—0.96 Mev. They confirmed the 2.4-second life of 
C, but found no @ radiation as energetic as 5-10 Mev, 
concluding that most (if not all) of the @ transitions 
are to excited states of N’°. 

After further work Bostrom, Hudspeth, and Morgan** 
found that their weak activity from C'® had been mixed 
with activity resulting from deuteron bombardment of 
Q'*, Proper allowance for this puts the earlier work 
from their group*® into agreement with the Wisconsin 
value. 

Our value of M—A for C'® is 14.35+0.05 Mev, 
which predicts that Q for C'(d,p)C® is —1.06 Mev. 
The bombardment threshold in the laboratory system 


* Hudspeth, Swann, and Heydenburg, Phys 
(1950) 

%6 Rickard, Hudspeth, and Clendenin, Phys 
(1954) 

27 Douglas, Broer, and Chiba, Phys. Rev. 100, 1253 (1955) 

*% Bostrom, Hudspeth, and Morgan, Bull. Am. Phys. Soc 
IT, 1, 94 (1956) 
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TaBLe III. Q values of Be®(Li',p)C! and Be®(Li’,p)C* 


(Disintegration protons observed at 90° from a 2.00+0.05 Mev 
lithium beam.) 


Li*(Li'.p)B'; O 8.325 Mev 
8.45 40,02 Mev 
124.5 mg/cm! 


Source of comparison protons 
Energy of comparison protons 
Range of comparison protons in Al 


Item Be? (Li? pyc Be® (Li', pyc 


Range difference C!*— 
comparison (mg/cm? Al) 
Energy of C* protons 
(Mev) 9 48+0.05 
Q value (Mev) 9.05+0.05 
Excitation energy (Mev) 0 
(M—A)C (Mev) 14.35+-0.05 
Physical atomic weight 15.01541 0.00005 
Intensity of group/intensity 
of ground state 


+27.3140.7 +-9.63+0.7 


8.82+4-0.05 
8.35+40.05 
0.7040.05 


2.1 


should then be 1.22 Mev. Thus our results confirm the 
Wisconsin measurement of the ground state of C'* and 
add to this the discovery of an excited state of this 
nucleus at 0.70 Mev. 

It has been suggested™ that the ground state of C!® 
has a spin of 4*, and that the analog level with T=} 
in N!® has been observed from C'(p,y)N" at 11.61 Mev 
which is reasonably close to the expected value of 11.9 
Mey, obtained after correcting the 9.8-Mev C!®—N! 
difference for Coulomb energy. If this is the case, the 
0.70-Mev C!** level probably has J=5/2*, but the 
expected similarity of C'® to O" with its J = 5/2* ground 
state and 0.98-Mev J=1/2* state is some evidence for 
a similar assignment to the C!® ground and first excited 
state, 
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Differential Cross Section Measurements for the Elastic Scattering of Protons by N'“t 
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The differential cross section for the elastic scattering of protons by N“ has been measured in the energy 
range from 1.5 to 3.5 Mev at scattering angles of 39°14’, 54°44’, 90°, 125°16’, and 140°46’ in the center-of- 
mass coordinate system. The probable error in the values of the cross section is about 4 to 5%. Pronounced 
anomalies in the cross section occur at laboratory proton energies of 1.55, 1.74, 1.805, 2.36, 2.49, 3.20, and 
3.40 Mev, with a probable error in these energies of 0.01 Mev. The anomaly at 3.40 Mev indicates a 
previously unreported level in O* at about 10.5 Mev. The magnitude of the off-resonance cross section 
at 140°406’ is about four times, at 125°16’ about three times, and at 90° about two times that which would 
result from pure Rutherford scattering. At 54°44’ the off-resonance cross section differs from the Rutherford 
cross section over most of the energy range by less than 5%, while at 39°14’ the cross section is generally 


10 to 20% below the Rutherford cross section. 


INTRODUCTION 


HE elastic scattering of protons by N“ has been 

studied at three different angles in the energy 
range from 0.8 to 1.9 Mev by Webb ef al.' and at a 
number of different angles in the energy range from 
1.0 to 2.9 Mev by Ferguson et al. Mozer,* who is 
engaged in an analysis of Webb’s data, finds that he can 
fit the off-resonance cross section by assuming a reason- 
ably energy varying s-wave potential phase shift. How- 
ever, because the values of the absolute cross section 
obtained at Chalk River are about 10% higher than 
those measured by Webb,’ Ferguson has found that 
s and p waves, and possibly more, are present in the 
nonresonant scattering below 2 Mev. Tautfest and 
Rubin‘ have recently reported a measurement of the 
absolute cross section at a single scattering angle over 
the energy range from 0.85 to 1.9 Mev. While their 
values for the cross section agree with those obtained 
by Webb, the accuracy of their measurement is not 
sufficient to resolve the discrepancy. 

Bashkin ef al.® have also observed protons elastically 
scattered by N* in the energy range from 0.95 to 4.0 
Mev and have reported an anomaly in the yield of 
scattered protons at an energy of 3.20+0.08 Mev 
corresponding to a level in O'* at about 10.3 Mev. 
They have reported no determinations of the absolute 
cross section, however. 

In addition to extending the measurement of the 
N'(p,p)N" differential cross section to 3.5 Mev, an 
attempt has been made in the experiment described 
here to measure the cross section to a degree of accuracy 


t This work supported in part by the joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 

1 Webb, Li, and Fowler, Phys. Rev. 92, 1084(A) (1953); T. S. 
Webb, Jr Ph.D. thesis, California Institute of Technology, 1955 
(unpublished). 

8 omen Clarke, Gove, and Sample, Preliminary Report 
PD-261, Atomic Energy of Canada Limited, Chalk River Project, 
1956 (unpublished). 

* Forrest Mozer, Kellogg Radiation Laboratory, California 
Institute of Technology (private communication). 

4G. W. Tautfest and S. Rubin, Phys. Rev. 103, 196 (1956). 

* Bashkin, Carlson, and Jacobs, Bull. Am. Phys. Soc. Ser. I, 1, 
212 (1956). 


sufficient to remove the existing discrepancy in the 
data below 2 Mev. 


APPARATUS 


The use of a gas target contained in a scattering 
chamber of well-known geometry, as was employed in 
this experiment, allows one to make a determination of 
the number of scattering centers seen by the counter 
to a somewhat greater degree of accuracy than with 
solid targets, since, in addition to the chamber geometry, 
the number of scattering centers depends only on the 
pressure and temperature of the gas, both of which are 
readily measured quantities. The addition of a differ- 
ential pumping system between the chamber and the 
electrostatic generator eliminates the usual thin foil 
used to separate the chamber volume from the machine 
vacuum. This permits a more precise determination of 
the absolute energy of the incident protons and allows 
a continuous flushing of the chamber, thereby reducing 
the accumulation of contaminants. 

The scattering chamber used is the same chamber 
described previously by Brown ef al.* and by Claassen 
et al.’, except that a new counter slit system has been 
installed. The protons scattered by the gas, before 
entering the proportional counter, pass through a de- 
fining slit of width 2b=0.1755 cm, a round hole at the 
counter with a diameter of 0.2540 cm, and then a thin 
aluminum foil, which separates the counter volume 
containing a mixture of argon and CO, from the 
chamber volume. The amplifiers and 10-channel pulse 
height discriminator used in conjunction with the 
counter have been previously described.*7 

The differential pumping system is similar in design 
to that described by Jackson ef al.* The existing 
chamber entrance slits, the final one of which has a 
diameter of 0.1187 cm, were used to restrict the gas 


* Brown, Freier, Holmgren, Stratton, and Yarnell, Phys. Rev. 
88, 253 (1952). 

7 Claassen, Brown, Freier, and Stratton, Phys. Rev. 82, 589 
(1951). 

§ Jackson, Galonsky, Eppling, Hill, Goldberg, and Cameron, 
Phys. Rev. 89 365 (1953). 
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Fic. 1. The differential cross section for the elastic scattering 
of protons by N™ as a function of incident proton energy at 
scattering angles of 39°14’ and 54°44’. The scattering angles as 
well as the absolute values of the cross section are given in the 
center-of-mass coordinate system, while the incident proton 
energy is given in the laboratory system of coordinates. 


flow between the chamber and the first pumping stage, 
where a 12-liter/second capacity forepump maintained 
a pressure of about 0.5 mm Hg with a normal operating 
pressure of 5 cm Hg in the chamber. Twenty apertures, 
each consisting of a 2-mm hole drilled in a 5-mil Ta 
disk, separated the first and second and also the second 
and third pumping stages. The second and third pump- 
ing stages were exhausted by a 1.5-liter/second fore- 
pump and a 300-liter/second oil diffusion pump respec- 
tively, maintaining corresponding pressures of 10~* and 
5X10-* mm Hg. Two additional apertures separated 
the third pumping stage from the machine vacuum, 
which was not noticeably affected by the presence of the 
gas in the chamber. Since the first slit of the pumping 
system and the final chamber slit are 65 cm apart, the 
maximum half-angle spread in the incident beam upon 
entering the chamber is about 8 min. 

After the incident protons have passed through the 
scattering chamber, they enter a Faraday collector cup 
through a 0.25-mil Mylar’ exit window, which allows 
the collector cup to be evacuated to 2X10~* mm Hg. 
The well-centered position of a small charred spot, 
which appears on the Mylar after a period of use, 
indicates that the beam passes through the chamber 
symmetrically and that all of the beam is entering the 


® DuPont’s trade name for its polyester film. 
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Fic. 2. The differential cross section for the elastic scattering 
of protons by N* as a function of incident proton energy at 
scattering angles of 90°, 125°16’, and 140°406’, The scattering 
angles as well as the absolute values of the cross section are given 
in the center-of-mass coordinate system, while the incident proton 

energy is given in the laboratory system of coordinates. 


collector cup properly. Secondary electrons are pre- 
vented from leaving the collector cup by means of a 
transverse magnetic field and an electrostatic bias. The 
collector cup is connected to a current integrator which 
throws a shutter into the path of the beam and dis 
connects the 10-channel discriminator from the counter 
as soon as a specified quantity of charge has been 
collected. 

The chamber pressure was measured with a Wallace 
and Tiernan differential manometer which was cali- 
brated periodically with a Hg manometer. In order to 
be certain that the flow of gas through the small volume 
chamber was not causing an incorrect pressure reading, 
He* and ©'* were used as scattering gases in the 
chamber. The cross sections measured using these 
gases agreed very well with those reported by Freier 
et al.” for He* and with those reported for O'* by 
Eppling," indicating that the manometer was reading 
the true pressure. A change in pressure of as much as 
0.4 mm Hg was noted when the proton beam was ad- 
mitted into the chamber. In order to minimize the 
effect of this change of pressure with beam intensity, 


Freier, Lampi, Sleator, and Williams, Phys. Rev. 75, 1345 
(1949). 

4 Eppling, Cameron, Davis, Divatia, Galonsky, Goldberg, and 
Hill, Phys. Rev. 91, 438(A) (1953); F. J. Eppling, Ph.D. thesis, 
University of Wisconsin (unpublished) 
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the intensity was maintained as constant as possible 
during a run, and, whenever possible, the manometer 
was observed continuously to determine the average 
pressure during a run, 

The temperature was measured by means of a ther- 
mometer in contact with the wall of the chamber. It was 
thought that a heating effect in the vicinity of the 
scattering volume, due to the dissipation of energy by 
the incident protons in passing through the gas, might 
be taking place, causing an increase in the temperature 
of the gas which was not detected by the thermometer. 
Since this effect would be a function of the beam in- 
tensity, several runs were taken at the same scattering 
angle and the same energy but with varying beam in- 
tensities. Differences in intensity of several orders of 
magnitude, however, failed to produce any noticeable 
change in the number of scattered protons counted, 
indicating that this was not a serious effect. 


EXPERIMENTAL RESULTS 


The differential cross sections for the elastic scatter 
ing of protons by N" are shown as a function of incident 
proton energy in the range from 1.5 to 3.5 Mev at 
scattering angles of 39°14’ and 54°44’ in Fig. 1, and at 
90°, 125°16’, and 140°40' in Fig. 2. The scattering 
angles as well as the absolute values of the cross section 
are given in the center-of-mass coordinate system, 
while the incident proton energy is given in the labora- 
tory system of coordinates, The angles chosen are those 
which cause the first, second, and third degree Legendre 
polynomials (/= 1, 2, 3, respectively) to vanish. 

The values of the off-resonance cross section pre- 
sented here are generally in better agreement with 
those obtained by Ferguson ef al than with 
reported by Webb.’ An energy spread, due to straggling 
introduced in the beam in passing through the gas and 
the insufficient energy resolution of the machine, caused 


those 


a broadening of the resonances and decreased their 
height. However, the shapes of the resonances seem to 
have been well established by Webb, so that no effort 
was made to improve the energy resolution. 

The positions of the scattering anomalies occurring 
at proton energies of 1.55, 1.74, 1.805, 2.36, and 2.49 
Mev agree well with those reported by Ferguson et al. 
and by Webb, and also with the positions of the reso- 
nances reported by Duncan and Perry" from a study 


~ 2D), B, Duncan and J. E. Perry, Phys. Rev. 82, 809 (1951) 


LIKELY, 


AND FAMULARO 

of the-N(p,y) reaction. The scattering anomaly at a 
proton energy of 3.20 Mev agrees with that reported 
by Bashkin et al.,5 while the anomaly at 3.40 Mev has 
not been previously reported. The anomalies occurring 
at 2.36 and 2.49 Mev appear to be superimposed on a 
very broad resonance in the neighborhood of 2.55 Mev 
corresponding to the resonance reported by Duncan and 
Perry at 2.60 Mev. Additional structure is present at 
2.43 Mev, although the nature of this anomaly is 
difficult to ascertain without a detailed analysis of 
the data. 

The factors which contributed to the error in the 
cross section at each angle and energy are: counting 
statistics, 1.0 to 2.0% ; charge collection and integration, 
1.0%; chamber geometry, 0.5%; gas pressure, 1.0%; 
and gas temperature, 0.5%. The sum of these errors 
gives a total probable error in the values of the absolute 
cross section of four to five percent. 

The target gas used in this experiment was ordinary 
tank nitrogen obtained from the Air Reduction Com- 
pany. A mass spectrometric analysis of the gas showed 
it to contain better than 99.5% N', with about 0.4% 
N' and less than 0.1% O'*. It was considered that the 
effect of these contaminants was negligible, and so no 
correction to the data was made to allow for their 
presen c. 

The energy of the incident protons was measured 
and controlled by an electrostatic analyzer, which 
operated on the molecular hydrogen beam. The analyzer 
was calibrated by determining the point at which the 
1.882-Mev threshold for the Li’(p,) reaction occurred. 
The error in determining the absolute energy is due to 
two causes. First of all, a long time drift in the analyzer 
calibration introduced an error of 5 to 7 kev. In plotting 
the data, this drift was taken into account so that the 
error in the relative energy due to this effect is probably 
somewhat less than 5 kev. The second source of error, 
amounting to about 5 kev, was introduced in deter- 
mining the energy lost by the incident protons in 
passing through the gas before reaching the volume 
seen by the counter. This energy loss was measured by 
noting the shifts produced in the positions of several 
scattering anomalies when different chamber pressures 
were used. . 

The authors would like’to acknowledge the assistance 
of Mr. D. M. Zipoy and Mr. H. A. Hill in obtaining 
these data. 
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Electron-Neutrino Angular Correlation in the Beta Decay of Neon-19* 
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The distribution in kinetic energy of the recoil ions associated with beta rays of known energy in the 
beta decay of Ne has been measured. For the coefficient \ in the theoretical distribution in the cosine of 
the angle between the outgoing electron and neutrino, [1+-A(v/c) cos@}, we find a value of \= +-0.14+0.13, 
suggesting that the Fermi component of the beta decay interaction is scalar. 


INTRODUCTION 


EASUREMENTS of the electron-neutrino angu- 
lar correlation coefficient for the beta decay of 
He® have shown that the Gamow-Teller component of 
the beta-decay interaction is tensor.'? In the experi- 
ment reported here, the angular correlation coefficient 
is measured for the decay of Ne” (which can have a 
mixture of Gamow-Teller and Fermi-type interactions) 
in order to determine whether the Fermi component is 
scalar or vector. When an atom undergoes beta decay, 
there are three quantities that can be measured (if the 
neutrino is not detected)—the energy of the beta 
particle, the energy of the recoil ion, and the angle @ 
between these two. In the experimental arrangement 
used for this experiment, the distribution in kinetic 
energy of the recoil ions associated with beta rays of 
known energy was measured. Because of the geometry 
of the experiment and the relatively high energy of the 
beta particles that were used, all possible angles @ were 
accepted. The beta-ray energy and recoil energy are 
sufficient to completely determine the decay, and thus 
to permit calculation of 6 (the angle between the direc- 
tions of the beta ray and the neutrino) for each event. 
The beta-particle energy was measured with a scintilla 
tion counter and the associated recoil-ion kinetic energy 
was determined by measuring the time delay needed 
after the beta pulse for the recoil ion to traverse a known 
drift distance and hit the first dynode of an electron 
multiplier tube. 
Previous experiments’ have indicated that the Fermi 
component of the beta-decay interaction is scalar, and 
our results strengthen this conclusion. 


PRODUCTION OF NEON-19 


Ne” was produced by the (p,m) reaction on F", by 
bombarding tightly packed 0.001-inch-thick lathe turn- 
ings of Teflon with about 10-* ampere of 32-Mev 
protons from the UCRL 40-foot linear accelerator. The 
active gas diffused in an approximately 10-*-mm Hg 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
( of S. Allen and W. K. Jentschke, Phys. Rev. 89, 902(A) 
1953). 

2B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955). 

*W. P. Alford and D. R. Hamilton, Phys. Rev. 95, 1351 
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‘Maxson, Allen, and Jentschke, Phys. Rev. 97, 109 (1955). 


vacuum from the bombardment target through a liquid 
nitrogen-cooled charcoal trap (which pumps air and all 
impurity activities except He and Ne) and through 
about 15 feet of 1-inch-diameter copper tubing to the 
recoil chamber and counting apparatus outside the 
shielding wall. 

Decay curves taken with the beta counter and with 
the recoil-ion counter both indicated a single activity, 
with a half-life in agreement with the published value 
of 18.5+0.5 seconds. The purity of the activity, as 
judged from the decay curve, was better than 99%, 


RECOIL CHAMBER AND COUNTERS 


Figure 1 shows the recoil chamber, the beta scintilla 
tion counter, and the recoil-ion counter. A good event 
was a Ne’ beta decay which: (a) occurred inside the 
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good source volume (between the foil on the scintillator 
and the movable foil), (b) sent the recoil ion through 
one of the holes of the perforated plate in a direction to 
pass through the grid-covered hole in front of the recoil- 
ion counter, and (c) had a beta-particle energy> 1.4 
Mev. Betas of this high energy have two or more times 
the momentum of the associated neutrino, and so go 
within 30° of the opposite direction from the recoil ion. 
Because of the geometry, such beta rays were certain 
to hit the scintillator, for all values of @. 

The perforated plate was an aluminum plate 0.015 in. 
thick with 0.006-in. diameter closely spaced holes drilled 
through in a circular region, centered on the axis of the 
counters. This plate offered impedance to the flow of 
Ne™ gas from the good source volume to the drift 
space, so that the diffusion pump, which pumped on 
the drift space and discharged into the good source 
volume, could maintain an active gas density about 
1/100 as great in the drift space as in the good source 
volume. (This was determined by pressure measure- 
ments using stable Ne.) 

The charcoal pump maintained the air pressure at 
about 3X10~* mm Hg in the ‘drift space and about 
210-* mm Hg in the good source volume. 

The movable foil was used to subtract the background 
of delayed coincidences due to decays in the drift space. 
With the foil “open,” decays in the good source volume 
and the drift space could cause delayed coincidences ; 
with the foil “closed,” delayed coincidences due to 
decays in the good source volume were prevented 
because the ions could not penetrate the 0.0005-in. 
thick aluminum foil. However, decays in the drift 
space could cause delayed coincidences, since their beta 
rays could penetrate the foil. A gas conductance path, 
large compared with the gas conductance of the per- 
forated plate, was provided around the movable foil 
so that the density distribution of Ne” atoms was 
nearly the same with foil open or closed. The small 
change in the density distribution was measured by 
using stable Ne at low pressures, and the data were 
corrected for this. 

The energy scale and energy resolution of the beta 
counter were determined by measuring the pulse-height 
distribution of Compton-electron pulses from the 1.28- 
Mev vy rays of Na®. The position of the Compton 
edge gives the energy scale, while the width of the 
edge may be used to determine the energy resolution. 
A more direct calibration was obtained by measuring 
the pulse-height distribution produced by monoenergetic 
electrons from a small magnetic spectrograph. This 
agreed well with the Na®* method. The more convenient 
Na** method was therefore used for occasional checks 
of resolution and energy scale as the experiment pro- 
ceeded, The full width at half maximum of the pulse- 
height distribution due to monoenergetic particles was 
about 20% of the mean energy. 

These calibrations did not measure effects due to 
counting of the Ne” annihilation quanta. These were 
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approximately taken into account by calculation in 
preparing the theoretical curves of Fig. 2, and proved 
to be quite small. 

The recoil-ion counter consisted of the electron- 
multiplier structure of a Dumont 6292 phototube, 
obtained by cutting off the photocathode end of the 
glass envelope. The cylindrical envelope was then 
waxed into a metal groove. After evacuation, the 
dynodes were reactivated by heating to a dull red with 
an induction heating coil. A potential of 2.5 kilovolts 
was applied between the grounded grid (Fig. 1) and 
the first dynode.® A fluorothene plug and socket was 
used on the recoil counter to minimize leakage pulses. 
The recoil-ion counter was tested with positive ions or 
electrons that could be obtained by heating a thin 
tungsten filament in the drift space. The pulse-height 
discriminator was set at 4 the maximum height of the 
pulses due to a single electron leaving the first dynode 
(as determined by bombarding it with ions of very low 
energy). Typical recoil-ion pulse sizes were much larger 
than this. The sensitivity of the counter to recoil 
energy of the recoil ions was not measured, but should 
be smal] because the number of secondary electrons 
released by ions in this energy range is proportional to 
the ion energy, while the energy of the ions after 
acceleration varied only from 2.5 kilovolts for a recoil 
of zero initial kinetic energy, to 2.7 kv for a recoil of 
200-ev initial kinetic energy. 

After amplification, the pulses from the beta counter 
and from the recoil counter were sent to a mixing circuit, 





(COS 8) opaRENT 

Fic. 2. Distribution in cosé of Ne™ beta-decay events. Solid 
rectangles give the measured distribution in cos@, with random 
background and foil-closed background subtracted. The dotted 
rectangles are the foil-closed background with foil-closed randoms 
subtracted, and the solid curve labeled R is the foil-open random 
background. The height of the rectangles is two times the standard 
deviation. The solid curves are theoretical, with instrumental] 
resolution folded in, for various values of X. 


* This grid was a double grid, yy designed to minimize 
leakage of the high accelerating field into the field-free drift 


space. 
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the output of which triggered the sweep of a Tektronix 
517 oscilloscope if the recoil pulse was between —0.6 
and +3.4 microseconds after the beta pulse. The 
amplified pulses were also delayed and applied to the 
two vertical plates of the oscilloscope. A 35-mm strip 
camera photographed the pairs of pulses. The pulses 
were displayed in a film viewer, and for each pair of 
pulses the height of the beta pulse was measured to 
give the energy of the beta particle, and the time delay 
of the recoil pulse after the beta pulse was measured to 
give the energy of the recoil ion, The random-coinci- 
dence background was measured by a separate scaler 
and mixer circuit which counted the recoil pulses that 
occurred between 40 and 80 microseconds after each 
beta pulse. 


THEORETICAL CURVES 


The distribution in cos@ may be determined in a 
simple way from the beta-ray energy W and the recoil 
energy E. If pis the beta-ray momentum, q the neutrino 
momentum, and R the recoil momentum, then by 
applying the low of cosines to the momentum triangle 
for the decay, we have 


R*= p*+¢°+2pq cos8, 


Re pita’ pq 
E=—=——+— cosd=a+6 cos@ 
2@ 2M M 


(M =recoil-ion mass), 


where a, 6 are essentially constants for fixed beta-ray 
energy. The recoil energy is thus a linear function of 
cos6. 

The theoretical distribution expected is of the form 


v 
f(0)dQ= (1 +r cost at 
c 


Here »v and ¢ are velocities of the beta ray and of light. 
For such an expression, the distribution in recoil 
energy, for a fixed beta-ray energy, has a simple form. 
It is different from zero only between an upper and a 
lower recoil energy limit (at which limits cos#=-+1). 
The distribution of recoil energies is a linear function 
of recoil energy between these limits. The upper and 
lower recoil energy limits depend, however, on the 
beta-ray energy. 

In preparing theoretical curves, the recoil-energy 
distributions for each beta-ray energy are first averaged 
over the energy resolution of the beta counter, and over 
the distribution in drift distances from different parts 
of the good source volume, to yield a distribution in 
apparent recoil energy for fixed beta-counter pulse size. 

A convenient way to combine the data taken at 
different beta-ray energies is to replot the theoretical 
curves versus the apparent value of cos#, rather than 
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Fic. 3. Determinations of \ for Ne”. 


recoil energy. Since cos@ varies between the same limits 
for all curves, the contributions from different beta-ray 
energies may simply be added to yield a theoretical 
distribution in the apparent value of cos@. (Since the 
apparent recoil energy can exceed the true energy, 
because of instrumental resolution, the apparent value 
of cos@ can exceed the limits on cos@ of +1.) The theo- 
retical curves of Fig. 2 were obtained in this way. The 
curve for A\=0 becomes a rectangle with edges at 
cosé= +1 for infinitely good instrumental resolution, 
and therefore its deviation from this form measures 
the resolution of the apparatus. 


RESULTS 


The experiment was run for approximately five 
16-hour days, alternating between “foil open” and ‘‘foil 
closed” about every 25 minutes. After the film was 
read to give the beta energy and recoil-ion time delay 
for each pair of pulses, the data were divided into eleven 
equal beta-energy windows between 1.4 and 1.9 Mev. 
Each of these sets of data was analyzed separately by 
calculating the recoil-ion delay times for the edges of 
cos windows, each 0,25 unit wide, for a decay in which 
the beta particle had the mean energy for that beta 
window, and counting the number of delay times that 
fell in each of these cos@ windows. Finally, the data for 
the eleven beta-energy windows were added, to form a 
distribution in cos@ including all the data. This pro- 
cedure was carried out for all the “foil open” data and 
for all the ‘foil closed” data, the random count as 
deduced from the random scaler was subtracted from 
each, and then the ‘foil closed’”’ data were subtracted 
from the “foil open” data. Figure 2 shows the measured 
distribution, and also shows the “foil closed” back- 
ground and random background. 

A least-squares fit of the theoretical curve to the data 
of Fig. 2 gives \= +0.14+0.13. For the tensor-vector 
interaction, we have +4<A< +1 and for the tensor- 
scalar combination, ~1<4A<+4, so that the result 
given suggests that the Fermi component of the beta 
decay interaction is scalar, in agreement with previous 
determinations.** None of the three determinations of 
overlap, but a weighted average of our result with that 
of Allen et al.4 agrees well with the expected value for 


tensor plus scalar of —0,054-0.05, and neither is in 
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serious disagreement with it (Fig. 3). (The expected 
values for T,.S and 7, V are arrived at by using the 
Ne” and O" ft values.)®7 

It has been pointed out to us by Dr. J. S. Allen that 
our apparatus may have been partly sensitive to neutral 
recoils, Since the detection efficiency for neutrals would 
be expected to increase with increasing kinetic energy 
of the neutral atom, this effect, if present, would bias 
our data toward more positive values of }. The con- 


*S. R. de Groot and H. A. Tolhoek, Physica 16, 456 (1950). 
1 J. B. Gerhart, Phys. Rev. 95, 288 (1954). 
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clusion that the Fermi component of the beta inter- 
action is scalar is unaffected, since it depends on )’s 
being less than +4. 
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The value of coherent scattering amplitudes, coherent cross sections, and scattering cross sections for 


bound nucleus for thalium and osmium are given. 


INTRODUCTION 


HE coherent neutron scattering amplitude of 

thallium reported previously! was determined 
from the total neutron cross-section curve of the poly- 
crystalline compound TIBr obtained as a function of 
neutron energy. The curve contained cross section 
peaks in the energy range of 0.001 to 1.0 electron volt, 
that were due to coherent scattering of neutrons from 
various crystalline planes. From analysis of the curve 
the magnitude of the scattering amplitude was found 
to be (0.75+0.08)10~" cm and was based on the 
then known value’ of the scattering amplitude of 
bromine as 0.56 10~-" cm. The latter value has been 
shown to be low.’ The compound TIBr has therefore, 
been restudied with improved neutron diffraction 
techniques and the coherent scattering amplitude of 
thallium has been measured by a comparison with that 
of nickel as a standard. The coherent scattering ampli- 
tude of osmium has been also measured by the same 
method for the first time. 


EXPERIMENTAL 


Neutron diffraction patterns were made from cylin- 
drical samples by the techniques described elsewhere‘ 
and the scattering amplitudes were calculated by the 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

' Winsberg, Meneghetti, and Sidhu, Phys. Rev. 75, 975 (1949). 

* E. Fermi and L. Marshall, Phys. Rev. 71, 666 (1947). 

*C. G. Shull and E. O, Wollan, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 137 

* Sidhu, Heaton, and Zauberis, Acta Cryst. 9, 607 (1956). 


method described by Shull and Wollen.** This method 
is based upon the measurement of the integrated in- 
tensities of the diffraction peaks of a sample whose 
crystal structure is either known or determined 
first, and which contains the element for which the 
scattering amplitude is to be determined. For a pow- 
dered cylindrical sample the integrated intensity, 
Pixi/Po from a set of Akl planes is given by the 
expression : 


ee! i 
aN f- ——F at’ (O)e Aus, (1) 
Po po _sin@ sin’6 


where /’y is the intensity of the incident monochromatic 
beam, and K is a constant of the experiment and in- 
cludes the geometry of the spectrometer as well as the 
neutron wavelength and the volume of the sample in 
the beam. The value of K is determined by using a 
nickel powder sample as a standard. The value of 
p’/po, the “packing” of the samples, was determined 
from the measured density p’ of the samples and the 
true or the solid specimen density po, which was calcu- 
lated from the atomic weights of the elements com- 
posing the crystal and its known crystal structure. N., 
the number of unit cells per cubic centimeter, was 
calculated from the reciprocal of the volume of the 
unit cell of the structure. /,,;(0) is the structure factor 
when siné/A=0, and is a function of the nuclear scat- 
tering amplitudes; and W is the Debye-Waller tem- 
perature factor. The absorption correction factor A jx: 


§C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
* FE. O. Wollan and C. G. Shull, Phys. Rev. 73, 822 (1948). 
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is a function of ur, where wu is the linear absorption 
coefficient and r the radius of the sample. The values of 
ur for each sample were measured by employing the 
intensity of the strongest peak of nickel. The spec- 
trometer was aligned so that the diffraction peak was 
incident into the detector through a 1X 20-mm cadmium 
slit. The detector counts were taken with and without 
the sample being in the path of the diffracted beam for 
the same length of time. These values were substituted 
in the expression 

(2) 


N’ being the number of counts with the sample in the 
beam and No without one. With values of ur thus 
determined, the values of A,,; were taken from the 
tables.’ 

Equation (1) may be rewritten as follows: 


Mu?r= K* Fy? (0) exp ( — 28 sin’ /)*) 
Mx 


or 
KF xi(0) exp(—B sin’0/d?*), 
where 

po sin sin’6 Pry: 

Mit 

p’ N. Thkl Po 

and 
W = 6 sin*6/d?. 


K was determined for the standard sample of nickel by 
substituting the measured values of the factors included 
in Max: in Eq. (3), and by rewriting the equation in 
the form 


InMixni=InKF(0)—B sin?0/d? (4) 


and determining the intercept, InK/’(0) by least squares 
methods. The experimental value of AK/'(0) obtained 
above is then placed equal to the calculated value 
K X4byx; in which the structure factor / (0) for a face- 
centered cubic structure consisting of all alike atoms 
is 4by;, and the numerical value of the constant K is 
obtained. 

The procedure for determining the value of the 
structure factor of the other samples is similar to that 
for determining the constant A, except that the meas- 
ured values M,,; are divided by K and the equation 


Fic. 2. Neutron diffraction 
pattern of TIBr; \=1.2636 A 
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Fic. 1. Structure factors of nickel, thallium, bromide, and osmium 
as functions of (sin@/d)* 


(4) is rewritten as 


In(M yer/K)=In! Pyar)! = In| Payys(0)| —B sin?0/d*. (5) 


For sets of crystalline planes which have the same 
F(0)| values, a plot of In| Pyxi| versus sin*/d* is a 
straight Fini(O) (Fig. 1). 
|Fixi(O)| can be expressed in terms of the scattering 


line whose intercept is 


amplitude, 6, of the elements composing the crystal 
and hence 6 can be determined 


RESULTS 
Thallium Bromide 


The structure factors for thallium bromide 
determined from the measured values of the integrated 
intensities of the neutron diffraction peaks as shown in 
the pattern (Fig. 2). Since this compound crystallizes 
in a CsCl type structure with Tl at (000) and Br and 


were 


(4 4.4) positions in the unit cell, the expression for its 


structure factor is: 
Fixi(O 


britbper nthe! 


from which it follows that (0) = bpi-bp,, depending 
upon whether the sum /+-&+/ is even or odd. Figure 1 


a a, ee | 
ANGLE 26 


7G. E. Bacon, Neutron Diffraction (Clarendon Press, Oxford, 1955), p. 91 
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Fic, 3, Neutron diffraction pattern of osmium; \= 1.2636 A. 


shows the plot of the observed values of |Fy4:| for 
h+-k+l even reflections. The value of Fy,,(0) as deter- 
mined by least-squares analysis is 1.558 10~" cm. If 
the value of the scattering amplitude of bromine, bdp,, 
is taken to be 0.67 10~" cm, then the following values 
for thallium are obtained: 


coherent scattering amplitude, bp; =0.89X 10~" cm; 
coherent cross section, oo, = 10.04 barns; 


Scattering cross section for bound nucleus, 
o,= 10.14 barns. 


Osmium 


The integrated intensities of diffraction peaks were 
obtained from a neutron diffraction pattern of osmium 


as shown in Fig. 3. The expression for the structure 


factor of a closed-packed hexagonal structure of Os with 
the atomic coordinates of (000) and (4 4 4) is: 


| 2h+k 1y) 
Fini= bos} 14 exp| 2 + ) |} (6) 
| gay 


Four absolute values of the structure amplitude 

Fyx(0)|, that are possible from four groups of Akl 
planes, are: 

for / even, 2h+k=3n: 

for / even, 2h4+-k#¥3n: 

for 1 odd, 2h+-k=3n: 

for | odd, 2h+-k#¥3n: 


| F(0)| =2os; 

| F(0) | = bos; 
|F(0)| =0; 

| F(0)| = (3)'bos, 


where n is any integer. The plot of the measured values 
of |Fxx:| for the three observable sets of reflections is 
shown in Fig. 1. The intercepts as determined by least- 


squares analysis for these sets are 
2bo,= 2.150 10-" cm, 
os= 1.085X 10~" cm, 
(3)'bog= 1.874 10-? cm. 
The neutron scattering data for osmium obtained from 
above are 
coherent scattering amplitude, bo,= 1.08 10~" cm, 
coherent cross section, geo, = 15.20 barns, 
scattering cross section for bound nucleus, 
o,= 15.36 barns. 
DISCUSSION 
The value of the scattering amplitude of thallium 
reported previously was obtained from the data! given 
in Table I. The average value of F,,/?/4m is 0.036 10-™ 
Taste I. Structure factors and multiplicity factors of TIBr. 


IP rei®/4n 
(107% cm?) 


Miller indexes 


(hkl) j Paut®/4n 


100 6 0.2 : 
11 . (bri—bp,)? 0.3 
210 24 09 


20.6 
10.3 
41.3 


110 12 
200 6 
211 24 


(bri +-bp,)* 


cm? when h+k+1 is odd, and 1.72K10~* cm? when 
h+k+l is even, the ratio of (br;+bp,)*/(bri—bp,)? 
being equal to 47.78. When the same value of bp, as 
used above, i.e., 0.67 10~" cm, is substituted in this 
ratio, the value obtained for by; is 0.89710~" cm. 
This value compares favorably with the value obtained 
from the present study. 
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Elastic Scattering of Protons by N'“t 
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S. Mozer, T. S. Wess, W. A. Fower, anp C. C. LAURITSEN 
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(Received September 28, 1956) 


The cross section for the elastic scattering of protons by N' has been measured at center-of-mass angles 
of 90°, 125°, 154°, and 160° for proton energies between 620 and 1820 kev. Anomalies were observed at 
1054+3, 154446, 173744, and 179945 kev. If one assumes that the nonresonant cross section results from 
only s-wave potential scattering, the assignments J = 3/2* at 1054 kev and J = 1/2* at 1544 kev are deduced. 
Fitting of the 1737-kev anomaly has not been found possible if one assumes a pure s-wave background. 
This uncertainty in background also prevents a definitive analysis of the 1799-kev data. However, qualitative 
theoretical fits of the 1799-kev data are obtained for p-wave formation of either a J = 1/2> or 3/27 state. 


I, INTRODUCTION 


HE study of the elastic scattering of protons by 

N* is of interest in connection with the infor- 
mation which may be obtained regarding excited states 
of the compound nucleus O!°, Several levels in O!* in 
the present energy range have previously been reported 
by Duncan and Perry! from the study of N“(p,y), and 
investigations of the elastic scattering at proton energies 
above 1 Mev have recently been reported by Tautfest 
et al.,? Gove et al.,* and Ferguson et al.‘ A preliminary 
report of the present results has previously been given.® 


II. EXPERIMENTAL PROCEDURE 


Protons were accelerated by the 2-Mev electrostatic 
accelerator at this laboratory and were analyzed by an 
80-degree electrostatic analyzer which maintained the 
beam homogeneous in energy to better than 0.19%. The 
proton beam was scattered from targets placed at the 
object position of a 180-degree double-focussing mag- 
netic spectrometer which is so mounted as to allow a 
continuously variable scattering angle from 0 to 160 
degrees with respect to the incident beam direction. 
The scattered protons were detected by a cesium iodide 
scintillation counter placed near the exit slit of the 
magnetic spectrometer. The calibration of the apparatus 
has previously been described in detail.* 

Thin-target yields were obtained from the thick 
targets by observing a given interval of the momentum 
spectrum of the scattered protons using the magnetic 
spectrometer. This technique. has been previously dis- 
cussed by Brown et al.’ and Snyder et al.* who give the 
appropriate expressions for obtaining the cross section 


t Sappeeied in part by the joint program of the Office of Naval 


Research, and the U. S. Atomic Energy Commission. 

1D. B. Duncan and J. E. Perry, Phys. Rev. 82, 809 (1951). 

? Tautfest, Havill, and Rubin, Phys. Rev. 98, 280(A) (1955); 
and G. W. Tautfest and S. Rubin, Phys. Rev. 103, 196 (1956). 

3 Gove, Ferguson, and Sample, Phys. Rev. 93, 928(A) (1954). 

‘Ferguson, Clark, Gove, and Sample, Chalk River Project 
Report PD-261, 1956 (unpublished). 

6 Webb, Li, and Fowler, Phys. Rev. 92, 1084(A) (1953). 

* Webb, Hagedorn, Fowler, and Lauritsen, Phys. Rev. 99, 138 
(1955). 

7 Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 
(1951). 

§ Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 852 
(1950). 


and reaction energy. It should be noted that this 
technique is practical only for solid target material 
which contains no extraneous nuclei heavier than those 
from which the scattering is to be observed. 

The preparation of such nitrogen targets presented a 
considerable problem. Attempts were made to use 
ammonia (NHs;), lithium nitride (LisN), beryllium 
nitride (Be;N2), and adenine (CsNsHs). Of these, LisN 
is extremely unstable to decomposition under the action 
of water and proved to be of no value as a target 
material. Solid ammonia targets, frozen on liquid nitro- 
gen cooled rods, failed because of target contamination 
and deterioration under bombardment. Since the yields 
from various beryllium nitride targets differed by as 
much as 20%, the composition of such targets was 
uncertain, making them unsuitable for measuring abso- 
lute cross sections. Evaporated adenine targets pro- 
duced yields reproducible to within 3% and withstood 
prolonged bombardment by one microampere beams. 
For this reason the absolute normalization of all the 
cross section data was done with this type of target. 

In addition to these thick targets, considerable use 
has been made of thin targets prepared by the bombard- 
ment of a clean beryllium surface with a nitrogen ion 
beam of several kilovolts energy.’ By using 10-kev 
nitrogen ions a target 1 kev thick to 1.7-Mev protons 
was produced and was used in the investigation of the 
regions near 1.05 Mev and 1.7 Mev to 1.8 Mev. Twenty- 
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Fic. 1. The elastic scattering of protons by N™ at 6... 154°. 
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Fic. 2. The 1054-kev resonance in N(p,p). The solid curve 
is the theoretical fit for s-wave formation of a 3-kev wide 
J = 3/2* state 
kev nitrogen ions produced targets 2 kev thick to 
1.7-Mev protons and were used for the other thin 
target measurements, 

The primary disadvantage in the use of thin targets 
prepared in this way is the fact that the nitrogen con- 
tent is not precisely known and absolute cross section 
values cannot be determined. The relative thin-target 
cross sections, normalized to the thick-target data of 
Fig. 1, were obtained from the peak yield of the mo- 
mentum profile in the manner discussed by Brown et al.’ 

To obtain the absolute scattering cross section from 
the thick-target yield, the stopping cross section for 
protons per N'* nucleus in adenine was needed. This 
quantity was calculated by adding the stopping cross 
sections of carbon, nitrogen, and hydrogen. The carbon 
and nitrogen stopping cross sections were obtained from 
the stopping cross section formula,” with the K-shell 

“H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 


edited by E. Segre (John Wiley and Sons, Inc., New York, 1953), 
Vol. I, Part IT, 
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Fic. 3. The 1544-kev resonance in N'(p,p). The solid curve 
is the theoretical fit for s-wave formation of a 34-kev wide 
J =1/2* state. 


correction term Cx calculated from the values given 
by Walske."! 

Mather and Segré'* have measured the carbon ioniza- 
tion potential to be 74.4 volts, and the values for the 
stopping cross section computed using this ionization 
potential agree well with the carbon stopping cross 
sections below 600 kev given by Reynolds, Dunbar, 
Wenzel, and Whaling,” which are average values ob- 
tained by subtracting the hydrogen contribution from 
the measured stopping cross sections of several hydro- 
carbons. The nitrogen stopping cross section has been 
measured below 1.0 Mev by Chilton, Cooper, and 
Harris" and below 600 kev by Reynolds et al. In the 
region of overlap, these measurements are in good agree- 
ment, and from them, an ionization potential of 90 volts 
was deduced. By applying the appropriate conversions, 
the stopping cross section for protons in hydrogen was 
obtained from the stopping cross section for alpha 


"M. C. Walske, Phys. Rev. 88, 1283 (1952). 

R. Mather and E. Segré, Phys. Rev. 84, 191 (1951). 

4 Reynolds, Dunbar, Wenzel, and Whaling, Phys. Rev. 92, 742 
(1953). 

4 Chilton, Cooper, and Harris, Phys. Rev. 93, 413 (1954). 
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particles in hydrogen as measured by Mano.'® Reynolds 
et al. have measured the stopping cross section in 
hydrogen for protons of energies less than 600 kev, and 
the values given by Mano are in excellent agreement 
from 500 to 600 kev after the appropriate conversion 
has been made. 

The final normalization of the cross section was done 
at an incident proton energy of 1149 kev. The stopping 
cross section per N" nucleus for protons in adenine was 
required at incident and scattered proton energies of 
1149 and 875 kev, respectively. The values used were 
9.89X 10~!® ev-cm? and 11.87 107" ev-cm’. 


Ill, EXPERIMENTAL RESULTS 


The results of these investigations are presented in 
Fig. 1 as the observed cross section for proton energies 
from 0.62 to 1.82 Mev at a center-of-mass scattering 
angle of 154°, and in Figs. 2 through 5 as the ratio of 
the observed cross section to the Rutherford cross 
section at angles of 90°, 125° and 154° or 160°, at 
energies near the 1054, 1544, 1737, and 1799-kev 
resonances. 

The cross section for the elastic scattering of protons 
by N"™ has been obtained from the calibrations of the 
magnet acceptance solid angle and resolution, counter 
efficiency, and current integrator firing charge, as deter- 
mined by the assumed Rutherford scattering of protons 
in copper. The ratio of the yield of elastically scattered 
protons from the nitrogen in a thick adenine target to 
that from copper in a freshly evaporated copper target 
at a scattering energy of 1149 kev and center-of-mass 
scattering angle of 154° resulted in a value of 128 
millibarns/steradian for the nitrogen cross section. The 
4% uncertainty in the stopping cross section of protons 
in copper thus contributes to the total uncertainty in 
the nitrogen absolute cross section determination. Con- 
sidering the stopping cross sections of protons in carbon, 
nitrogen, and hydrogen known to within 4%, the 
stopping cross section per N™ nucleus for protons in 
adenine is uncertain by about 6%. Sufficiently large 
numbers of counts were taken to make statistical un- 
certainties negligible, as was the 0.39% uncertainty in 
the firing voltage of the current integrator. The uncer- 
tainties in stopping cross sections, when compounded 
with the probable errors in the energy and angle 
measurements and with the variations of the different 
adenine targets, result in a total uncertainty of 8% in 
the elastic scattering cross section given above. 

Measurement of the carbon yield from the thick 
adenine targets resulted in independent verifications of 
two assumptions implicit in the determination of the 
absolute nitrogen cross section. Since the ratio of the 
carbon to nitrogen elastically scattered proton yields 
remained constant both under bombardment and from 
one target to another, the possibility of the deterioration 
of the adenine during evaporation or bombardment has 


‘6G, Mano, Ann. Phys. 1, 407 (1934). 
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been eliminated, thereby justifying the use of CsNoH, 
as the chemical composition of the target material. In 
addition, the elastic scattering cross section for protons 
by carbon has been calculated from the carbon yield. 
The result of this calculation is 198 millibarns/steradian 
at a center-of-mass scattering angle of 154.2° and a 
scattering energy of 1149 kev. This is to be compared 
with 203 millibarns/steradian'® reported by Jackson 
et al.!7 This agreement demonstrates the validity of the 
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Fic. 4. The 1737-kev resonance in N"“(p,p). 


‘© This value was obtained by interpolating in angle from the 
published graphs and is uncertain by about 6%. 

'T Jackson, Galonsky, Eppling, Hill, Goldberg, and Cameron, 
Phys. Rev. 89, 365 (1953). 
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Fic. 5. The 1799-key resonance in N"(p,p). The solid and 
dashed curves are respectively the fits for p-wave formation of 


4-kev wide J =1/2°> and J=3/2> states. 


assumptions made in order to establish the stopping 
cross section for protons in adenine, 

For other energies at a center-of-mass scattering 
angle of 154°, the cross sections were measured relative 
to the one chosen for normalization to an accuracy of 
about 1%, using thick targets. Using thin targets, the 
cross sections at 125° and 90° were measured relative 
to that at 154° to an accuracy of about 6% and 11%, 
respectively. 

The absolute value of the cross section is of consider 
able importance in analyzing scattering data, so it is 
significant to compare this quantity as determined by 
the present experiment with other measurements. 
Table I presents this comparison at three energy regions 
in which the nonresonant cross section is changing 
relatively slowly. 

Reasonable agreement is seen to exist between the 
present experiment and the data of Ferguson ed al.,‘ 
while the data of Tautfest and Rubin*® appears con- 
sistently low. Earlier measurements made in this 
laboratory were in better agreement with Tautfest and 
Rubin, but this was a result of normalizing with the 
NH, and Be,N; targets. It is currently believed that 
the chemical composition of these targets was different 
from that assumed, resulting in the use of incorrect 
stopping cross sections. As pointed out above, data 
from neither BesNz nor NH, were reproducible, imply- 
ing that there were significant chemical variations. 

In addition to differences in the absolute normaliza- 
tion, the data reported herein differ from those of the 
other observers in the size of the anomalies reported 
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at 1054, 1737, and 1799 kev. Unfortunately, this 
difference is possibly a compounding of two effects. 
The first of these two is that changing the absolute 
normalization changes the measured anomaly size pro- 
portionately. 

The second effect is the decrease in anomaly size 
caused by finite energy resolution. The magnitude of 
this effect has been calculated in reference 6 for a 
square energy-resolution window. It is of interest for 
the consideration of narrow resonances to plot the 
decrease of experimental anomaly size that results from 
this effect. In this plot the same notation as in refer- 
ence 6 will be used except for the substitution of 
Eq. (1) of this paper, given below, for Eq. (B1) of the 
above reference. These two equations are equivalent 
expressions of the differential scattering cross section 
uncorrected for effects of finite resolution. This change 
of equation requires that the c=a/b of reference 6 be 
replaced by c= |.S/A|. Figure 6, which is a graph of 
Eq. (B7) of reference 6, demonstrates the variation of k 
with @ for various values of |.S/A|, where k is the 
fractional decrease in anomaly size resulting from 
finite energy resolution and al’ is the full energy resolu- 
tion window width, I’ being the true width of the 
resonance in question. 

It is clear from Fig. 6 that substantial decreases in 
anomaly size may result from finite energy resolution. 
One must therefore be exceedingly careful in using the 
experimentally measured size of an anomaly in making 
an analysis of elastic scattering data if the resonance is 
not definitely known to have a width of at least a few 
times the window width. During the present experi- 
ment, the window width, estimated from the thickness 
of the targets and from the energy spread of the incident 
proton beam, was between one and two kev in the 
energy region between 1.0 and 1.8 Mev. 

The experimental results are tabulated in Table II 
which also lists the various parameters of the excited 
states of O' as determined by the following analysis. 
Ep is the resonance energy in Mev in the laboratory 
system for the incident protons on an N*™ target nucleus. 
E£(O"**) is the excitation energy in Mev of the corre- 
sponding excited state in O' and I is the observed 
resonance width in kev in the laboratory coordinate 


TABLE I, Comparison of absolute cross sections. 


Ey (kev) @ (cm) da/dQ (mb/sterad) Observer 
Tautfest and Rubin*» 
Present experiment 
Tautfest and Rubin 
Ferguson et al.* 
Present experiment 
Tautfest and Rubin 
Ferguson et al. 
Present experiment 


138 
155+12 
100 
121.645.7 
119+9 
104 
113.343.7 
112+9 


152° 
154° 
152° 
155.2° 
154° 
152° 
155.2° 
154° 


900 

900 
1316 
1316 
1316 
1679 
1679 
1679 


* The data from Tautfest and Rubin have been taken from the published 
graphs, making the third digit questionable. 

» See reference 2. 

* See reference 4, 
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system. The tabulated results indicate some differences 
in Er and Tl from those of Duncan and Perry! as ob- 
tained from N"(p,y). Their energy scale would seem to 
be approximately 1% too high and the larger values 
for the widths seem to suggest somewhat poorer energy 
resolution in their experiments. 

In the last columns of Table II, 6? indicates the 
fraction of the single particle limit for the width of each 
level as calculated from the measured width and the 
curves of Christy and Latter.'* The letters in paren- 
theses indicate the / value for which 6? is calculated. 
The quantity wl’, is the product of the statistical factor 
and radiation width, and is determined from the data 
of Duncan and Perry! corrected to the resonance widths 
determined in this experiment. The product is divided 
into the two separate factors in the cases where the 
assignment has been suggested by this experiment. 
Also given are the / values for the proton capture by 
N" and the spin and parity (J,r) for each state where 
determined. 


IV. ANALYSIS OF THE EXPERIMENTAL RESULTS 


In the region of isolated single resonances the theo- 
retical ratio of the differential elastic scattering cross 
section to the Rutherford cross section may be ex- 
pressed as: 


) 
= B(E,0)+A(£,9) siné cosd+S(E,0) sin’, (1) 


where the resonant phase shift 6 is given by 


Er-E 
cots=———-, 
r/2 
and 

dop/dQ= (0.06350/E*) csc4(0/2) barns/steradian, 


where E and @ are, respectively, the incident proton 
energy in Mev and the scattering angle, both measured 
in the center-of-mass system. 

In the narrow level approximation of elastic scatter- 
ing analysis, the energy variations of the nonresonant 


TABLE IT. Parameters of excited states of O'*. 


Er E (Oi) , wl'y 
Mev Mev “Vv 6% ev 


1.054 8.33 0.0029 (s 


+ 0.003 


1 x0.59 


1.544 8.79 
+ 0.006 


0.016(s) 4 X0.33 


0.00135) 
0.017 (d 


1.737 0.076 


+ 0.004 


10.45 
4 x0.90 


1.799 
+0.005 


0.0028 (p 


® Determined from the observed gamma-ray width 


4% R. F. Christy and R. Latter, Revs. Modern Phys. 20, 185 
(1948). 
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a 


Fic. 6. The decrease of the anomaly size due to finite reso- 
lution effects, where & is the fractional decrease in anomaly size 
resulting from finite resolution, and a@ is the ratio of the energy 
resolution width to true resonance width. 


scattering amplitude, de Broglie wavelength, and 
Rutherford scattering amplitude are assumed to be 
negligible over the region of the narrow resonance. ‘Thus 
the energy dependences in the background term B(/2,0) 
and the coefficients A (2,0) and S(/,0) are removed, 
As a first step in the analysis of such isolated narrow 
resonances, curves of the ratio of experimental to 
Rutherford cross sections versus energy are fitted to 
Eq. (1), assuming B(6), A(@), S(6), Ex, and I’ to be 
arbitrary parameters, values of which are determined 
by the best agreement between the above equation and 
the experiment. The second step is then to compare 
the angular variations of these experimentally deter 
mined parameters with those obtained from theory for 
various choices of the spin and parity of the resonant 
state and the nature of the background, in an attempt 
to deduce the properties of the resonant state, Since 
this fitting of m excitation curves with an equation 
similar to (1) requires the determination of 3n+2 un- 
knowns, none of the unknowns can be determined with 
a high degree of accuracy. It is for this reason that the 
widths of the narrow resonant states listed in Table II 
contain uncertainties of as much as 20%, independent 
of the previously discussed resolution effects that also 
contribute to an uncertainty in observed width. 
Throughout the following discussion of the analysis 
of the N™ elastic scattering data, it is assumed, unless 
otherwise specifically noted, that the deviation of the 
nonresonant scattering from the Rutherford cross se 
tion arises only from s-wave potential scattering. This 
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Fic. 7. The s-wave potential phase shifts as determined from 
their interference effects and contributions to the background at 
the various resonances. The dots and crosses represent the J =1/2 
and J =3/2 s-wave potential phase shifts, respectively. 


assumption introduces the two unknown s-wave poten- 
tial phase shifts 1/2 and 4/2, where the subscripts refer 
to the channel spin in which the potential scattering 
occurs, The s-wave potential phase shifts are determined 
both from their interference with the resonance ampli- 
tudes and from the nonresonance angular distributions. 
The details of these determinations will be given in the 
following discussion of the states of O'® which were 
investigated in the present experiment. 

The anomaly near 1054-kev proton bombarding 
energy exhibits interference minima at both 90° and 
125°, a behavior consistent only with at least partial 
s-wave formation,” since higher than f-waves are ruled 
out by the Wigner criterion. The predicted anomaly 
for s-wave formation of a J=3/2 state with the inter- 
fering s-wave potential phase shift 3/2 equal to —0,.08 
radian, illustrated in Fig. 2, is seen to be in reasonable 
agreement with experiment. The J=1/2 s-wave anom- 
aly size, being half that for J = 3/2, is too small. 

A plot of —d1y2 and —@a/2 versus the wave number k 
is given in Fig. 7. In this figure the points containing 
estimates of errors are deduced from the interference 
between the s-wave potential scattering amplitude and 
the resonant amplitude. The points without estimates 
of errors result from fitting the nonresonant angular 
distributions with one unknown s-wave potential phase 
shift, considering the other potential phase shift ob- 
tained from the resonance interference as known. In 
this manner @¢2 at 1054 kev was determined to be 

0.50 radian. 

The 1544-kev resonance, also displays interference 
anomalies at all angles of observation and must there- 
fore be at least partially formed by s-wave protons. 
Since the theoretical anomaly size for J = 3/2* is twice 
as large as that illustrated in Fig. 3 for J=1/2t, it is 


WR. F. 
Physica (to be published) 


Christy, Report on Amsterdam Conference, 1956, 
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concluded that the 1544-kev resonance is s-wave 
J=1/2+. The interfering s-wave potential phase shift 
¢y2 is deduced from the resonance analysis to be 
—0.47 radian. The value for 3/2 is then determined 
from this value of ¢12 and the nonresonant angular 
distribution to be —0.50 radian. The theoretical 
anomaly size being given exactly for the case of an 
s-wave resonance interfering with an s-wave back- 
ground, the agreement between experiment and theory 
at 1544 kev might be taken as confirmation of the 
absolute normalization. However, the interference be- 
tween the non s-wave part of the background and the 
s-wave resonant state may possibly be large enough to 
negate this conclusion. 

The 1799-kev resonance anomaly, being positive and 
symmetric about the resonance energy only at 90° is 
therefore likely formed by odd orbital angular mo- 
mentum protons, since only for such cases do all 
interference effects disappear at 90° unless a cancella- 
tion of interfering terms happens, by chance, to occur. 
If one assumes p-wave formation of the compound 
state, the 90° anomaly size is determined if its spin is 
1/2 or 5/2, while for J/= 3/2 the anomaly is dependent 
upon a channel spin ratio. Since the calculated J= 5/2 
anomaly is about twice that experimentally observed, 
this choice of spin for the compound state is ruled out. 
The theoretical excitation curves illustrated in Fig. 5 
are obtained for J=1/2, ¢3.=—0.32 radian and 
channel spin amplitude a32=1 (1/2 is undetermined 
because ay2=0); and for J=3/2, ¢32=—0.32 radian, 
dy2= —0.45 radian, and ag’=0.17, It should be 
pointed out that these values of channel spin amplitudes 
and potential phase shifts may be varied over rather 
large limits without altering the general character of 
the theoretical excitation curves, hence no plot of 
these s-wave potential phase shifts is included in 
Fig. 7. 

Since both J=1/2 and J= 3/2 are at least in qualita- 
tive agreement with experiment, and since the inclusion 
of the non s-wave amplitudes in the background that 
will be required to explain the 1737-kev anomaly will 
also affect the 1799-kev resonance, it is impossible to 
decide from the present experiment between the two 
possible choices for the spin of the 1799-kev state. 
However the general agreement of either assignment 
with experiment argues strongly in favor of p-wave 
formation of the resonant level. 

It has not been found possible to obtain a satisfactory 
analysis of the 1737-kev resonance excitation functions 
of Fig. 4 for any allowed pure orbital angular mo- 
mentum formation of a compound state interfering 
with an arbitrary pure s-wave background. The best 
such analysis, assuming s-wave potential phase shifts 
consistent with those obtained at neighboring reso- 
nances, occurs for d-wave formation of a J=3/2t 
state through the J=1/2 channel. These assumptions 
are consistent with experiment at the back angles but 
cannot explain the 90° anomaly. This failure is at- 
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tributable either to the fact that the compound nucleus 
is formed by an admixture of two or more orbital 
angular momenta, or that the background is not pure 
s-wave. To test the former hypothesis, an analysis was 
attempted for the assumptions of a J=3/2* state 
formed by an admixture of s-wave and d-wave protons 
interfering with a pure s-wave background. It has not 
been found possible to explain the anomaly with these 
assumptions for any combination of channel spin or 
d-wave to s-wave proton width ratios and any s-wave 
potential phase shifts consistent with those of Fig. 7. 
Since p-f admixtures or other s-d admixtures seem to 
be ruled out by the gross inability of the theoretical 
expressions representing pure s-wave, p-wave, d-wave 
or f-wave formation of states other than J = 3/2* to fit 
the experimental data, it is concluded that this failure 
results from the fact that the background is not pure 
s wave. A similar conclusion is reported by the Chalk 
River group.‘ 

That this conclusion is consistent with the analysis 
of the present data at 1054 and 1544 kev is seen by 
studying the energy variation of the s-wave potential 
phase shifts as given in Fig. 7. Through application of 
causality arguments in the absence of a Coulomb field, 
Wigner” has deduced the inequality, 


dp/dk> — R, (2) 


where R is the radius of interaction and is given by 
R= Ro(Ao'/*+ A,"*). The energy variation of the s-wave 
J = 3/2 potential phase shift between 1054 and 1544 kev 
indicates a violation of this inequality by as much as a 
factor of two, and thus the background analysis at 1054, 
and 1544 kev produces a set of questionable s-wave 
potential phase shifts. 

The possibility that the background in the region 
near 1700 kev contains a contribution from the pre- 
viously reported broad s-wave state near 2600 kev! has 
been investigated by applying a pure s-wave analysis 
to the Chalk River‘ angular distributions between 1800 
and 2900 kev in a manner similar to that reported in a 
previous article on analysis of broad elastic scattering 
anomalies.*! The conclusion from this analysis is that 
the deviation of the elastic scattering cross section from 
the Rutherford value above 2 Mev is not consistent 
with pure s-wave resonant and/or potential scattering 
since the theoretical curves based on this assumption 
could not be made to fit the experimental data. Further- 
more, the s-wave phase shifts deduced from the qualita- 
tive fitting of these data gave no indication of an s-wave 
resonance above 2 Mev. 

Thus one is forced to conclude that above about 
1-Mev proton bombarding energies, substantial amounts 
of 1>0 potential and/or resonant scattering are present 
and that the broad anomaly near 2600 kev may not 
result from s-wave formation of the compound state. 


” EF. P. Wigner, Phys. Rev. 98, 145 (1955). 
1 F. S. Mozer, Phys. Rev. 104, 1386 (1956). 
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TABLE III. Low-lying excited states of O and N". 


Width in 

Configuration Jie N'4(1*) +9 
Hole state 
(Lsaye)*(1 paye)® C1 piya)® = (1 pase)! 2 
(1 siy2)*(1 Paya)? (1 piye)* = (1 pay) _ 
(siya)? (1 Paya )® (1 Piya) = (A siya) 2 


8 
large P-wave 
small 
° small 


One-particle excitation* 

(pur) 21 *) Adeje)! 3/2*, $/2°*, 7/2°* 
(2si/2)! 1/2*, 3/2* 

(1dsy2)! 1/2*, 3/2*, §/2* 


large d-wave 
large s-wave 
large d-wave 


’ . 2 small 
4 small 
° , 3/2 emall 


(Pisa) 2(0* ) (1 dea)! 5 
(251)! 1 
(1days)! s] 


Four-particle excitation 


(A siya)*(1 pays)? (1d, 25) 
(Lsiye)* (1 paye)* (1d, 25)4 


small 


3/2 
1/2* small 


Total number of states 


State 1/2* 3/2* $/2° 


Number 2 6 5 4 19 in all) 


* Excitation to 2s or 1d configurations only 


Until the question of the background analysis in this 
energy region is settled, the determination of the spins 
and parities of the narrow levels, the amplitudes of 
which interfere with this background, must remain 
somewhat in doubt. This understanding of the back 
ground scattering might be facilitated by more detailed 
measurements of angular distributions between reso 
nances in the energy region above about one Mev. 

The present results show no indication of the broad 
s-wave level reported at 700 kev by Duncan and 
Perry.' The smallest theoretical anomaly to be expected 
from such a state at a scattering angle of 154° is at 
least as large as the Rutherford cross section. No 
anomaly as large as 25°% of this value was experi- 
mentally observed. 


V. COMPARISON OF THE MASS 15 MIRROR STATES 
WITH SHELL MODEL THEORY 


It is of some interest to compare the results of the 
present analysis of the states of O'® with shell model 
theory and also with the states of the mirror nucleus 
N!®, In Table LI the low-lying states to be expected in 
O' and N'® on the basis of the shell model with spin 
orbit splitting are enumerated. The table is based on a 
slight extension of the pioneer work of Inglis** and 
follows strict 7-7 coupling only for convenience in 
enumerating the expected low-lying states. There will, 
of course, be considerable configuration interaction and 
the states will represent complicated mixtures of the 
various configurations. O'® and N'® one 
nucleon holes in the closed 1s and 1p-shells at O'*. To 
the (1pi2)~! and the (1ps/2)~! hole states discussed by 
Inglis the (15y/2)~!, 1/2+ state is added, This is in 
accordance with the expectation that an adequate 
nuclear model would take into account the raising of 
the 15s,2-shell due to the fact that the nuclear radius 
exceeds the radius of interaction with low relative 
orbital angular momentum for the four 15,/2 particles. 


1). R. Inglis, Revs. Modern Phys. 25, 390 (1953). 


represent 
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The lowest one-particle excitation states will involve 
exciting one of the 14/2 nucleons to the 1dg/z or 2512 
configurations as discussed by Inglis and also to the 
1d42 configuration. The spin-orbit splitting (~3 Mev 
from O" and F'’) in the d states leads one to expect 
the 1d4/2 excitations to be at somewhat higher energies 
than the Ids. or, in another form of expression, to 
contribute preferentially to the relatively more highly 
excited states. The two unexcited py. nucleons can 
have parallel spins (J=1*, T7=0) as in the ground 
state of N" or antiparallel spins as in the first excited 
N'** = 2.31 Mev (J=0+*, T=1). Following the 
suggestion of Christy and Fowler,™ one expects the 
lowest multiple-particle excitations to involve four 
particles rather than two or three as indicated by the 
large binding energy of Ne” compared to O'* or F™. 
The symbols (1d,2s)* in Table III indicate the lowest 
Q*-state obtainable in principle from the 1d and 2s con- 
figurations. Finally it is noted that only those states 
based on the ground state of N“, namely (1p1/2)~?(1*), 
will be expected to have large reduced proton widths in 
the N'*(p,p) or N'*(p,y) processes. Comments on these 
widths are given in the last column of Table III. 

The state at 1054-kev proton bombarding energy 
corresponds to an excitation of 8.33 Mev in O'*. This 


state, 


state may well be the analogue of the 8.57-Mev state in 
N'* for which Sharp, Sperduto, and Buechner* find /=0 
and /= 2 neutron capture in N'*(d,p’)N'*. Thus the N'® 
state is required to have J=1/2 or 3/2. Since shell- 
model theory predicts the 1d5,2. interaction to predomi- 


nate at lower energies, and since J=1/2 cannot be 


formed by this interaction, the most reasonable choice 
for the spin of the 8.57-Mev state of N' is 3/2. This 
agrees with the value of the spin of the hypothesized 


mirror level in O' as deduced from the present ex- 
periment, 
The 1544-kev resonance represents an excited state 


mR. F. 
(1954). 

“Sharp, Sperduto, and Buechner, Phys. Rev. 99, 632(A) 
(1955); and Massachusetts Institute of Technology Progress 
Report (February 28, 1955) (unpublished), p. 43. 


Christy and W. A. Fowler, Phys. Rev. 96, 851(A) 
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in O' at 8.79 Mev. It probably corresponds to the 
state at 8.32 Mev in N"* for which Sharp et al. find only 
l=0 neutron capture in the N'(d,p’)N'* stripping 
reaction. Since the 8.79-Mev state in O'* has a reduced 
width of the order of one percent of the Wigner limit, 
a reasonable major configuration for it and the 8.32-Mev 
state of N'* is (Piya) 2(O+)(2sy/2)'. 

A possible shell-model interpretation of the 1799-kev 
state (9.03 Mev in O") is obtained if the state is 
assumed to be a 3/2~ hole whose low excitation energy 
arises from the relatively large binding of two protons 
and two neutrons in the last subshell. The first 3/2- 
level in O" is probably the bound level at 6.14 Mev 
which is formed by p-wave protons in the N'(d,m) 
stripping reaction (1/2~- and 5/2~ are other possi- 
bilities on this basis however). If the 6.14-Mev state 
is 3/2-, a reasonable configuration for this level is 
(1sij2)*(1psy2)"(1pyy2)*. A rough calculation along the 
lines proposed by Christy and Fowler™ indicates that 
the energy separation between the two supposed 3/2- 
states is (Ne?°—O!*)— (O!®— C!*) = 2.40 Mev, in reason- 
able agreement with the observed value of 2.88 Mev. 
It should also be noted that the 9.03-Mev level has the 
small binding energy of 1.2 Mev for C'!+a, as might 
be expected. 

For completeness, mention should be made of the 
277-kev state in N“(p,p) recently shown to be an s wave 
J=1/2* state by R. E. Pixley of this laboratory. This 
state, at 7.61-Mev excitation in O'*, probably corre- 
sponds to the 7.31-Mev state in N'® which has been 
shown by Sharp ef al. to result from s-wave neutron 
capture in the N'(d,p’)N'* stripping reaction. These 
two states may be thought to arise primarily from the 
configuration (py/2)~?(1*) (2512) listed in Table III. 
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Disintegration of Ga’’t 
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The radiations of Ga” (21.1 min) have been investigated with beta- and gamma-scintillation spec 
trometers. The principal mode of decay is a ground-state beta transition of energy 1.65+-0.01 Mev. Study of 
the gamma spectrum has revealed two gamma rays with energies and intensities (relative to the total 
number of disintegrations) of 1.0364-0,010 Mev (0.76%) and 0.1744-0,005 Mev (0.44%). These two gamma 
rays are in coincidence. From the above facts and the results of beta-gamma coincidence studies, it is 
concluded that there are two weak beta groups with energies and intensities of 0.614-0.02 Mev (0.3%) 
and 0.44+0.02 Mev (0.5%) leading from Ga” to levels in Ge” at 1.036 and 1.21 Mev, respectively. The 
angular correlation of the two gamma rays has been measured, and the observed correlation function is in 
agreement with that expected for the spin sequence 0-2-0. A search for evidence of the 1.21-Mev electric 


monopole crossover transition yielded negative results. 


INTRODUCTION 


ALLIUM-70 (21 min) decays to the even-even 

nucleus Ge” by beta emission. The most extensive 
previous study of this isotope was made by Haynes,! 
who examined the beta spectrum with a magnetic-lens 
spectrometer. The associated Kurie plot had an end 
point of 1.65 Mev and was linear down to about 0.4 
Mev. It was not determined whether the deviation 
from a straight line below 0.4 Mev resulted from 
scattering or another beta group. Except for the obser- 
vation that there were no apparent conversion lines 
above 0.6 Mev, no gamma-ray information was ob- 
tained. 

Prior to the present investigation, it had been re- 
ported? that gamma rays of energy 1.04 and 2.0 Mev 
are associated with the decay of As” to Ge”. On the 
basis of a survey of first excited states of even-even 
nuclei,’ * Scharff-Goldhaber and McKeown‘ proposed 
that the 1.04-Mev gamma ray is a transition from the 
first excited state of Ge” to the ground state. Since it 
seemed probable that the spin of Ga” is 1+ and the 
spin of the first excited state of Ge” is 24, there was 
reason to suspect that Ga” should exhibit detectable 
beta branching to the hypothetical 1.04-Mev level of 
Ge”. This hypothesis prompted the present reinvesti- 
gation of the radiations of Ga”. 


SOURCE PREPARATION 


The Ga” sources were prepared by neutron irradia- 
tion of gallium enriched in Ga® (98.42 percent Ga®™, 
1.58 percent Ga"). The enriched gallium, obtained from 
the Stable Isotopes Division of Oak Ridge National 
Laboratory, was in the chemical form Ga,O,. Since the 
spectrographic analysis indicated that none of the 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1S. K. Haynes, Phys. Rev. 74, 423 (1948). 
. H. Wapstra and N. F. Verster, cited by B. Verkerk and 
. W. Aten, Jr., Physica 18, 974 (1952). 
. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 


detectable impurities had an abundance of >0,08%,, no 
further chemical purification of the irradiated gallium 
was made. However, the irradiated samples did contain 
the radioactive “contaminant” Ga” (14-hr). Therefore, 
all Ga” spectra shown in this paper were obtained by 
first measuring the composite (Ga”+Ga™) spectrum, 
later determining the Ga” contribution, and then 
appropriately subtracting the Ga” spectrum from the 
gross data. 
HALF-LIFE MEASUREMENTS 


To facilitate accurate time correction of the observed 
data, the Ga” and Ga” half-lives were measured both 
with an end-window methane flow counter and with a 
large 49 proportional counter. The ratio of Ga” to Ga” 
beta activity was initially ~500:1. From a semi- 
logarithmic plot of the data, the Ga” half-life was 
estimated to be 14.2 hr, in good agreement with pre- 
vious determinations. A function of the form N= Noe 
was then fitted to the net Ga” data by a least-squares 
procedure adapted to IBM machine calculation, Only 
the data taken during the first hour of decay were 
analyzed. The average of the half-life values obtained 
for Ga” was found to be 21,10+0.07 min.® 


GAMMA-RAY SPECTRUM 


The gamma-ray spectrum of Ga”, shown in Fig. 1, 
was obtained with a 2X 2-inch NaI (TI) crystal mounted 
on a Dumont 6292 photomultiplier. A  ten-channel 
analyzer was used for the recording of data, Measure 
ments were begun a few minutes after bombardment, 
at which time approximately half of the gross counting 
rate resulted from Ga” gamma activity. The net spec 
trum shown in Fig. 1 was found to decay with the 
half-life of Ga”. There are two well-resolved photo- 
peaks with energies of 0.174+0.005 and 1.0364-0,010 
Mev. The gamma rays of Ce™ (166.5 kev) and Na” 
(1.275 Mev) were used for energy calibration. The fast 
rise of the spectrum at low energy is attributed to 

® An error was found in the calculations which yielded the value 


of 21.37 min reported previously: Bunker, Mize, and Starner, 
Phys. Rev. 95, 612(A) (1954), 


227 





228 BUNKER, MIZE, 
bremsstrahlung associated with the 1.65-Mev beta 
group. 

The absolute intensities (per beta disintegration) of 
the 0.174- and 1.036-Mev gamma rays were determined 
in the following manner. First, two Ga” sources were 
prepared which had relative activities of 1210:1, as 
measured with a Geiger counter arrangement involving 
two source-counter geometries with known relative 
counting efficiencies for the P** beta activity (end- 
point energy: 1.71-Mev). The gamma spectrum of the 
stronger source was then observed with a NalI(T]I) 
crystal whose absolute “photopeak efficiency” as a 
function of energy was known for the source-detector 
geometry used. The weaker sample, which had an 
average source-plus-backing thickness of <0.1 mg/cm?, 
was transferred to a 4 proportional counter with which 
the absolute beta disintegration rate was determined. 
From these data, absolute intensities of 0.444+-0.09 and 
0.7640.08%, respectively, were obtained for the 0.174- 
and 1.036-Mev gamma rays. 

To investigate the possibility that the two observed 
gamma rays were in cascade, we performed a gamma- 
gamma coincidence experiment® in which pulses in the 
1.036-Mev photopeak were used to “gate” the ten- 
channel analyzer. Possible coincidences resulting from 
Compton scattering of the 1.036-Mev quanta were 
eliminated by orienting the scintillators so that they 
subtended an angle of 90° at the source and then 
shielding the detectors from one another with 1/4-inch 
of lead. A strong peak was observed in the coincidence 
spectrum at 174 kev, only a few percent of which 
resulted from chance events. This peak was found to 
decay with a 21-min half-life. The two gammas are 
therefore definitely in cascade. No other photopeaks 
were found in the coincidence spectrum. 
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Fic. 1. Scintillation spectrum of Ga”, obtained with 
a 2X2-inch NaI (TI) crystal. 


*For a description of the coincidence apparatus, see Bunker, 
Mize, and Starner, Phys. Rev. 94, 1694 (1954). 
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Fic. 2. High-energy portion of Ga” scintillation spectrum. 


A careful search was made for evidence of the 1.21- 
Mev crossover gamma transition, with the negative 
result shown in Fig. 2. On the basis of these data, it is 
estimated that the intensity of the hypothetical cross- 
over gamma transition is <0.5% of the intensity of the 
1.036-Mev transition. 


BETA-RAY MEASUREMENTS 


The end-point energy of the ground-state beta transi- 
tion was remeasured with a magnetic-lens spectrometer. 
A value of 1.65+-0.01 Mev was obtained, in agreement 
with the measurement of Haynes.! 

No attempt was made to obtain the end-point 
energies of the lower-energy groups from the lens spec- 
trometer data since it was known from the absolute 
gamma intensity measurements that the sum of the 
intensities of these groups was <1%. Instead, the 
lower-energy beta groups were observed as beta-gamma 
coincidence spectra. A Pilot Plastic Scintillator-B’ 
phosphor, 1} inches in diameter and 3/4 inch thick, 
served as the beta detector, and a 22-inch NaI(TI) 
crystal was used as the gamma detector. The beta 
spectrum in coincidence with the 1.036-Mev photopeak 
was found to have an end-point energy of ~0.6 Mev, 
and the beta spectrum in coincidence with the 0.174- 
Mev photopeak was found to have an end-point energy 
of ~0.4 Mev. Thus the 1.036-Mev gamma is a ground- 
state transition and is preceded by the 0.174-Mev 


, 7 Pilot Chemicals, Inc., 47 Felton Street, Waltham 54, Massa- 
chusetts. 
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transition. Furthermore, these experiments prove that 
there are direct beta transitions to levels of Ge” at 
1.036 Mev and 1.21 Mev. From the energies of the two 
gammas and the energy of the ground-state beta transi- 
tion, the end-point energies of the two low-energy beta 
groups are calculated to be 0.61+0.02 and 0.44+0.02 
Mev. 


ANGULAR CORRELATION MEASUREMENT 


The log ft values of the observed beta groups indicated 
that all three transitions were undoubtedly of the 
allowed type, which implied that the two excited states 
must have spins of 0, 1, or 2 and even parity. Since the 
first excited state of an even-even nucleus is usually a 
2+ state,’ and since in the present case no crossover 
transition from the second excited state to the ground 
state was observed, the most plausible guess for the 
spin sequence of the three “observed” levels of Ge” 
was 0-2-0). The fact that the 0-2-0 angular correlation 
function exhibits such an extreme degree of anisotropy 
makes it easy to distinguish from any pure or mixed 
correlation of the types 1-2-0 or 2-2-0. Therefore, it 
was believed that an angular correlation experiment 
might be informative in spite of the relatively poor 
data which one could expect because of experimental 
difficulties associated with the short half-life. 

The gamma-gamma directional correlation pattern 
was studied by measuring the coincidence counting 
rate as a function of the angle subtended at the source 
by two Nal(TI) detectors. Both NaI(Tl) crystals were 
22-inch cylinders. The crystals were shielded from 
direct beta rays with 3/8-inch thick Lucite (see Fig. 3). 
The half-width at half-maximum of the angular resolu- 
tion curve was measured to be 11.0°. 

Conventional electronic circuits were used. The re- 
solving time of the coincidence circuit was 27r-~4.0 
10-7 sec. Both channels of the coincidence circuit 
were set to accept all pulses corresponding to energies 
greater than 145 kev. 

A typical run proceeded as follows: a 5-mg sample 
of enriched GagO; was irradiated for 30 minutes in a 
neutron flux of ~6X10!! neutrons/cm?-sec. The radio- 
active powder was dissolved in 50A of hot HCI and then 
transferred to a Lucite source holder of the type shown 
in Fig. 3. Data were taken at only one angle in a given 
run. Data-taking began about 7 minutes after the end 


TABLE I. Log /t values of the beta groups of Ga” 


Transition 
energy (Mev) 


1,65+0.01 
0.6140.02 
0.44+0.02 


Percent branch* 


99.2 40.2 
0.28-+0.13 
0.48-40.10 


Log ft» 


5.10 
5.95 
5.16 


* Calculated from the observed absolute gamma intensities and the 
theoretical internal conversion coefficients (Kose, Goertzel, and Perry, 
Oak Ridge National Laboratory Report ORNL-1023, 1951 (unpublished); 
Rose, Goertzel, and Swift (privately circulated tables)], It was assumed 
that the 0,174- and 1.036-Mev transitions are pure E2 (see text). 

. Determined from the curves given by S. A. Moszkowski, Phys. Rev. 82, 
35 (1951). 
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Fic. 3. Scintillation counter arrangement used in the 
angular correlation measurement. 


of the bombardment and continued for 30 to 45 minutes. 
Several hours later, the 14-hr Ga’ background was 
measured. About half of the total observed coincidences 
were found to be true Ga” gamma-gamma coincidences; 
the rest were due to Ga”, cosmic background, chance 
events, and Compton backscattering of the 1.04-Mev 
Ga” gamma ray. The magnitude of the Compton back- 
scattering correction was determined by measuring the 
coincidence rate resulting from scattering of the 1.08 
Mev gamma ray of Rb*, This correction amounted to 
about 5% at 169°, The net Ga” gamma-gamma coinci- 
dence rate was normalized by dividing by the total Ga” 
contribution to the singles rate in the fixed counter. 

Observations were made at four settings of the 
variable angle 6: 90°, 130°, 150°, and 169°, The experi- 
mental results, corrected for the finite geometry, are 
shown in Fig. 4. The solid curve is the theoretical curve 
for the 0-2-0 correlation, and the dashed curve is the 
least-squares fit of the experimental points to a curve 
of the form W(0)=1+A2P2(cos0)+ A 4P,4(cosd). The 
experimental coefficients are A,=0.444+0,128 and 
A,= 1.303+0.212. Since the theoretical coefficients for 
the 0-2-0 correlation (A_= 0.357, Ay= 1.143) fall inside 
the quoted errors in the experimental coefficients and 
none of the 1-2-0) or 2-2-0 pure or mixed correlations 
has a value for A, exceeding +0.327, we conclude that 
the angular correlation data definitely establish the 
spin sequence as 0-2-0. 


FURTHER STUDY OF THE DECAY CHARACTERISTICS 
OF THE 1.21-MEV LEVEL 


Since the lifetime (7,) of the 0.174-Mev £2 transition 
calculated on the basis of the Weisskopf single-particle 
model*® is ~3X10~? sec, an attempt was made to 
measure the half-life of the 1.21-Mev level. A conven- 
tional fast-slow delayed-coincidence scintillation spec- 
trometer with a resolving time of 2r~210~* sec was 
used for this measurement. The experiment consisted 
of measuring the time distribution of coincidences be- 
tween pulses in the 125- to 400-kev portion of the Ga” 


*V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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Fic. 4. Angular correlation results. The dashed curve represents 
the least squares fit to the indicated experimental points. The 
solid curve is the theoretical 0-2-0 correlation. 


beta spectrum (observed with a Pilot’ plastic scintil- 
lator) and pulses in the 0.174-Mev photopeak [ observed 
with a NalI(TI) crystal |. Proof that the observed coinci- 
dences resulted almost entirely from (0.44-Mev @, 0.174- 
Mev y) events was established by analyzing the coinci- 
dent spectra with gated multichannel analyzers. The 
delayed-coincidence data indicate that the half-life of 
the 1.21-Mev level is <4XK10~ sec. 

It was also of interest to look for evidence of 1.21-Mev 
electric-monopole transitions to the ground state. Such 
a transition can proceed only by pair emission or 
internal conversion. A careful search for pair emission 
was made by the standard technique of looking for 
coincidences between annihilation quanta. The two 
gamma detectors, both 22-inch NalI(Tl) crystals, 
were positioned in a 180° geometry with the source mid- 
way between them, The Lucite source-holder walls 
were thick enough to stop 600-kev positrons. From a 
comparison of the (0.511-, 0.511-Mev) coincidence 
counting rates associated with sources of Ga” and Na”, 
whose relative disintegration rates were determined by 
comparing the intensities of the Ga” 1.04-Mev and Na* 
1.275-Mev gamma rays, an upper limit of 2 10~* can 
be placed on the ratio of the transition probability of 
1.21-Mev monopole pair emission to that of 0.174-Mev 
gamma emission. 

The search for evidence of 1.2-Mev conversion elec- 
trons was carried out by means of a similar coincidence 
technique. The (0.44-Mev 8, 1.2-Mev e~) coincidence 
rate per 0.44-Mev beta of a Ga” source was compared 
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with the (0.97-Mev 6, 0.33-Mev e~) coincidence rate 
per 0.97-Mev beta of a Au source. In the Ga” 
coincidence measurement, the beta channel was set to 
accept pulses corresponding to the energy range 100 to 
400 kev. The fraction of these pulses which was associ- 
ated with the 0.44-Mev beta group was estimated from 
the measured beta-branching ratios and the empirically- 
determined spectral shapes of the three beta groups. 
From the above comparison measurement and the 
known K-conversion coefficient’ of the 0.412-Mev Hg'”* 
gamma transition, an upper limit of 4 10~* was calcu- 
lated for the ratio of the transition probability of 1.21- 
Mev monopole internal conversion to that of 0.174-Mev 
gamma emission. 

The above results indicate that the lifetime of the 
0).174-Mev gamma transition is essentially the same as 
the lifetime of the 1.21-Mev level, i.e., (ry)o.12<6X 10~° 
sec. Although this value is > 50 times smaller than the 
Weisskopf estimate, it should be noted that the known 
E2 transition probabilities in the Z=22 to Z=48 
region, determined from Coulomb excitation experi- 
ments," are larger than the single-particle estimates by 
factors ranging from 10 to 60. In fact, the Coulomb 
excitation results on Ge” indicate that the half-life of 
the 1.036-Mev ground-state transition is 1.4 10~” 
sec,!! which is about a factor of 10 shorter than the 
single-particle estimate. 

Church and Weneser" have calculated the transition 
probability for electric-monopole conversion in the K 
shell in terms of a nuclear strength parameter, p. Their 
results indicate a partial half-life (11/2) «~1.6X 1077 sec 
for this mode of decay of the 1.21-Mev level if one 
assumes the same value for p as is associated with the 
().69-Mev monopole transition in Ge’*."* This estimate 
of (T\y2)x, coupled with the measured upper limit on 
the half-life of the 1.21-Mev level and corrected for the 
ratio of total internal-conversion probability to K-con- 
version probability (assumed to be 1.2), yields a value 
of <0.03 for the fractional decay probability associated 
with the monopole-conversion mode of decay. Our 
corresponding experimental value (<0.04) is compatible 
with this estimate. 

By using Thomas’™ expression for the monopole 
internal pair production probability (W,) and Church 
and Weneser’s'® expression for the monopole K-con- 
version probability (Wx), one can arrive at a theoretical] 
estimate for the ratio W,/W x. For the 1.21-Mev Ge” 


*L. Simons, Phys. Rev. 86, 570 (1952). 

” G. M. Temmer and N. P. Heydenburg, Phys. Rev. 99, 1609 
(1955). 

4 N. P. Heydenburg and G. M. Temmer, reported in Nuclear 
Level Schemes, A =40—A =92, compiled by Way, King, McGinnis, 
and van Lieshout, Atomic Energy Commission Report TID-5300 
(U. S. Government Printing Office, Washington, D. C., 1955), 
p. 107. 

”E. L. Church and J. Weneser, Phys. Rev. 100, 943 (1955); 
103, 1035 (1956). 

4 Kraushaar, Brun, and Meyerhof, Phys. Rev. 101, 139 (1956). 

4“ R. Thomas, Phys. Rev. 56, 714 (1940). 
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transition, W,/Wx~10-*."® If (T1/2)x is assumed to be 
~1.6X 10-7 sec, as indicated above, then (T12)e~1.6 
X10-* sec. This result, coupled with the measured 
upper limit on the half-life of the 1.21-Mev level, 
yields a value of <2.5X10~ for the fractional decay 
probability associated with the monopole-pair-produc- 
tion mode of decay. The corresponding experimental 
value of <210~ is consistent with this estimate. 


DISCUSSION 


The decay scheme suggested by the measurements 
described above is shown in Fig. 5. The spin and 
parity assignments which have been made are the only 
ones consistent with the experimental data. Confirma- 
tion of the 2+ assignment for the 1.036+-0.010-Mev 
level is given by the fact that a level in Ge” at 1.020 
+0.015 Mev has been observed by Coulomb excita- 
tion.'® Subsequent to these experiments, gamma rays 
with energies of 0.18 and 1.06 Mev were reported to 
accompany the decay of As”,'’ and although no decay 
scheme has yet been proposed for As”, it seems probable 
that these two gammas correspond to the 0.174- and 
1.036-Mev transitions of the present experiment. 

The 1+ assignment for Ga” is readily explainable on 
the shell-model basis as resulting from the coupling of 
a (ps/2)* proton configuration and a (y/2)' neutron 
configuration. 

The occurrence of a low-lying 0+ level in Ge” may 
be associated with the possible closed subshell character 
of the ground state: specifically, a (ps/2)* proton con- 
figuration and a (fs/2)*(foy2)® neutron configuration. 
Such an explanation has been proposed for the existence 
of the known 0+ excited levels of Ge??? Ca®,!® and 
Zr™.!® The assumption of a closed subshell structure 
for stable Ge” implies that the 1.036-Mev 2+ level and 
the 1.21-Mev 0+ level involve configurations different 
from that of the ground state, which provides a possible 
explanation for the relatively high logft value of the 
0.61-Mev beta transition. The fact that the transition 


16 The authors are indebted to Dr. Eugene Church for making 
this calculation. 

16N,. P. Heydenburg and G. M. Temmer, Phys. Rev. 99, 
617(A) (1955); verbal report. 

17F, D. S. Butement and E. G. Mag. 46, 357 
(1955). 

18 Bent, Bonner, and McCrary, Phys. Rev. 98, 1325 (1955). 

# K. W. Ford, Phys. Rev. 98, 1516 (1955). 
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Fic. 5. Proposed decay scheme of Ga”, 


probability of the 0.44-Mev beta transition is not 
similarly reduced can be explained in terms of con- 
figuration mixing.” It is reasonable that mixed con 
figurations should occur in this region since the ps2 
and fs/2 states seem to be nearly degenerate. 

It can be calculated from the threshold of the 
Zn” (p.n)Ga™ reaction"! that the Ga” ground state is 
0.67 Mev above the ground state of Zn”. The fact that 
no evidence for K capture was found in the present 
experiments can be easily understood, however. If the 
above decay energy is correct, the intensity of the 
allowed AK capture transition to the Zn” ground state 
would amount to <1% of the total Ga” disintegration 
rate and would be very difficult to detect. Decay 
branches to excited states would be expected to have 
much smaller intensities, and if the first excited state 
of Zn” is at ~0.7 Mev, as suggested by the existing 
empirical data,’ then decay to this level may even be 
energetically impossible. 
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Lifetime of the First Excited State of Bt 


5. D. Bioom,* C. M. Turner, anp D. H. Wiixinsont 
Brookhaven National Laboratory, Upton, New York 
(Received September 25, 1956) 


We have measured the mean lifetime of the first excited state of BY at 0.72 Mev as 1.054.0.10 musec by 
bombarding B” with pulsed beams of 3-Mev protons and studying the delayed emission of gamma rays. 
This figure is a little longer than that given by earlier measurements of the £2 lifetime using recoil methods. 
The result is compared with preliminary shell model calculations and it is concluded that it is probably 
inconsistent with those calculations, at least if one restricts oneself to the value of the intermediate coupling 
parameter that gives good agreement with the experimental level scheme. It seems that some collective 
motion must be envisaged even in so light a nucleus as B”, 


INTRODUCTION 


HE lifetime of any radiative transition in the 

light nuclei is of great interest because of the 
many detailed theoretical treatments of these nuclei 
now becoming available. In particular, £2 transitions 
have added interest because they are sensitive to the 
admixture of small amounts of collective motion in a 
description which may otherwise be made satisfactorily 
in terms of the shell model. 

B" is a nucleus of whose low-lying states the shell 
model in intermediate coupling gives an excellent 
account,' and it is therefore important to test the 
internal consistency of that description by measuring 
the dynamical properties of these levels. We should 
require that the correct lifetimes for the radiative 
transitions be given by the same value of the inter- 
mediate-coupling parameter as gave the correct level 
scheme. In this paper we report a measurement of the 
lifetime of the first excited 14 state at 0.72 Mev for 
the emission of £2 radiation to the 3+ ground state. 
Two earlier measurements exist of this lifetime and 
give (74+2)K10~™" second? and (8.5+2.0)K10~™ sec- 
ond.* Both these estimates were obtained by recoil 
methods. The first experiment was dependent to some 
degree in its interpretation on assumptions about the 
unknown angular distributions involved for the re- 
coiling excited B"”; this difficulty was avoided in the 
second measurement by the use of a coincidence 
method. These lifetimes are rather short and it seemed 
important to obtain confirmation of these results by a 
direct timing method rather than by the indirect 
time-of-flight method and also to improve if possible 
on the accuracy of the measurements so that the test 
of the shell model should be as sharp as possible. 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* Present address: Cavendish Laboratory, Cambridge, England. 

t Permanent address: Cavendish Laboratory, Cambridge, 
England. This work was performed while this author was Visiting 
Physicist at Brookhaven National Laboratory during the summer 
of 1956. 

1D. R. Inglis, Revs. Modern Phys. 25, 390 (1953); D. Kurath, 
Phys. Rev. 101, 216 (1950). 

J. Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953). 

+ J. C. Severiens and S. S. Hanna, Phys. Rev. 104, 1612 (1956). 


EXPERIMENTAL METHOD AND RESULTS 


For the direct measurement of lifetimes as short as 
this, two methods are available. The first is the usual 
method of delayed coincidences in which two detectors 
are arranged to respond the first to a particle or to a 
gamma ray leading to the level of interest and the other 
to the gamma ray from that level. This method has 
the disadvantage that for determining the “prompt” 
position of the resolution curve both radiations must 
be matched and this is rather awkward if the first 
radiation is a particle. If both radiations are gamma rays 
and if more than the single cascade is present, there 
will generally result a complex resolution curve whose 
analysis is very difficult. Either choice would have 
brought difficulties in the present case. The second 
method for lifetime measurement is to make the excited 
state at a time signalled by something other than a 
previous radiation. It is then possible to study the 
desired radiation cleanly without other radiations 
present if it comes from a first excited state which can 
be overwhelmingly populated. There is the additional 
advantage that the determination of the “prompt” 
resolution curve demands only the matching of the 
single radiation. We have used this second method in 
this investigation. 

Three-Mev protons from the Brookhaven research 
Van de Graaff generator bombarded a thick target of 
B" and excited the state of interest by inelastic scat- 
tering. The beam was pulsed by rf sweeping in the 
terminal of the generator at a frequency of 7.8 Mc/sec. 
The resulting bursts of protons had a full width at 
half-maximum of about 4 mysec. This facility will be 
described elsewhere.‘ The timing of the bursts of protons 
was derived from the rf used to sweep the beam near 
the ion source which was radiated to a pickup probe in 
the wall of the generator tank. This signal was then 
used to sweep the electron beam of a Mullard 6218 
electronic switching tube. The gamma rays from the 
B" were detected in a plastic scintillator mounted on 
an RCA 6655 photomultiplier whose output was ampli- 
fied by a chain of Hewlett-Packard fast amplifiers, 


*S. D. Bloom and C. M. Turner, Bull. Am. Phys. Soc. Ser. II, 
1, 177 (1956) and Rev. Sci. Instr. (to be published). 
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clipped by 14 inches of shorted cable and applied to the 
control electrode of the 6218. The output of this tube 
was then amplified, passed through a simple discrimi- 
nator, and used to indicate ‘‘coincidences” between the 
gamma rays and the rf or incident burst of protons. 
An additional slow circuit was used to veto these coinci- 
dences unless the pulse height from the plastic scintil- 
lator, amplified in a separate slow linear circuit, fell in 
a specified range. It was possible to insert a variable 
delay in the gamma-ray arm of the 6218 circuit and 
in this way the resolution curve could be determined, 
a smaller delay corresponding to later emission of the 
gamma ray. 

Under our conditions two strong gamma rays were 
seen. These were the desired 720-kev gamma ray from 
B" and the 430-kev line from the first excited state of 
Be’ formed in B'°(p,a)Be’. The slow veto channel was 
set to accept pulses in a narrow range of energy on the 
Compton plateau of the 720-kev line well clear of the 
other. There were also very weak higher energy gamma 
rays which amounted to about 3% of the counts in the 
slow channel produced by the desired gamma ray. The 
effect of these gamma rays was neglected. They were 
presumably of much shorter lifetime than the first 
excited state. To measure the “prompt’’ resolution 
curve, a target of aluminum was substituted for the 
B", all other conditions being kept constant so that 
the energy which we required to be spent in the plastic 
scintillator by the prompt radiation should be the same 
as that spent by the delayed B" radiation. 

With these conditions both B'” and prompt Al 
resolution curves were measured. In order to minimize 
the effects of drift in the accelerating voltage and so on, 
the measurements at each delay were sandwiched be- 
tween two measurements of counting rate at a standard 
delay chosen to be on the steepest portion of the 
resolution curve so as to be most sensitive to drifts, 
If either of the standard sandwiching runs was unsatis- 
factory, the measurement was rejected. ‘The runs were 
monitored by pulses in the slow arm of the circuitry. 
In this way several resolution curves were taken both 
with B' and with Al as the target. The two targets 
were interchanged at each delay so the resolution curves 
were interlaced. Figure 1 shows a typical comparison 
of the two curves. The B" curve is seen to be clearly 
shifted relative to the prompt curve. On the basis of 
the statistical accuracy and reproducibility of these 
curves, we could determine the centroid shift between 
these distributions, which is equal to the mean lifetime 
of the delayed radiation, to better than +0.05 mysec. 
However, we feel that possible systematic errors should 
lead us to increase the error somewhat and we quote 
for the mean lifetime 1.05+0.10 musec. 

As a check on the functioning of the apparatus and 
of the validity of our procedure for determining the 
prompt resolution curve, we examined the 477-kev 
gamma ray from the first excited state of Li’ which we 
excited by inelastic scattering from a target of LiOH. 
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Fic. 1. Prompt and delayed resolution curves given by bom- 
barding aluminum and B"” with pulsed beams of 3-Mev protons. 
The variable delay is inserted in the gamma-ray leg of the coinci- 
dence circuit. 


All conditions were kept the same as in the work with 
B"” except that the slow channel of the veto circuit was 
now moved down in energy to the Compton plateau of 
the 477-kev line. Aluminum was similarly used as the 
nominal prompt source with this time, of course, the 
same lower slow channel as for the LiOH runs. Exactly 
the same sandwiching and interlacing procedure was 
used as before. Since the lifetime of the 477-kev state 
is about 10-" second, we should obtain no centroid 
shift in this case. There was actually a shift of 0.024 
mysec which is covered by the uncertainty of +0.05 
mysec which attends the analysis of the resolution 
curves. We accepted this result as an assurance that 
the apparatus was functioning correctly. 


DISCUSSION 


Our result of 1.05+0.10 mysec is consistent with the 
earlier time-of-flight results although a little longer 
than them. The complete comparison with the shell- 
model calculations is not yet possible since only pre- 
liminary figures are available at a few values of the 
intermediate-coupling parameter a/K.° It seems, how 
ever, that agreement with these calculations will be 
difficult to achieve for a realistic value of (7?) consistent 
with the electron-scattering results in the light ele- 
ments.® The theoretical lifetime in the region of a/K 
~4.5 which gives a good fit to the level scheme is more 
than 10 mysec. Theoretical lifetimes shorter by a factor 
of 5 may be found in the region of a/K~1.5, but such 
small values of the intermediate coupling parameter 


give much poorer fit to the level scheme. It therefore 


*D. Kurath (private communication). 
*R. Hofstadter, Report to 1956 International Conference on 
Nuclear Reactions, Amsterdam (to be published). 
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seems that we may, in even so light an element as 
boron, have to invoke some collective motion to explain 
the short lifetime of this #2 transition. This is in 
keeping with results in ©0'’, F'’, and possibly N’® 
among the light elements. 
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Attenuation of Am’ e-y Angular Correlation in Liquid Film Sources* 
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Measurements of the alpha-gamma correlation of Am™ have been carried out for liquid sources. Attenu 
ation of the angular correlation pattern with time was measured and A, was determined for HCl, H2SO,, 
and HClO, media. For HCl and HClO, A,= 13.542 per sec and for H2SO, Ax= 2142 per usec. These 
attenuation constants were independent of the concentration. The extrapolated value of Az has been 
compared with a prediction based on the rotational model. 


INTRODUCTION 


XPERIMENTS have shown that liquid sources 
tend to give much more nearly the expected 
theoretical angular correlation of successive nuclear 
radiations than do solid sources. Abragam and Pound! 
offered a theory to explain this tendency and gave a 
quantitative description of the attenuation one should 
expect in liquid sources. Abragam and Pound assumed 
that the attenuation in liquids is caused by the inter- 
action of the electric quadrupole moment of the inter- 
mediate nuclear state with electric field which 
changes continually in a random manner. This changing 
interaction produces transitions between the sublevels 
of the intermediate state, and is manifested quantita- 


an 


tively by an attenuation factor, 


G,(t)=e** (1) 


in the formula for the angular correlation, 


w(0,t) p G, (t)A,P,(cos8). (2) 


In these expressions, @ is the angle between the direc- 
tions of the radiations, the P, are even Legendre 
polynomials, the A, are the angular correlation coefh- 
cients for the unperturbed correlation, and the A, are 
coefficients which depend on the magnitude of the 
quadrupole interaction, the correlation time of the fields 
in the liquid (7,) and the spin of the intermediate 
nuclear state. Equation (1) is valid when the corre- 
lation time of the liquid fields is small compared to the 
time which would be required for the quadrupole 
interaction to produce an appreciable attenuation. The 
validity of Eq. (1) can be checked by measurement of 


* Work performed under the auspices of the U. S. Atomic 


Energy Commission. 
1A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953). 


w(6,t) with suitable delayed coincidence techniques. 
The G, and A, can be obtained separately in such an 
experiment. 

The Zurich Group* made a series of measurements 
with the cascade of Cd"! gamma rays which follows K 
capture in In. For indium metal dissolved in liquid 
gallium and for InCl; dissolved in water, no time- 
dependent attenuation was observed. Glycerin added 
to the latter type of sources produced attenuation but 
experimental difficulties prevented a quantitative com- 
parison with the theory. A measurement? of the cascade 
of Pb*™ involved delay times up to 610~7 sec and 
no time-dependent attenuation was observed in a nitric 
acid medium. More recently, Steffen‘ has made meas- 
urements similar to those of reference 2 and reports 
that his results are in agreement with Eq. (1). 

We have measured w(6,t) for the coincidences between 
the alpha particles of Am™ and the 59.6-kev gamma 
ray which follows the 7X 10~*-sec state of Np”? (Fig. 1), 
in several types of liquid source. In addition to the 
test of Eq. (1), this problem is of importance in con- 
nection with the measurement of the gyromagnetic 
ratio of the 59.6-kev state of Np’. 


APPARATUS AND SOURCES 


The electronic apparatus included differential ana- 
lyzers and a fast-slow coincidence scheme. An anthra- 
cene crystal 0.25 inch thick was used to detect the 
alpha particles and a Nal(Tl) crystal 2.5 inches in 
diameter and 2 inches thick was used for the gamma 
rays. The resolving time (27) varied between 20 and 
35 myusec. An automatic system controlled the moving 

2 Albers-Schonberg, Heer, and Scherrer, Helv. Phys. Acta 27, 
637 (1954). 

*V. E. Krohn and S. Raboy, Phys. Rev. 97, 1017 (1955). 

*R. M. Steffen, Phys. Rev. 103, 116 (1956). 
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counter and the recording of the data. The sources were 
liquid films® consisting of a drop of solution (1-2 mm‘) 
between a rubber hydrochloride membrane (approxi- 
mately 0.8 mg/cm*) and a 1-cm? mica cover. Alpha 
particles could penetrate through the rubber film side 
of the sources. Helium saturated with water vapor was 
forced through the source chamber at a rate of about 
5 cm® per minute so that air could not leak into the 
chamber. Helium was used because of its low stopping 
power for alpha particles and the water vapor was 
added to prevent the sources from drying. At first the 
water vapor was added by bubbling the helium through 
solutions which were identical with the solvent of the 
source. This, however, did not prevent evaporation of 
water from the source. It was found that the sources 
absorbed some water and gave consistent results for a 
greater number of days when pure water was used in 
the bubbler and pans of water were placed in the 
bottom of the source chamber. The average height of 
alpha pulses increased when a source lost water and 
decreased if it gained water, but this is a crude method 
of observing changes in the water content of a source. 
Consequently, the acid content of the sources is rather 
uncertain. The solutions for the sources were made by 
dissolving a known amount of Am(OH); in perchloric, 
hydrochloric, sulfuric, or acetic acid and evaporating 
to the desired concentrations. 


MEASUREMENTS 


The 59.6-kev gamma-ray of Np*’ is known to be an 
F1 transition from internal conversion data.* Conse- 
quently, A, and higher coefficients of Eq. (2) must be 
zero for coincidences involving this gamma ray. 

The anisotropy was measured as a function of the 
delay time. From these data one obtains the following 
quantity as a function of delay. 


Ad! [40 Oat hn) £(f pyar | f e f(t—D)dt, (3) 


0 
where A, is the reciprocal lifetime of the intermediate 
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Fic. 1. Pertinent part of decay scheme of Am™! 


5‘ T. B. Novey, Phys. Rev. 96, 547 (1954) 
6 Beling, Newton, and Rose, Phys. Rev. 87, 670 (1952). 


ANGULAR 


CORRELATION 


A,(OBSERVED) 


HCO, 


M280, 


20 40 60 60 
timp sec) 


Fic. 2. Observed coefficient of P,(cos0), corrected for solid 
angle, plotted as a function of ¢ for 1N solutions in 1 mm! of 
solution. 


state, D is the time delay of the coincidence circuit, 
and f(t 

{(t—D) was suitably approximated by a trapezoid 
as suggested by independent measurements of coinci- 


D) is the acceptance function of the circuit. 


dences as a function of delay for the Am™ sources and 
also for the Th alpha-gamma cascade. 

This function of the delay time (A,’) can be calcu- 
lated and a fit made by proper choice of the parameter 
As. Ay is obtained by extrapolation to zero time. We 
chose to present the data as follows: 


InA a! 


f- (hathn) 6 £(¢— D)dl 
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where 


fe dnt £(t— D) dt 


This representation is analogous to that customarily 


Aa 


| 
a 


used in lifetime determinations but complicated in this 
experiment by the finite resolving time of the coinci 
dence circuit and the overlap of the zero time for some 
of the intervals of the measurement. In practice, a value 
of A» was selected and preliminary values of t were 
calculated. A plot of A,’ against those preliminary 
values then different Az, which new ft 
values were calculated. The process converged quickly 


gave a from 
to give consistent results after a few trials. 

with various 
time delays are shown in Figs, 2-4. The observations 
always indicated an exponential attenuation [as pre 
dicted by Eq. (1)] in hydrochloric, perchloric, and 
sulfuric acid sources, and the values obtained for ), 


The results of measurements of A,’ 


depended on the kind of acid but, within the accuracy 
of the measurements, not on acid concentration or 
other factors which were varied deliberately or acci- 
dentally. For HCl and HClO, \,=13.54-2 per psec 
and for H,SO,4 A,= 2142 per usec. Unfortunately, the 


values of A, obtained by extrapolating to l=0 scattered 
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Fic. 3. Observed coefficient of P2(cosé), corrected for solid 
angle, plotted against / for HCl, HCIO,, and H,SO, media. The 
HC data is a composite of data obtained with 1N and 3N solutions 
in 1 mm*. The HClO, and HySO, data are composites of data 
obtained with 3N solution in 1 mm* and 1¥N solution is 2 mm* 
of solution 


over a range of values. In general, the absolute value, 
|A»|, decreased during a period of days following the 
preparation of a new source, although A, remained 
unchanged. This effect can be explained by assuming 
that an increasing fraction of the Am™ atoms are to 
be found in regions where the electromagnetic fields are 
static and that in the regions of static fields the angular 
correlation is substantially attenuated in a few milli- 
microseconds or less. In some instances where the 
increase of the average alpha pulse height indicated 
that a source was losing water, the extrapolated value 
of |A,| was observed to rise toward the original value 
after pans of water were placed in the bottom of the 
source chamber. A decrease in the alpha pulse heights 
indicated that the source was gaining water under 
these conditions. As a rule, it was not possible to 
restore the measured |A,| to its original value by this 
method, so we must assume that some of the Am™! 
atoms didn’t go back into solution. 

During the preliminary measurements, the extrapo- 
lated values of |A,| obtained from fresh perchloric 
and sulfuric acid sources (Fig. 2) were well below the 
result obtained with hydrochloric acid sources (Fig. 3). 
This suggested that the sources were losing water while 
they were being transferred to the source chamber. 
Two methods were used to counteract this effect. First, 
sources were prepared with the liquid volume (thick- 
ness) doubled and, second, sources were prepared with 
3N instead of 1V acid so that they picked up consider- 
able water after being installed in the chamber. Both 
methods gave intercepts which agreed with the result 
originally obtained with the hydrochloric acid sources. 
The results of Fig. 3 were obtained with fresh sources 
prepared by these methods. These results (with per- 
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chloric, sulfuric, and hydrochloric acid) are adequately 
described by Eq. (1). On the other hand, the data for 
acetic acid sources (Fig. 4) are inconsistent with Eq. 
(1) and the discrepancy is probably outside the experi- 
mental uncertainty. 


DISCUSSION 


The results indicate that Eq. (1) is valid for some 
liquids, but not for others (e.g., acetic acid solutions). 
This equation was derived on the assumption that the 
probability of a transition between nuclear substates 
is small for times of the order of the correlation time of 
the liquid fields. The acetic acid solutions gave a 
stronger attenuation than the other liquids so that this 
assumption might not be valid. Then one would expect 
the attenuation curve (Fig. 4) to exhibit some re- 
semblance to the static field case (infinitely long 
correlation time) where a hard core value of the ani- 
sotropy occurs. The observed discrepancy from Eq. (1) 
is in the direction suggested by this argument. 

The attenuation rates are in one to one correspondence 
with the expected complexing strengths of perchlorate, 
chloride, sulfate, and acetate ions. This suggests that 
the observed differences in attenuation rate could arise 
from differences in the fraction of the Np atoms which 
have an acid complex replacing one of the water 
molecules in the coordination sphere surrounding them. 
It should be noted that the concentration of Cl, ClO,, 
and HSO, ions varied with acid concentration and 
did not affect the attenuation rates. This indicates that 
the concentration of uncomplexed ions is, at most, a 
minor factor in determining the attenuation rate. On 
the other hand, the concentration of SO, ? ions was 
almost constant for acid concentrations from 1N to 
3N because of the buffering action of the AmSO,. As 
the Am*t* becomes Np*! after alpha decay, the most 
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Fic. 4. Observed coefficient of P2(cos@), corrected for solid 
angle, for acetic acid medium. The data for 1N acetic acid and 
1N acetic acid containing 1N sodium acetate in 1 mm! have been 
combined as they were identical within the experimental accuracy. 
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likely valence state after a few millimicroseconds is 
Np*. If, as is expected for the +3, +5, and +6 
valence states of neptunium, the chloride, perchloric, 
and bisulfate ions give negligible complexing; the 
sulfate ion gives a moderate amount; and the acetate 
ion gives complexing to the extent of one acetate group 
per neptunium atom, the results of Figs. 3-4 can be 
understood qualitatively. For neptunium in the +4 
valence state, SOy? would be expected to complex to 
the extent of almost one sulfate group per neptunium 
atom. This would not lead to a satisfactory explanation 
of the results unless the field gradients introduced by 
sulfate complexing are much smaller than those arising 
from acetate complexing. 

One further assumption is necessary if the above 
speculations are to be acceptable. We must assume 
that there is rapid (< 10~* sec) exchange between SO,~* 
and water molecules in and out of the coordination 
spheres of the neptunium atoms. If this were not the 
case, the neptunium atoms with and without an SO,* 
ion in their coordination spheres would have different 
attenuation rates and one would not expect the observed 
exponential attenuation (Figs. 2-3). Experiments 


should be performed to test the validity of the above 
explanations and assumptions and to obtain additional 
information. Angular correlation techniques could be- 
come a useful tool in the study of complexing and the 
speed of chemical reactions which proceed in times of 


the order of 10~* to 10° sec. 

The results in Fig. 3 give A,= —0.31+0.02 for the 
coefficient in the unperturbed angular correlation func- 
tion. As the techniques used to get all the Am™! into 
the solutions may have been inadequate, it would 
probably be best to treat this result as an upper limit 
(lower limit on the absolute value of A). Also, it must 
be remembered that there may be very rapid at- 
tenuation occurring in times comparable to the slow- 
ing down time of the recoiling nucleus (<10~" sec) 
which would be undisclosed by these experiments. The 
presence of such attenuations is suspected in several 
cases of alpha decay from even-even nuclei (Ra™, 
Ra”6 Pus Ths Th°).7-* These correlations deviate 

7J. C. D. Milton and J. S. Fraser, Phys. Rev. 95, 628 (1954) 


* Battey, Madansky, and Rasetti, Phys. Rev. 89, 182 (1953). 
*G. M. Temmer and J. M. Wyckoff, Phys. Rev $2, 913 (1953). 
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from the expected correlation for 0—2—0 transitions by 
factors varying from 04 to 0.8 in the order given 
Until these discrepancies are resolved no experimental 
alpha-gamma anisotropy can be considered to be the 
unattenuated anisotropy. Nevertheless, we shall pro 
ceed to compare our result with a prediction of Bohr 
et al.,° who have calculated the angular correlation of 
the alpha-gamma coincidences which arise from alpha 
transitions directly to the 59.6-kev state of Np”’. They 
depend upon spin and parity assignments and a mixture 
of alpha angular momenta which are determined, in 
part, by their interpretation of the Np’ level scheme 
in terms of the collective model. The estimated value 
is Ag=+0.35. 

Before comparison, the experimental value must be 
corrected for the contribution to the coincidences from 
the 14% alpha branch which decays to the 103-kev 
level in Np™? which in turn decays by very strongly 
converted gamma emission to the 59.6-kev state. As- 
suming the 103-kev state to be spin 7/2, 
calculate the alpha-gamma anisotropy assuming that 
the alpha particle carries off two units of angular 
momentum and assuming either a dipole or quadrupole 
transition between the 103- and 59.6-kev state. The 
anisotropies are —0.008 and +0.004, respectively, i.e., 
essentially isotropic. When the measured anisotropy is 
corrected for a 14%, isotropic contribution, the corrected 
coefficient is A,= --0.3640.02. In view of the afore- 
mentioned reasons for treating the experimental result 
as a limit, the agreement with the prediction of Bohr 
et al. should not be taken too seriously. 

The present data suggest that the sources used for 
our preliminary measurement! of the magnetic mo- 
ment of the 59.6-kev state of the Np”? were imperfect 
solutions, so these measurements will be repeated with 
sources similar to those used for the final measurements 
reported here. 


one can 
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Coulomb Excitation of Bromine and Rhenium 
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Separated isotopes of bromine and rhenium have been studied by means of Coulomb excitation with 2- 
to 4.2-Mev protons and alpha particles. Gamma rays were observed with a Nal crystal spectrometer at the 
following energies: Br”, 219 kev; Br®, 278 kev; Re'**, 126, 160, and 286 kev; Re’*’, 135, 168, and 303 kev. 
Probable level schemes are given which are based on coincidence measurements and, in some cases, on 
excitation curves. The results from data on Ta’ taken in the course of this study are also included. The 
reduced transition probabilities for excitation of all relevant nuclear levels have been measured. In the case 
of Ta and the Re isotopes the cascade to crossover intensity ratio in the decay of the second excited state 


has also been measured. 


INTRODUCTION 
( YOULOMB excitation of nuclei has proven to be 


particularly useful in the study of various aspects 
of the unified model of Bohr and Mottelson.' While the 
many successes of this model have been most en- 
couraging, continued investigations are needed to 
determine the extent to which it applies. In the present 
work, results of interest to this theory are reported for 
isotopes of bromine and rhenium. 


EXPERIMENTAL TECHNIQUES 


Proton and alpha particle beams from the Naval 
Research Laboratory 5-Mv Van de Graaff accelerator® 
were used to bombard isotopically enriched thick tar- 
gets. The targets were made by compressing powders 
into depressions in disks of pure tin. The bromine 
targets were in the form of KBr and the rhenium targets 
were of pure metal. The isotopic enrichments were as 
follows: 86.98%, Br(13.02%, Br™), 96.8197, Br® (3.19% 
Br”), 85.38%, Re'*°(14.62% Re'*’), and 98.22% 
Re'*?(1.78%, Re'**).* Targets were placed at 45 degrees 
to the beam and the resulting gamma rays were ob- 


Fic. 1, Pulse-height spectrum from 3.6-Mev alpha-particle 
bombardment of Br”. 


1A. Bohr and B. R. Mottelson, Kgl. 
Selskab, Mat-fys. Medd. 27, No. 16 (1953). 

* Dunning, Bondelid, Fagg, Kennedy, and Wolicki, Naval 
Research Laboratory Progress Report, May 1955 (unpublished), 
p. 8 

* Enriched isotopes were obtained from Oak Ridge Nationa] 
Laboratory. 
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served from the front face of the target at 90 degrees 
in order to avoid the absorption due to the thickness of 
the target and target backing. 

The scintillation spectrometer consisted of 13-inch 
diameter by 2-inch thick commercially potted NaI(T]) 
crystal and an RCA 6342 photomultiplier tube. Pulse- 
height spectra were obtained with a 20-channel pulse- 
height analyzer. Radioactive sources of Ba™, Sb!5, and 
Na” were used for energy calibration. Gamma-ray 
energies are accurate to approximately +1%. Coinci- 
dence spectra were observed with an arrangement con- 
sisting of two NaI(T]) scintillation counters separated 
by a 30-degree lead wedge which prevented coincidences 
due to Compton scattering. 

Absolute gamma-ray efficiencies were determined by 
two methods. In the first, the efficiency was measured 
directly as a function of gamma-ray energy by using 
calibrated radioactive sources of I'** and Na”. In the 
second, radioactive sources were used to determine the 
photopeak-to-total area ratio as a function of gamma- 
ray energy and to measure the gamma ray absorption 
of materials between the target and the Nal crystal 
container. The absorption measurements agreed with 
calculations.* However, the absorption due to the 
aluminum container and the MgO powder surrounding 
the crystal could only be calculated. These results were 


Fic. 2. Pulse-height spectrum from 3.6-Mev alpha-particle 
bombardment of Br® 


* Absorption coefficients were taken from G. R. White, National 
Bureau = Standards Report No. 1003 (unpublished). 
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TABLE I. Gamma-ray energies and reduced transition probabilities 
observed in the Coulomb excitation of Br™ and Br*. 


B(E2)es 


e(ar+1) 
(cm*) 


~ 0.023% 10-8 
0.029 « 10748 


Ey 
(kev 
219 
278 


Isotope 


Br® 
Br® 


then combined with a calculated total efficiency of the 
NalI(TI) crystal for point isotropic sources‘ to give the 
desired absolute photopeak efficiency. All efficiencies 
obtained from these two methods were in agreement 
within 8%. In the case of the rhenium a target-to- 
crystal distance of 3.88 cm was used and a slight cor- 
rection to the efficiencies should be made when gamma- 
ray angular distributions are known. The bromine 
spectra were taken at 1.77 cm and angular distribution 
corrections can be neglected. Furthermore, preliminary 
measurements showed the bromine angular distri- 
butions to be isotropic within 5%. 

The internal conversion in the 
rhenium and tantalum calculations were obtained from 
the Oak Ridge tables® by double interpolation. The 
logarithm of the internal conversion coefficient for most 
cases studied is a nearly linear function of atomic 
number for constant energy. From such curves, graphs 
of log a2 and log f; against log E for a particular Z 
could be constructed. ag and f; are the electric quadru- 
pole and magnetic dipole internal conversion coefficients, 
respectively. This procedure was used for the K- and 
L-shell coefficients; a small correction was made for 
the M-shell contribution. 

The manner of obtaining B,,(#2), the reduced 
transition probabilities for excitation, from a given 
spectrum has been described in a previous article.® 
Absolute values of B,,(#2), excluding uncertainties 
in the gamma-ray internal conversion coefficients used, 
are considered accurate to + 20%. 


coefficients used 


RESULTS AND DISCUSSION 


The spectrum resulting from alpha-particle bom- 
bardment of Br” is shown in Fig. 1. Gamma rays were 
observed at 219 and 440 kev. The 440-kev radiation is 
due to inelastic scattering from a sodium impurity. 
Since there is a known’ level at 263 kev in Br”, an 
attempt was made to detect a 44-kev gamma ray, 
which would probably be highly converted, arising from 
cascade emission through a 219-kev level. No radiation 
of this energy was observed, and in addition, no gamma 
rays were found to be in coincidence with the 219-kev 


‘Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report No. 4833. 

5M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1956), 
p. 906, and M. E. Rose (private communication) 

* Fagg, Wolicki, Bondelid, Dunning, and Snyder, Phys. Rev. 
100, 1299 (1955). ‘ 

7™M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 
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Fic. 3. Pulse-height spectrum from 4.2-Mev proton 
bombardment of Re'*® 


radiation. Furthermore, an excitation curve obtained 
for the 219-kev gamma ray fits a theoretical curve 
calculated for the excitation of an energy level at 219 
kev. The spectrum also showed some evidence for the 
presence of a 310-kev gamma ray which can perhaps 
be associated with a known level in Br” at 307 kev.* 
Additional evidence will be required to test this possi- 
bility. The level scheme proposed on the basis of these 
results is included in Fig. 1. The spins shown for the 
first excited state are consistent with either the single 
particle or unified model. The angular distribution 
in them- 


measurements mentioned previously do not 


selves permit a spin assignment to be made 
The spectrum obtained for Br™ is shown in Fig. 2 
Gamma rays were observed at 278, 350, and 440 kev 
The 350- and 440-kev lines are probably due to oxygen 
and The 278-kev 
gamma ray excitation curve was found to agree with a 
theoretical calculation for an excitation energy of 278 
kev. No coincidences with this gamma ray were found. 
The level scheme included in Fig. 2 is proposed for this 
nucleus. These results modify those reported previously 
by other investigators using natural bromine.’ The 
energy levels and reduced transition probabilities for 
excitation in the bromine isotopes are presented in 
Table I. The internal conversion coefficients, a7, have 
bromine 


sodium impurities, respectively 


not been included in the calculation of the 
reduced transition probabilities. 

Spectra from Re'** and Re'*’ targets bombarded by 
4.2-Mev protons are shown in Figs. 3 and 4. Brems- 
strahlung spectra obtained using lead targets were 
subtracted from all rhenium spectra. The gamma rays 
at 440 kev are again due to a sodium impurity and the 
511-kev line is due to induced positron activity. In the 
case of Re'®*, gamma rays were observed at 126, 160, 

* Thulin, Moreau, and Atterling, Arkiv Fysik 8, 229 (1954) 


*N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
(1954). 
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TaAsLe II. Observed and derived quantities in the Coulomb excitation of Ta'®, Re'**, and RE’. 


Cascade 
BE 2st — 
(10° em‘) 


1.74 


(kev ar 
137 
166 
503 


+: 
(10°%+em*) crossover 


1.93 64 
1.11 


0.083 


1.45 


126 
100 
286 


3.28 
1.60 
0.104 
135 
168 
303 


2.66 
1.30 
0.089 


and 286 kev. Coincidences between the 126- and 160- 
kev gamma rays were observed, indicating that the 
286-kev level decays partly by cascade gamma-ray 
emission through the 126-kev state. A ratio of the 
intensity of the 160- to the 286-kev gamma ray was 
measured at a proton bombarding energy of 4.2 Mev. 
A similar situation was found for Re'*’ with gamma rays 
observed at 135, 168, and 303 kev. Coincidences be- 
tween the 135- and 168-kev gamma rays were observed, 
and the ratio of intensities of the 168- and 303-kev 
gamma rays was also measured. The reduced transition 
probabilities for excitation to the first excited state were 
measured at a proton energy of 2 Mev and for the second 
excited state at 4.2 Mev. Coulomb excitation of rhenium 
nuclei has been reported by several other investi- 
gators." The gamma-ray intensity measurements 


PULSE HEIGHT 
Fic. 4. Pulse-height spectrum from 4.2-Mev proton 
bombardment of Re'*’ 


McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 
(1955). 

" H. Mark and G. Paulissen, Phys. Rev. 99, 1654(A) (1955) 

" Huus, Bjerregaard, and Elbek, Kgl. Danske Videnskab 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 

4 Davis, Divatia, Moffat, and Lind, Phys. Rev. 103, 1801 


(1956). 


23.8 


22.4 





Bu(M1)a 


1/2? (eh/2me)* 


(gx ~£R) 


5.1 0.13 10-“ +£0.40 


0.36 10-* 


0.34 10-" 


reported here are in agreement with these results, with 
the possible exception of the Re'** measurements 
reported by Davis ef al."* The ratio of the Re'** and 
Re'*’ quadrupole moments obtained in the present 
work agrees closely with that expected from spectro- 
scopic measurements. Measurements made on the Ta'*! 
nucleus in the course of the investigation of the rhenium 
isotopes are summarized in Table II along with the 
rhenium measurements. 

In this table values of B,,(#2), the internal con- 
version coefficients, a7, and quadrupole moments, Qo, 
for the nuclei studied are given. Quadrupole moments 
have been obtained from the reduced transition proba- 
bilities by using relations of Bohr and Mottelson 
applying to well-deformed nuclei. Shown also are values 
obtained for the cascade-to-crossover gamma-ray in- 
tensity ratios and for 1/6.;’, where 52,’ is the ratio of 
the number of £2 quanta to the number of M1 quanta 
emitted in the decay of the second to the first excited 
state. 5,7 is calculated using the measured cascade-to- 
crossover ratio together with relations which apply to 
states in a rotational band. From the values of Q,’, 
59; and the ground state nuclear magnetic moment, 
it is possible to calculate two gyromagnetic ratios gx 
and gr. The quantity gx is associated with the intrinsic 
angular momentum K of the deformed nucleus and gr 
with the rotational motion. The possible solutions for 
these quantities are shown in Table II together with 
the magnetic moments used. In addition, values for 


the quantity 
Bu(M1)a 


(eh/2mc)* 


are given, where Bz,(M1)q is the reduced transition 
probability for magnetic dipole radiation in the cascade 
transition. 
ACKNOWLEDGMENTS 

We wish to thank Dr. H. H. Seliger of National 
Bureau of Standards for calibrating solutions of I'™ 
and Na”. We are greatly indebted to Dr. Conrad Cheek 
for preparing sources from these solutions. 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 1 JANUARY 1, 1957 


Internal Bremsstrahlung from Pr'*’ and Pm'*’ 


N. STARFELT AND J. CEDERLUND 
Radiation Physics Department, University of Lund, Lund, Sweden 
(Received September 24, 1956) 


A NalI(T]) scintillation spectrometer was used for the study of the spectral distribution of the internal 
bremsstrahlung from the beta emitters Pr’ (Egmax = 922 kev) and Pm'’ (Egmax= 226 kev). Both the shape 
of the corrected experimental spectra and the total yield of internal bremsstrahlung measured per beta 
decay disagree with the original Knipp-Uhlenbeck theory and with the improved version of this theory, 
which takes into account the nuclear Coulomb field. For Pr'® the measured bremsstrahlung yield exceeds 
that of the Knipp-Uhlenbeck theory by factors of 1.58 (1.48) and 2.56 (1.50) at 50 and 500 kev, respectively 
The numbers in parentheses refer to the Coulomb-corrected theory. The corresponding factors for Pm!’ 
are 1.58 (1.37) and 6.1 (2.45) at 25 and 150 kev, respectively. 


INTRODUCTION 


URING the last few years several scintillation 

spectrometer investigations of internal brems- 
strahlung (IB) have been published. Most of these 
experiments'~* show good agreement with the approxi- 
mate theory developed by Knipp and Uhlenbeck’ and 
independently by Bloch® and later elaborated by Chang 
and Falkoff.* This is somewhat surprising as the deriva- 
tion of the theoretical expressions are based on the 
assumption of Z=0. However, Lidén and Starfelt'’ 
(LS), and Starfelt and Svantesson'' (SS) measured 
bremsstrahlung probabilities per beta decay which 
they found to be larger than those given by the Knipp- 
Uhlenbeck theory for P® and S*, respectively. In these 
experiments the disagreement with theory increased 
with the IB photon energy. Later Langevin-Joliot" 
studied P®, S*, Pm’, and Pr'® with a technique 
somewhat different from that used by the aforemen- 
tioned authors. Unlike (LS) and (SS) who stopped the 
beta particles in a low-Z absorber, she used a magnetic 
field to prevent the betas from producing external 
bremsstrahlung close to the scintillation spectrometer. 
Her results agree with (LS) and (SS) at high photon 
energies, but lie above (LS) and (SS) at lower energies 
where those found by (LS) and (SS) tend to agree with 
theory. Recently Hakeem and Goodrich" reported 
experimental results for Y”, which disagreed with the 
theory for first forbidden beta decay as given by 


1 T, B. Novey, Phys. Rev. 89, 672 (1953). 

2 Bolgiano, Madansky, and Rasetti, Phys. Rev. 89, 679 (1953). 

4 A. Michalowicz, J. phys. radium 15, 156 (1954). 

4M. Goodrich and W. B. Payne, Phys. Rev. 94, 405 (1954). 

6 F, Boehm and C. S. Wu, Phys. Rev. 93, 518 (1954). 

*A. Michalowicz and R. Bouchez, J. phys. radium 16, 578 
(1955). 

7 J. K. Knipp and G, E. Uhlenbeck, Physica 3, 425 (1936). 

* F. Bloch, Phys. Rev. 50, 272 (1936). 

°C, S. Wang Chang and D. L. Falkoff, Phys. Rev. 76, 365 
(1949). 

 K, Lidén and N. Starfelt, Phys. Rev. 97, 419 (1955). This 
paper will be referred to as (LS). 

tN, Starfelt and N. L. Svantesson, Phys. Rev. 97, 708 (1955). 
This paper will be referred to as (SS). 

12H, Langevin-Joliot, Compt. rend. 241, 872 (1955); 241, 1286 
(1955) ; 242, 1971 (1956) ; dissertation, Paris, 1956 (unpublished). 

149M. A. Hakeem and M. Goedrich, Bull. Am. Phys. Soc. Ser 
II, 1, 264 (1956). 


Bolgiano ef al.? and in the same direction as that given 
by (LS), (SS), and Langevin-Joliot. 

The disagreement with the Knipp-Uhlenbeck theory 
mentioned above has recently led to more exact theo- 
retical studies of the internal bremsstrahlung. Nilsson"! 
calculated the IB spectrum for nonrelativistic energies, 
taking into account the influence of the Coulomb field 
of the nucleus on the beta interaction but not on the 
interaction between the electron and the radiation 
field. However, this improvement does not bring theory 
into agreement with recent experiments. 

Knipp and Uhlenbeck give the following expression 
for the IB spectrum S$(&) of a beta emitter of maximum 
beta energy Wo 

Wo 


S(k) -f dW,.P(W.,0)bo(W,,). (1) 
mat +k 


Here P(W,,0) is the beta spectrum for Z=0, and qo 


is given by 


go(W,,k) In(W,+p)—-2], (2) 


ap 4 tW 
pw, 


wp k 


where W, is the energy of the electron emitted together 
with a photon of energy k and W,=W,-+2 is the energy 
of the electron in the corresponding nonradiative 
transition; p is the momentum corresponding to W, 
and p, the momentum corresponding to W,; a@ is the 
fine structure constant. In all the IB measurements 
mentioned above, the theory has been represented by 
Eq. (1) with the experimental beta spectrum P?(W,,Z) 
replacing P(W,,0). 

Nilsson suggests that at present the best approxi- 
mation of the IB spectrum for an allowed beta transition 
with a beta spectrum P?(W,,Z) is obtained by replacing 
P(W,,0) in formula (1) by ?(W,,Z) and go(W,,k) by 


F(Z,W,) 


go(W,,k) . 
F(Z,W.) 


2(W,,k) (3) 


Here (Z,W) is the Coulomb function in beta decay 


4S. B. Nilsson, Arkiv Fysik 10, 467 (1956). 
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Fic, 1. Experimental arrangement used for the measurement of 
internal bremsstrahlung from Pr and Pm"". 


Ford and Lewis'® made similar calculations, with the 
same results. They also discussed the effect of the 
forbiddenness of the beta decay on the bremsstrahlung 
spectrum. They conclude that the use of the appro- 
priate mixture of beta interactions will make it possible 
to derive an IB spectrum that is in agreement with the 


experimental results in (LS) for P®. This cannot, how- 
ever, explain the discrepancy for S*. 

In the light of these new theoretical aspects, it 
appeared to be worthwhile investigating whether the 
remarkably high bremsstrahlung yield for Pr'® (Egnox 


922 kev) and Pm" (Egmnax= 226 kev) obtained by 
Langevin-Joliot could be confirmed by an experiment 
using the technique described in (LS) and (SS), or 
whether the disagreement at lower energies between 
Langevin-Joliot and (LS) and (SS) for P® and S*® 
would appear for Pr'® and Pm’, too. Furthermore, 
measurements on these high-Z isotopes together with 
the older measurements on P® and S* will give a fairly 
complete picture of the Z dependence of the IB. 


EXPERIMENT 

The IB sources were prepared from carrier-free Pr 
and Pm'” solutions obtained from the Atomic Energy 
Research Establishment, Harwell. The absolute ac- 
tivities of the solutions were measured at Harwell by 
4n-counting and were given with an accuracy of +2% 
for Pr'® and +5% for Pm". The sources were made 
on 10-yg/cm* Formvar foils by evaporation with an 
infrared lamp. Four Pr'® sources with activities ranging 
from 34 to 156 wC and average thicknesses between 
160 and 600 yg/cm*® and three Pm" sources with 
activities from 78 to 465 wC and average thicknesses 
between 20 and 200 ug/cm? were used in the IB meas- 
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urements. The fact that all the sources used gave the 
same spectrum within the experimental errors of about 
+5%, at low photon energies strongly supports the 
assumption that the external bremsstrahlung emitted 
from the source was negligible in comparison with 
the IB. 

As shown in Fig. 1, the source was mounted in a 
Perspex vacuum chamber with an air pressure kept 
below 5 mm Hg. The beta particles from the source 
were stopped in a beryllium absorber placed half-way 
between the source and the Nal(T]) crystal of the 
scintillation spectrometer. The collimator consisted of 
a 5-cm thick lead diaphragm with an opening 22 mm 
in diameter. A collimator lined by tin and copper was 
also tried, but no difference in the lead K x-ray region 
was observed. The IB spectrum of Pr'® was measured 
with a scintillation spectrometer employing a Harshaw 
Nal(TI) crystal, 44 mm in diameter by 25 mm long, 
packed by Harshaw in an aluminum container with an 
aluminum window 1.03 mm thick. For Pm"? a crystal 
37 mm in diameter and 27 mm long, with a 0.22-mm 
window, was used. The crystals were mounted on 
DuMont 6292 photomultipliers. The output pulses from 
the photomultipliers were amplified and analyzed by 
a single-channel pulse-height analyzer. 

Energy calibration was performed by using the 
gamma-ray and x-ray lines from Cs"? and Ce™. The 
variation of pulse height with counting rate, character- 
istic of the DuMont 6292 photomultiplier, was studied 
and was found to cause uncertainties of the order of 
+0.5% in the energy calibration. The width at half- 
height of the Cs'*? 662-kev line was 8% with the 
Harshaw-packed crystal and somewhat better with the 
other crystal. 

During each run, the channel width of the pulse 
height analyzer was determined several times with a 
precision pulser. The background pulse spectra were 
observed with the sources removed. They are shown 
together with pulse height distributions obtained with 
a 154-uC Pr'” and a 465-uC Pm” source, respectively, 
in Fig. 2, In fact, it is the background that limits the 
accuracy of these measurements at higher energies. 

In order to study the radiochemical purity of the 
Pr“ and Pm” solutions, strong sources were prepared 
on pieces of carbon and placed directly on the NaI(TI) 
crystal. In this way a high counting rate was achieved. 
It was found that the upper limit of the contribution 
of discrete gamma-ray lines to the IB spectra of Pr'® 
obtained as described above was 7% of the IB intensity 
at energies below 400 kev and 15% above this energy. 
The Pm'” sources gave a 121-kev gamma-ray line, 
which will be discussed below, but no line of lower 
energy with intensity greater than 7% of the IB 
spectrum. 

CORRECTIONS 


The recorded pulse-height distribution P(e) corrected 
for background counts and discrete gamma-ray and 





INTERNAL 


x-ray lines is related to the photon spectrum N(k) of 
the radiation incident on the spectrometer crystal in 
the following way: 


kmax 
P= f K(k,e)(1—e~*“) N (k) dk, (4) 


where ¢ is the pulse height, & the photon energy, 
K(k,e) the response function of the spectrometer, u the 
total absorption coefficient of the crystal material, and 
L the thickness of the crystal. Calculation of K(k,«) 
requires knowledge of the iodine K x-ray escape fraction, 
the photofraction, p, and the absorption coefficient, yu, 
of the NaI(T1) crystal. As the K x-ray escape fraction 
use was made of the average of the calculated values of 
Axel'® and Lidén and Starfelt,'” and the experimental 
values of Meyerhof and West.'* The photofraction, p, 
was measured at 412 kev (Au’*) and 662 kev (Cs'*’) 
and, by using these values together with the shape of 
the p versus photon energy curve given by Maeder, 
Miiller, and Wintersteiger,"’ p was determined in the 
energy region below 800 kev. The absorption coefficient, 
u, was taken from White’s tables.” The shape of the 
compton electron part of K(k,e) was approximated by 
K(¢)=constant. 

As described by Starfelt and Koch,” Eq. (4) was 
transformed into a matrix form with 40 rows and 40 
columns covering the energy region from 0 to 1000 kev 
for the Pr'® measurements and with 32 rows and 32 
columns from 0 to 250 kev for Pm'’. To avoid the 
difficulties in solving the matrix analog of Eq. (4), a 
spectrum N’() was constructed and the corresponding 
P’(e) was calculated by multiplication with the matrix. 
A new N’’(k) could then be estimated from the relation 
between P’(e) and the measured P(e) so that the 
corresponding P’’(e) agreed with P(e) within two or 
three percent. In this way a correction factor N/P to 
the measured P(¢€) was obtained. 

With the geometry used in this experiment, employ- 
ing a collimator channel with a diameter smaller than 
that of the spectrometer crystal, certain difficulties are 
encountered in the calculation of the solid angle sub- 
tended by the spectrometer. However, this arrangement 
reduces the backscatter effect considerably and im- 
proves the energy resolution. The increase of the solid 
angle due to penetration of photons through the 
collimator walls was calculated according to Maeder, 
Miller, and Wintersteiger.”” The effect of scattering in 
the walls of the collimator was calculated under the 
assumption that single scattering alone is responsible 


1 P, Axel, Rev. Sci. Instr. 25, 391 (1954). 

17K. Lidén and N. Starfelt, Arkiv Fysik 7, 427 (1954). 

1#W. E. Meyerhof and H. J. West, Jr., Rev. Sci. Instr. 25, 
1025 (1954). 

1 Maeder, Miller, and Wintersteiger, Helv. Phys. Acta 27, 3 
(1954). 

™G. R. White, National Bureau of Standards Report No. 
1003, May 13, 1952 (unpublished). 

21 N. Starfelt and H. W. Koch, Phys. Rev. 102, 1598 (1956). 
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for this effect. These calculations were checked by 
measurements of the variation of counting rate with 
source to detector distance for a Au'*® source and a 
Cs" source. The results agreed within the limits of 
experimental accuracy with the calculations. 

Corrections were also made for photon absorption in 
the beryllium beta absorber and in the aluminum 
window covering the Nal(T]) crystal. 

The peaks due to discrete gamma-ray and x-ray 
lines were corrected separately. 

The contribution to the internal bremsstrahlung 
spectrum of external bremsstrahlung from the beta 
absorber and the vacuum chamber was treated in the 
same way as in (LS) and (SS) and was found to be 
less than 4% at all energies studied, The total correction 
factors used for the correction of the measured pulse 
height distributions are given in Fig. 3. 

Table I shows the estimated experimental errors at 
some representative energies. 
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ey height distribution of the internal bremsstrahlung of (a) 
*r'# and (b) Pm"? into the true photon spectrum. 


RESULTS AND DISCUSSION 


The experimental IB spectra shown in Figs. 4 and 5 
are corrected as described above. The K x-ray lines 
superimposed on the continuous IB spectra are due to 


auto-ionization™™ in connection with the beta decay. 
The yield of K x-rays due to this effect was studied by 
Langevin-Joliot®™ with a proportional counter and 
was found to be 4.25 10 photon per Pr beta decay, 
and 1.3X10~ photon per Pm'’ beta decay. In order 
to eliminate these K x-ray lines from the IB spectra, 
the lines were represented by Gaussians with the 
proper half-widths, which were subtracted from the 
measured photon spectra. The area of the Gaussians 
leaving smooth IB spectra after the subtraction corre- 
sponded to K x-ray intensities of (4.6+1.0)10~ and 
(0.894-0.20) X 10~ K x-ray photons per beta decay for 
Pr'# and Pm’, respectively. These values agree with 
Langevin-Joliot within the experimental errors stated. 

It is known that in both Pr'® and Pm'’ practically 
all the beta transitions go directly to the ground states 
of the daughter nuclei. However, Langevin-Joliot and 
Lederer® found that the 121-kev line observed in the 
spectrum measured with a Pm'*” source is emitted by a 
Pm isotope, probably Pm'’. The intensity of this line 
was determined in the present investigation from the 
spectrum in Fig. 5 and was found to be (3.4+0.5) K 10~° 
photon per beta decay in agreement with (320.5) X 10~° 
photon per beta decay as found by Langevin-Joliot 
and Lederer. 
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Tasiz I. Estimated experimental errors in the bremsstrahlung 
spectra (in percent). 
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The beta decays of Pr’ and Pm" are both of the 
first forbidden type giving beta spectra of allowed 
shape. The only theoretical calculations published of 
the IB emitted in connection with forbidden beta decay 
are those given by Chang and Falkoff* and by Madan- 
sky et al.** assuming Z=0 and no mixture of beta 
interactions. Chang and Falkoff arrive at the result 
that the factorization of the bremsstrahlung process 
proposed by Knipp and Uhlenbeck’ is correct for for- 
bidden transitions only for the lowest photon energies. 
Furthermore, according to Ford and Lewis,'® a for- 
bidden beta decay does not in general give the same 
IB spectrum as an allowed beta decay with the same 
W> and Z even if the forbidden decay gives a beta 
spectrum with an allowed shape. Thus no theoretical 
IB calculation directly applicable to the present experi- 
ment is as yet available. Therefore, to illustrate the 
influence on the IB spectrum of the Coulomb effect and 
the forbiddenness effect, several different approximate 
formulas were tried. These formulas are: A, the Knipp- 
Uhlenbeck formula with P(W,,0) replaced by an allowed 
beta spectrum P(W,,Z) including the appropriate 
Coulomb correction F(Z,W,); B, the modification of A 
suggested by Nilsson" replacing F(Z,W,) by F(Z,W,) ; 
C, the Chang-Falkoff® formula for allowed transitions 
and Z=0; and D, the formula by the same authors for 
first forbidden, scalar interaction and Z=0. To show 
how the Coulomb correction as given by B, applied 
to the calculation of the interaction between the beta 
particle and the radiation field, varies with Z and Wo, 
the ratio B/A for S* (Egmax= 168 kev) and P® (Egmax 

1.70 Mev) as well as for Pr’? (Egmnax=922 kev) and 
Pm" (Egmax=226 kev) are shown in Fig. 6. The 
influence on the IB spectrum of the forbiddenness 
effect treated according to D is shown in Fig. 6 as the 
ratio, D/C, calculated for the same beta decay energy 
as that of Pr. It is obvious that these two effects are 
of great importance, especially for high photon energies, 
and that the Coulomb correction increases with in- 
creasing Z and decreasing Wo. 

Figure 7 compares the present experimental results 


** Madansky, Lipps, Bolgiano, and Berlin, Phys. Rev. 84, 596 
(1951). 
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as well as the results by Lidén and Starfelt" for P® 
and by Starfelt and Svantesson" for S* with theory. 
The ratio between the measured IB and formulas A 
and B, respectively, are given. The ratios between 
Langevin-Joliot’s experimental spectra and formula B 
are also given for comparison. It is obvious that the 
experimental spectra are not in agreement with the 
Knipp-Uhlenbeck theory for all the isotopes studied, 
The disagreement increases with increasing Z and 
decreasing Wp». The modified theory, as given by 
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Fic. 4. Internal bremsstrahlung from Pr. (a) Gives number 
of photons per Mev per disintegration and (b) the intensity, 
k-S(k), per energy interval per disintegration. The points are 
the corrected experimental results. The observed K x-ray line 
due to auto-ionization is represented as a Gaussian in (b) and is 
subtracted from the experimental spectrum in (a). The solid 
line represents the theoretical spectrum according to Knipp and 
Uhlenbeck (formula A) and the dashed line the Coulomb corrected 
theory (formula B). 
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Pri'¢* AND Pm'!*? 
formula B, represents a great improvement as compared 
with the older theory, especially at high photon energies. 
However, for high Z (Pr'®, Pm'*’) there persists a 
remarkable discrepancy between theory and experiment 
for medium and low photon energies. According to 
Ford and Lewis formula B is accurate to first order in 
aZ and should thus give better agreement with experi 
ment for P® and S* than for Pr'® and Pm", 

From Fig. 7 it can be seen that the present results 
agree with those of Langevin-Joliot" for high-energy 
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Fic. 5. Internal bremsstrahlung from Pm". (a) Gives number 
of photons per Mev per disintegration and (b) the intensity, 
k-S(k), per energy interval per disintegration. The points are 
the corrected experimental results. The observed K x-ray line 
due to auto-ionization and the 121-kev gamma-ray line found in 
Pm"? are represented as Gaussians. The solid line represents the 
theoretical spectrum according to Knipp and Uhlenbeck (formula 
A) and the dashed line the Coulomb corrected theory (formula B) 





N. STARFELT 





add 


4 





Pr 45 


dd 





p,'*? 


O04 0.6 


Fractional energy k/(W,-moc*) 











Fic. 6. Comparison between different theoretical expressions 
for the internal bremsstrahlung. The solid lines represent the 
ratio between the Coulomb corrected theory (formula B) and the 
original Knipp-Uhlenbeck theory (formula A). The dashed line 
gives the ratio between the expressions for first forbidden scalar 
interaction (formula D) and that for allowed beta interaction 
(formula C) as calculated from the formulas of Chang and Falkoff 
for the same beta decay energy as that of Pr’ but assuming Z =0. 


photons but lie definitely below these at lower energies. 
This discrepancy could perhaps most easily be explained 
as an external bremsstrahlung disturbance in Langevin- 
Joliot’s measurements, but there is no reason to suspect 
that her method of avoiding external bremsstrahlung 
should be inferior to the method described in this paper. 
Thus, as yet no explanation can be offered for the 
difference between the results of the two experiments. 
Finally, from the present results and those of (LS) 
and (SS) as shown in Fig. 7 it is concluded (a) that the 
Coulomb corrected formula B is far superior to the 
usual formula A, (b) that the improvement of the 
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Fic. 7, Comparison between experimental and _ theoretical 
internal bremsstrahlung yield for P®, S*, Pr’, and Pm’, The 
solid lines give the ratio between the experimental results and 
the Knipp-Uhlenbeck theory (formula A) and the dashed lines 
the ratio between experiment and the Coulomb corrected theory 
(formula B), The curves for P® and S* represent the experimental 
results of (LS) and (SS), respectively, and the curves for Pr’ 
and Pm’? the results of the present investigation. The dotted 
curves give a comparison between Langevin-Joliot’s experiments 
and the improved theory (formula B). 


theory represented by formula B is never sufficient to 
give agreement between theory and experiment, and 
(c) that the disagreement between experiment and 
theory increases with increasing Z and decreasing Wo 
no matter whether theory is represented by formula A 
or by formula B. 
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Interactions of 85-Mev Positive Pions with Deuterons*t 
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Collision processes of pions with deuterium have been observed in a diffusion cloud chamber. The use of 
positive pions rendered visible all of the possible reactions at 85 Mev. Total cross sections and angular dis 
tributions for elastic and inelastic scattering, charge exchange scattering, and absorption have been deter 
mined from 272 collisions in the deuterium gas. The results are compared with the phenomenological 


impulse-approximation theory. 


I. INTRODUCTION 


HE experimental approach to meson scattering 
in deuterium has been stimulated by several 
circumstances. There exists, in the impulse approxima- 
tion, a promising theoretical attempt to treat three- 
(and more-) body collisions on the basis of experi- 
mentally known two-body interactions. A crucial and 
fundamentally interesting assumption in this theory is 
that the two-body scattering interaction is not modified 
by the presence of another particle bound by nuclear 
force to the struck nucleon. The extensive study of pion 
scattering on protons has progressed to a point where 
the phenomena are conveniently described by a set of 
phase shifts known with varying precision up to about 
200 Mev. Thus the general behavior of the two-body 
reactions r++ p,-+ p, and (by charge symmetry) 
at+n is well known, with every expectation that new 
experiments will soon result in much increased pre- 
cision. A critical test of the assumptions and conditions 
of validity of the theory is, in principle, the scattering 
of pions in deuterium. 
Pions may interact with deuterons in five possible 
ways: 
(la) rt+d 
(1b) rt+d-—»rt+n-+ p (inelastic scattering), 
(2) at+d 
(3) wt+d—7+ p+ p (radiative absorption), 
(4) wt+d 


ont +d (elastic scattering), 


m+ p+ p (charge exchange scattering), 


»p+ p (nonradiative absorption), 


The corresponding negative-pion interactions can be 
derived from the above set by interchanging p and n. 
The principle of charge symmetry requires that the 
interactions of positive and negative pions with deu- 
terons be the same, except for Coulomb effects which 
constitute a small correction to the nuclear interactions 
for fast pions. By using scintillation counter techniques, 


* This research is supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t A preliminary report of this research appears in the Proceec 
ings of the CERN Symposium, CERN, Geneva, 1955. P 

t Submitted by Kenneth C. Rogers in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in the 
Faculty of Pure Science, Columbia University. 

§ Now at Laboratory of Nuclear Studies, Cornell University, 
Ithaca, New York. 


deuterium total cross section determinations have been 
performed for both positive and negative pions at a 
variety of energies.’~“* A measurement of elastic pion- 
deuteron scattering at 140 Mev using heavy-water 
loaded emulsions but with low statistical precision has 
been reported. However, with the exception of the 
work of Nagle at 119 Mev, investigation of the cross 
sections and angular distributions for the individual 
processes giving rise to the total deuterium cross sec- 
tion has not previously been carried out. The trans- 
mission measurements have tended to indicate that the 
deuterium total cross section is less than the sum of the 
scattering cross sections for positive and negative pions 
by protons, with a maximum difference between the 
deuterium cross section and the free-nucleon sum occur- 
ring at energies in the neighborhood of the first maxi- 
mum in the free-nucleon cross sections, i.e., at ~ 200 
Mev laboratory kinetic energy. The most critical test 
of a theory of pion-deuteron scattering requires a de- 
termination of the differential and total cross sections 
for each of the possible pion-deuteron reactions. The 
following paper describes the determination of the 
partial and differential cross sections for the processes 
la, 1b, 2, 3, and 4 at a laboratory kinetic energy of 85 
Mev, the highest positive-pion beam energy available 
at this laboratory. A positive-pion beam was chosen in 
order to permit separate identification of processes 2, 
3, and 4. 


Il, EXPERIMENTAL METHOD 


A major technical difficulty associated with the per 
formance of a diffusion cloud chamber experiment using 
deuterium as a target gas is that of obtaining a sufficient 
quantity of essentially tritium-free deuterium. The B 
activity of tritons present in the filling gas places a 
ionization load on the chamber. One triton 
decay per second per cubic centimeter of filling gas 
would probably disrupt satisfactory operation of the 


constant 


'H. A. Bethe and F, de Hoffmann, Mesons and Vields (Row, 
Peterson and Company, Evanston, 1955), Vol. If. This reference 
lists all work on w~—d total cross sections published prior to 1955, 

? Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
1104 (1954). 

*D. E. Nagle, Phys. Rev. 97, 480 (1955). 

*Ignatenko, Moukin, Ozero, and Pontecorvo, Doklady Akad, 
Nauk S.S.S.R. 103, 209 (1955). 

* Arse, Goldhaber, and Goldhaber, Phys. Rev. 90, 160 (1953). 
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chamber. Under normal conditions the chamber should 
operate with deuterium at on optimum pressure of 18 
atmospheres. The 12-year triton mean life together 
with the above requirements then establishes a lower 
limit of approximately 10” for the permissible deuteron- 
to-triton ratio present in the filling gas. Naturally 
occurring deuteron-to-triton ratios in water range from 
10", to 10'*.7-5 Thus, under favorable circumstances it 
should be possible to obtain a sample of deuterium 
satisfying this requirement. Commercially available 
deuterium proved to contain far too much tritium for 
diffusion cloud chamber use. Fortunately a sufficient 
quantity of heavy water of low tritium content was 
obtained from the U. S. Atomic Energy Commission. 
The conversion of the deuterium oxide to deuterium 
gas was effected by means of the reaction: DxJ+Mg— 
MgO-+ Dz». The method has been described by Knowlton 
and Rossini.’ The heavy water was converted to steam 
and passed over hot magnesium turnings’® at 500°C 
in an evacuated stainless steel reaction column. The 
column consisted of four tubes in parallel each of which 
contained enough magnesium to react with all of the 
heavy water. The deuterium product was collected and 
stored at a pressure of 68 atmospheres in a standard 
steel cylinder. A flow sheet for the conversion process 
is given in Fig. 1. The accumulator served to transfer 
the gas from the collection tanks at a pressure of 3 
atmos to the cylinder at 68-atmos pressure. Satisfactory 
operation of the chamber was achieved with this deu- 
terium. The only evidence for the presence of tritium 
was a slight decrease in the depth of the sensitive 
volume from that obtained with ordinary hydrogen. 
The experimental arrangement is shown in Fig. 2. 
The 85-Mev positive pion beam of the Nevis cyclotron 
was deflected by a double-focussing steering magnet 
into a deuterium-filled (density =0.003 g/cm*) 17-in. 
diameter diffusion cloud chamber. Shielding of the 
chamber against neutron and gamma background radia 
tion was provided by a 3 ft 4 {t6 ft concrete block 
pierced by a 10 in.X2.5 in. x4 ft collimating slit. The 
beam entered through a 0.040-in. stainless steel window 


*R. P. Shutt, Rev. Sci. Instr. 22, 730 (1951). 
* ‘IT. Kirshenbaum, Physical Properties and Analysis of Heavy 
Water edited by G. M. Murphy and H. C. Urey (McGraw-Hill 
Book Company, Inc., New York, 1951), National Nuclear Energy 
Series, Vol. 4A, Div. 3. 

* FE. L. Fireman and D. Schwarzer, Phys. Rev. 94, 385 (1954). 

* J. W. Knowlton and F, D. Rossini, J. Research Natl. Bur 
Standards 19, 605 (1937) 

Reade Manufacturing Company, Inc., Metal Powder Divi 
sion, Jersey City, New Jersey 
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and traversed the chamber with an average radius of 
curvature of 70 cm in the 9000-gauss pulsed magnetic 
field. A photographic repetition rate of once every ten 
seconds was employed. A total of 27 000 stereo photo- 
graphs was taken. Operation of the chamber has been 
described in detail previously."~" 


Ill, ANALYSIS OF DATA 
(A) Flux 


One of the primary objectives of this experiment was 
the measurement of absolute reaction probabilities. To 
insure accurate and impartial evaluation of the data a 
strict scanning and flux counting procedure was 
adopted. Each picture was examined an a flux count 
performed by at least two independent observers. All 
pictures of poor quality or containing more than twenty 
beam tracks were rejected. To be counted as flux a 
track was required (1) to fall within the acceptable 
momentum interval, (2) to extrapolate to the entrance 
window of the chamber, (3) to make less than a 10° 
angle with the mean beam direction and (4) to cross 
fiducial marks scribed on a black glass plate resting on 
the chamber floor. The purpose of the last requirement 
was to provide a more rigid definition of a “flux track.” 
The momentum acceptance interval was established 
from a measurement of the beam momentum spectrum. 
The lower limit was set to exclude a small low-energy 
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Fic. 2. Experimental arrangement for x*-d exposure. 


" Sargent, Cornelius, Rinehart, Lederman, and Rogers, Phys. 
Rev. 98, 1349 (1955). 

2 Sargent, Rinehart, Rogers, and Lederman, Phys. Rev. 99, 
885 (1955). 

‘8 Rinehart, Rogers, and Lederman, Phys. Rev. 100, 883 (1955). 
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tail in the beam. Only the lower limit was utilized in 
scanning. A calibrated map measurer was used to 
convert the flux count to the total beam path length 
on 2500 pictures composed of 50 picture samples from 
each of the 50 film loads. Checks of the resulting track- 
to-path-length conversion by two independent ob- 
servers agreed to within 2°. On the average the flux 
track counts of different scanners agreed to within 5%, 
To provide an additional check of the flux-counting 
procedure, m-u decays in flight through projected angles 
greater than 3° were recorded. 


(B) Interaction Energy 


The measured momentum spectrum of a random 
sampling of beam tracks was used to determine the 
mean beam energy and the beam energy spread. The 
incident-beam momentum distribution was assumed to 
be a Gaussian parametrized by a mean momentum yu 
and a standard deviation s. This analysis led to beam 
momentum of 175+10 Mev/c. The determination was 
checked on tracks observed to undergo deuterium inter- 
actions. In order to do this, the momentum dependence 
of the deuterium total cross section at ~85 Mev was 
estimated from a linear fit to the data of Anderson 
et al.'* in the neighborhood of 85 Mev, yielding (1/0) 
X (da/du)=9.7K10-* (Mev/c). The observed quan- 
tities (p)=180 Mev/c and So.2=282 (Mev/c)? then 
yield the mean pion beam momentum p= 177+10.6 
Mev/c and the corresponding mean pion beam energy 
E=85.5+8.3 Mev. 


(C) Scattering Events 


A total of 267 interactions arising from acceptable 
beam tracks were recorded. Furthermore, events taking 
place within one centimeter of the exit wall of the 
chamber were not counted, The double scanning result 
of 98% over-all efficiency for observing events was 
regarded as satisfactory. As an additional check on 
scanning efficiencies some film was scanned a third 
time. In general, ionization, range, curvature, and 
kinematics permitted the identification of each event at 
sight as either a pion interaction with a deuteron or 
with a heavy nucleus impurity in the filling gas. In 
addition, deuterium events could be placed in three 
categories: (a) elastic and inelastic scattering (proc- 
esses la, 1b), (b) charge exchange scattering and radia 
tive absorption (processes 2 and 3), or (c) absorption 
(process 4). Elastic and inelastic scatterings were char- 
acterized by a scattered charged meson and a visible 
recoil of at least 1.5-mm range. Charge exchange and 
radiative absorption events were identified by two un- 
correlated, heavily ionizing secondary protons, neither 
one having more than ~20-Mev kinetic energy. Ab- 
sorption events were characterized by two fast (~ 100- 
Mev) protons, with a minimum correlation angle of 


“4 Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 413 


(1952). 
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158°. Detailed momenta and angle measurements were 
required to further identify a particular interaction 
The 1.5-mm recoil range requirement established a 
17° cut-off angle for the scattering of pions without 
exchange of charge in the acceptable momentum in- 
terval. The recoil range was determined by the require 
ment that a recoil track have the appearance of a prong 
rather than that of a spherical blob, This was necessary 
in order to avoid confusion between scatterings and 
w-u decays with associated delta rays or stray blobs 
near the decay point. At the lower limit of the acceptable 
pion momentum interval the maximum -» laboratory 
decay angle is ~ 15°, so that there is little chance that 
any m-u decays with associated blobs would have been 
mistaken for scatterings. 

Whenever possible, the vector momenta of the 
charged particles involved in an interaction were 
measured and unless the event was obviously not co- 
planar the function 


Pi‘ (PoX Pa)/ Pipops 


was evaluated. The quantity 4 is a convenient measure 
of coplanarity which vanishes when p;, po, and py are 
coplanar and is invariant to rotations of the coordinate 
system. Mean precision in coplanarity was 6=0.015 
radians. The technique of performing the momenta and 
angle measurements has been described in a previous 
paper.” 


cosé 


IV. RESULTS 
(A) Total Cross Section 
The total cross section is given by the relation 
o=N/(Lan), 
where \V is the number of interactions observed for a 


Tasie I. Experimental results. 

Observed number of interactions* 225 
Corrections: 

Scanning efficiency +4 

Hydrogen contamination 7 

222 

17 236 


Corrected number of interactions 
Uncorrected flux 


Corrections to flux : 
-4% 
(2.440.5)% 
(1144)% 
3% 


Magnification 

Gas density 

Beam contamination 
Edge effects 

Filling gas contamination 


7/0 
(6+0.5)% 


~ (16.444.5)% 
12 680 g/cm? 


Corrected flux 
Errors 


Number of interactions (statistical error) 
Flux 

Corrections to flux 

Resultant rms error 


® The total number of events observed was 267. However, owing to the 
rejection of photographs for which the flux count was not reliable, only 225 
events were used in the total cross section, 
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Fic. 3. Elastic plus inelastic differential scattering cross sec 
tion, dox,;/dQ2. The experimental points represent 167 events. 
Errors are standard deviations. The solid line is from Rockmore, 
using phase shifts of Table II. 


pion path length L, in a target material of n scattering 
centers per unit volume. The corrections applied to the 
path length measured in reprojection and to the ob- 
served number of interactions are given in detail in 
Table I. The magnification correction arises because 
the beam path length measured in reprojection is that 
for unity magnification in the fiducial plane (the floor 
of the cloud chamber) and is therefore slightly greater 
than the true path length in space. The density cor- 
rection to the perfect gas law was calculated from the 
b term in the Van der Waals equation of state.!® The 
mu-meson and electron contamination of the beam was 
obtained from range curves taken by various counter 
groups in this laboratory using the same beam. A calcu- 
lated correction was made for the difference in geometry. 
This amounted to 2+ 1%. Scatterings which took place 
outside of a prescribed fiducial area were not counted 
and a corresponding reduction in the measured flux was 
applied. Approximately 18°, of the film was rejected 
from the flux count due to poor flux counting conditions, 
i.e., too many tracks or poor sensitive layer. 

A mass spectrographic analysis of the filling gas 
revealed a 4% hydrogen and 2, nitrogen contamina- 
tion. These introduced corrections to both the density 
and the number of events, since pion-proton scatterings 
could not in general be distinguished from inelastic 
pion-deuteron interactions. The errors:associated with 
the observed number of events, with the flux count 
and with the corrections are also tabulated. An inde- 
pendent check of the flux corrections is obtained from 


* Handbook of Chemistry and Physics (Chemical Rubber 
Publishing Company, Cleveland, 1955). 
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the r+ decay count. The number of -u decays ob- 
served was corrected for (1) scanning efficiency (ob- 
tained by comparing the results of the two and three 
independent observations) and (2) cut-off angle (ob- 
tained from the known kinematics). This yields, for 20 
selected film loads, a pion path length of 81594500 
g/cm* based upon over 2000 events. The error arises 
primarily from scanning efficiency uncertainties. The 
direct determination of the path length in these photo- 
graphs gives 9694 g/cm?. The difference (15.645% 
represents the magnification, flux contamination, and 
edge effect corrections to the flux. In Table I, these 
effects are seen to contribute (18+4°%). The agreement 
is considered satisfactory. 

No corrections were necessary for events taking place 
near the top or the bottom of the sensitive volume be- 
cause the vertical dimension (~4.5 cm) of the incoming 
beam was somewhat less than the depth (~5.5 cm) of 
the sensitive layer with the mean beam height well 
centered. An examination of the azimuthal distribution 
of scatterings with the beam direction taken as azimuth 
revealed a symmetrical distribution, again indicating 
no losses through the top or bottom of the sensitive 
layer or reduction in efficiency for finding scatterings 
going directly upwards or downwards. Our reported 
total cross section refers to scatterings without exchange 
of charge through laboratory angles greater than 17° 
with no angular restrictions on the remainder of the 
processes. The resulting total cross section for 85+8 
Mev positive pions on deuterons is: 

ao = 58.0+-6.0 mb. 


(B) Elastic and Inelastic Scattering 


The energy and momentum conservation laws for 
scattering correlate the recoil and scattered- 
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Fic. 4. Elastic differential scattering cross section, dog/dQ. 
The solid line represents the impulse approximation calculation 
using phase shifts of Table IT. 
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Fic. 5. Inelastic differential scattering cross section, da;/dQ. 


particle momenta as well as the recoil and scattering 
angles for a given incident pion momentum. The 
identification of a particular event was based on a 
consideration of how well all of the kinematical require- 
ments (coplanarity, angular correlation, and momen- 
tum correlation) were satisfied in view of the assigned 
measuring errors. The finite depth of the sensitive 
volume rendered precision measurement of all scatter- 
ings impossible. However, the number of events for 
which a positive identification as elastic or inelastic 
could be made was sufficiently large to establish within 
limits the fraction of the scatterings which were elastic, 
as well as the respective angular distributions. Of the 
167 events correctly classified at sight as belonging to 
category la, only 13% could not be further identified. 
The unresolved events have led to an analysis for 
possible geometrical bias in either of the two angular 
distributions. The conclusion is that any possible bias 
would have negligible effect upon the results. The re- 
sulting cross sections are, for laboratory scattering 
angles greater than 17°: 
o#41=37.7+4.2 mb, 
op=16.9+7.8 mb, 
o7= 20.8+3.1 mb. 


The error assigned to the combined elastic and inelastic 
cross sections includes the statistical error, [ (NV +1)!/N ] 
100%, and the error arising from an uncertainty in 
the beam flux discussed earlier. The large errors as- 
signed to the individual elastic and inelastic cross 
sections reflect uncertainties in identification and are 
maximum errors. The observed angular distributions 
are plotted in Figs. 3, 4, and 5. A search was made to 
detect distortion of the separate elastic and inelastic 
angular distributions by those events about which there 
was some ambiguity. The angular distributions with 
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and without such events were essentially the same. A 
correction was applied to the inelastic distribution for 
the 4% hydrogen contamination. An example of an 
elastic scattering in which the recoil deuteron stopped 
in the sensitive volume is shown in Fig. 6. 


(C) Charge Exchange and Radiative Absorption 


Charge exchange and radiative absorption events 
were identified by the disappearance in flight of the 
incident pion accompanied by the appearance of two 
low-energy protons The kinematics of charge exchange 
scattering and radiative absorption allows the direct 
determination of the direction, momentum, and energy 
of the outgoing w° or photon if both recoil protons have 
measurable momentum. In the laboratory reference 
frame let P, be the momentum of the incident wt and 
Po, Ps, and P; be the momenta of the resulting neutral 
particle and of the accompanying protons, respectively 
(see Fig. 7). Then, for either charge exchange scattering 
or for radiative absorption, 


Po=(P2+P2+P?—2PP2 cosO, 
2P,P3 cos, { 2P2P 2 cos@.3)! 


COS10 iP, P 2 COS» P3 cos@ 3 |/ Po, 

where ©,» is the angle between the incident pion and 
the emerging neutral particle. Conservation of energy 
then requires that y= 7,+7,+2M—M,a— Eo, where 


E and T denote total and kinetic energies, respectively. 


Fic. 6. Diffusion cloud chamber photograph of elastic scatter- 
ing in deuterium. The incoming beam track is indicated by an 
arrow. The recoil deuteron comes to rest in the gas. 
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M and Mz, are the proton and deuteron rest energies. 
Both P, and P; may not always be directly measurable. 
However, in general one vector momentum and one 
vector direction can be measured. In this case the 
unknown proton momentum can be calculated if a 
mass is assumed for the neutral particle. Conservation 
of energy, using this calculated momentum, then pro- 


. P cosb+{ P cos’6+[1+ (mo+M)/M ](A?+2moA — P*)}4 
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vides a consistency check on the validity of the assump- 
tion. The conservation laws yield a simple expression 
for the desired momentum if the protons are treated 
nonrelativistically and if terms of order (P/M)?* are 
neglected, where P is the desired proton momentum 
and M is the proton mass. The result in terms of the 
known momenta P, and P, is 





[1+ (mo+A)/M] 


where 
P cosh P; cos@\3— Ps cos@ 2, 
Pes P+ P?—2P\P2 cos 2, 
Asm,+T,;—T,—mo+Ma—2M, 
m= mass of neutral particle (pion or ¥ ray). 


Of the 60 observed events giving rise to two slow pro- 
tons, 51 were found to satisfy charge exchange kine- 
matics, 4 to satisfy radiative absorption kinematics, 
and 5 to satisfy neither. These 5 were assumed to be 
2-prong stars from the 2%, nitrogen contamination in 
the filling gas. Thirty two pion stars in flight were 
observed, corresponding to a nitrogen interaction cross 
section of 3204-53 mb at this energy. This is consistent 
with what is known about star formation, since the 
geometric cross section is 355 mb. 

The resulting cross sections for charge exchange 
scattering and for radiative absorption are 


12.2+2.2 mb, 
1.1+-0.6 mb. 


ao 
0,= 


In Fig. 8 the observed laboratory angular distribution 
of charge-exchange scattered mesons is plotted. An 
example of charge-exchange scattering is shown in 
Fig. 9. Both recoil protons came to rest in the sensitive 
volume. An example of a charge-exchange scattering 
followed by the inner pair mode of ° decay is shown 
in Fig. 10, 


- ®---~--—----~— 


BEAM 
DIRECTION 


Fic, 7. Charge-exchange vector diagram for r*+-d—+r® + p+ p 
or wt +d-—+y+ p+ p. Py and P: are momenta of the recoil protons; 
Po is the momentum of outgoing ° meson. 


(D) Absorption 

As discussed in Part II, interactions arising from the 
absorption process (x++d—p+ p) can be identified at 
sight. However, all such events were further examined 
for coplanarity and for angular correlation of the two 
protons. The space angle between the lines of flight of 


a ie mT teal TT 


CHARGE EXCHANGE 


O.+12.2¢ 2.2mb 
cn 














® iss 
Fic. 8. Charge-exchange differential cross section. The solid 


line is the impulse approximation result. The dotted curve is the 
free-nucleon scattering given by the phase shifts in Table IT. 


the protons and the space angle between the line of 
flight of each proton and that of the incident pion were 
required to agree with the kinematically predicted 
angles. In general the agreement was excellent. The 
measured total absorption cross section corresponding 
to 31 events is 04 = 7.0+1.4 mb. 


V. DISCUSSION 
(A) Elastic and Inelastic Scattering 


Several authors'*” have discussed pion-deuteron 
scattering in terms of the phenomenological impulse 


‘6 Fernbach, Green, and Watson, Phys. Rev. 82, 980 (1951). 
17 Fernbach, Green, and Watson, Phys. Rev. 84, 1084 (1951). 
Thomas A. Green, Phys. Rev. 90, 161 (1953). 

” J. S. Blair, Phys. Rev. 83, 1246 (1951). 

~ B. Segall, Phys. Rev. 83, 1247 (1951). 
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Fic. 9. Diffusion chamber photograph of a charge-exchange 
scattering in deuterium: r+-+d—+r® + p+ p. 


approximation of Chew*'-** in which the deuteron 
scattering amplitude is taken to be a linear superposi- 
tion of the free-nucleon scattering amplitudes. Binding 
effects on the scattering matrices are neglected as well 
as off-the-energy-shell dependence of the scattering 
matrices. The nucleons are considered to scatter as 
free particles having a momentum distribution char- 
acteristic of the deuteron. The scattering is then com- 
pletely described in terms of the experimentally meas- 
ured phase shifts for pion-nucleon scattering and the 
deuteron nucleon momentum distribution. The ratio 
of elastic to inelastic scattering as well as the angular 
distributions and energy spectrum of the scattered 
mesons can all be calculated. The results for combined 
elastic plus inelastic scattering can be grouped into 
contributions from individual scatterers plus an inter- 
ference term which is modulated by the deuterium form 
factor. The effect of the binding force between nucleons 
during the scattering, the attenuation of the amplitude 
of the incident wave in crossing the deuterons, and 


multiple-scattering effects’ ** all introduce corrections 


to the impulse approximation. The loose binding of the 
deuteron and the fact that it consists of only two nu- 
cleons suggest that the multiple scattering corrections 


21 G. F. Chew, Phys. Rev. 80, 196 (1950). 

2G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952). 

% G, F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952) 
“K. Brueckner, Phys. Rev. 89, 834 (1953). 

*% K. Brueckner, Phys Rev. 90, 715 (1953). 

*S. D. Drell and L. Verlet, Phys. Rev. 99, 849 (1955). 
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Fic. 10. Diffusion chamber photograph of a charge 
exchange followed by 2°-+y+et+e". 


will be the most important ones for pion kinetic energies 
greater than ~50 Mev. A reformulation of the pion- 
deuteron scattering problem in a fashion to include 
Coulomb effects and to permit estimation of multiple 
scattering and binding corrections has been carried out 
by Rockmore.*’ His results for a pure scattering (no 
absorption) model in adiabatic approximation for the 
treatment of the nuclear motion are equivalent to those 
of Fernbach et al.'®"" with an additional Coulomb cor 
rection. In addition, Rockmore finds significant con- 
tributions from absorptive scattering and potential 
corrections which act to decrease the total cross section 

An experimentally determined phase shift solution at 
85 Mev for pion-nucleon scattering was not available 
at the time of this writing. However, the set of phase 
shifts used in evaluation of the theoretical expressions 
of Rockmore is given in Table II. 

The values of a; and a, are those obtained by a linear 
extrapolation from the low-energy slopes given by 
0).16n, 0.11, 
P,c/m,c*, The value for agg is that given by Bethe 


Orear,”* i.e., tana; tanas where 7 


TABLE II. Phase shifts at 85 Mev. 


a= +9,1° a,= —6,8° 


ayy = ayy 2 


ay 15 5° 


ay, 0 


77 R. Rockmore, Phys. Rev. 104, 256 (1956), following paper. 
% J. Orear, Phys. Rev. 100, 288 (1955). 
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Tasre III. Experimental and theoretical cross sections, in milli- 
barns; the latter are based upon the phase shifts of Table II. 


Theory: 
impulse 
approxi- 
mation 
(mb) 


Free 
nucleon 
(mb) 


Number 
of Experimental 


Reaction events results (mb) 


on 16.9478 
a1 = 2048431 


Elastic scattering 19.2 O44 738.6 

Inelastic scattering 

Ambiguous 

Sum 

Charge-exchange 
scattering 

Sum 

Sum with corrections 
to impulse approxi 
mation 

Absorption 

Kadiative absorption 

Total cross section 


41.1 
o6 #146 


e861 @37.7 44.2 
oe 12.2422 
OR toe @49.944,7 55.7 


aA@=7T0414 
ona mL 1406 
o@ ~§580360 


and de Hoffmann.” The values for as; and a,3 were 
taken to be equal and are essentially those values 
found by Metropolis et al." from the data of Stein- 
berger at 65 Mev.” The phase shift a;, is believed to 
be small” and was arbitrarily set equal to zero. The 
cross sections calculated from this set of phase shifts as 
well as the free nucleon cross sections are compared 
with the observed quantities in Table IIL. The corre- 
sponding differential cross sections are plotted in Figs. 3 
and 4. It is to be noted that considerable latitude is 
allowed by present w-nucleon data in the choice of 
phase shifts. This is due to the fact that precise experi- 
ments are available only at 65 Mev, 120 Mev, and 
higher. The existence of the “small phase shifts” makes 
the interpolation even more difficult, since small varia- 
tions of ag; and a; have a large effect upon the resulting 
best-fit ass. Omission of these phase shifts would require 
significant changes in a3, a3, and a, to restore a fit to 
our data, as well as to the 65-Mev a-nucleon data.** No 
attempt has been made here to optimize the fit, the 
comparison with theory being regarded as provisory, 
awaiting good w-nucleon data at this energy. 

Other experiments’ at somewhat higher energies have 
indicated that the simple addition of the free-nucleon 
cross sections is a fair approximation to the deuterium 
scattering. This is true of the data of this experiment; 
see Table III. However, the sum of the free-nucleon 
cross sections and the results of Rockmore are not very 
different. The calculated sum, in pure impulse approxi- 
mation, of elastic and inelastic scattering is somewhat 
larger than the sum of the free-nucleon cross sections 
and somewhat larger than the observed sum. The net 
constructive interference arises from the form factor 
H4(2K) and the phase space factor pg/pr which favors 
forward interference over the 


the constructive de- 


*H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955) 

» de Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev 
1586 (1954). 

* Metropolis, Alei, and Fermi, Phys. Rev. 95, 1581 (1954). 

* Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 
(1954). 

* Friedman, Lee, and Christian, Phys. Rev. 100, 1494 (1955). 
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structive backward interference.”’ This is brought into 
better agreement with experiment by the absorptive 
and potential corrections. The corresponding differen- 
tial cross section agrees qualitatively with the simple 
impulse calculation. More interesting is the satisfactory 
agreement of the observed and calculated total and dif- 
ferential cross sections for elastic scattering. The large 
uncertainties in the measured elastic cross section 
prevent a critical test of the theory ; however, it is clear 
that the essential features of the elastic scattering are 
correctly described by the impulse approximation at 
this energy. 

The inelastic scattering was not calculated separately. 
The observed inelastic differential cross section indicates 
that most of the inelastic scattering arises from large 
momentum transfers to the deuteron corresponding to 
pion scatterings through angles greater than 90°. The 
reluctance of the deuteron to disintegrate under small 
momentum transfers has also been observed in n-d 
scattering. 

The results reported here indicate that at 85 Mev the 
gross features of pion-deuteron scattering are correctly 
given by a straightforward application of the impulse 
approximation. The work of Brueckner and of Drell 
and Verlet has indicated that multiple-scattering effects 
should in general play an important role in pion- 
deuteron scattering. Multiple scattering is expected to 
become important when the magnitudes of the free- 
particle scattering amplitudes are comparable to the 
mean spacing between the bound nucleons. For large- 
angle elastic scattering, the two nucleons must be 
within a distance R~1/k of each other to accept a 
momentum transfer of order k. As a basis for a simplified 
discussion following Drell, one can consider only S- 
wave scattering for which the scattering amplitude has 
the form 

{(k,k’) =sinéde*/k, |k’|={kI, 

where 6 is the S-wave phase shift. For multiple scatter- 
ing to be negligible, f(k,k’)<<1/k or sinde*<1. In 
general, the requirement that the scattering amplitude 
be small compared to 1/k means that all the phase 
shifts must be small. At 85 Mev this is not true (633 
=().26 rad) and multiple-scattering effects should be- 
come apparent. Rockmore*’ finds a +10%) correction 
using the Brueckner model but notes that propagation 
of the meson wave from one nucleon to another need 
not conserve energy. This kind of multiple scattering 
has been studied by Drell and Verlet®* who find cor- 
rections of the order of —10% at these energies, and 
which are sensitive to the model of off-the-energy shell 
behavior of the scattering amplitudes. 

In view of experimental uncertainties and the lack of 
precise phase shifts, we can only conclude that, at ~85 
Mey, the net effect of all of the corrections to the pure 


impulse approximation amount to $ 10%. 
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(B) Charge-Exchange Scattering 


Previous authors*-** have pointed out that deu- 
terium charge-exchange scattering must be less than 
the free-nucleon charge-exchange scattering despite the 
fact that charge exchange can take place on only a 
single nucleon in the deuteron. The diminution in the 
charge-exchange scattering arises from the require- 
ments of the exclusion principle and parity conservation 
together with the deuteron momentum distribution. 
The free-nucleon cross section and the calculated deu- 
terium differential cross section are given in Table III. 
The charge-exchange destructive interference in deu- 
terium is most readily observed in backward scattering 
where both the differential cross section and the re- 
duction in the differential cross section over the free 
nucleon cross section are large. The agreement of the 
observed and calculated charge exchange scattering 
near 150° scattering angle indicates that the important 
features of the destructive interference are properly 
described on the basis of the impulse approximation. 
The over-all agreement between the phenomenological 
theory and experiment is satisfactory. 


(C) Absorption 


Both the absorption process r++d—p+ p and its 
inverse, the pion production reaction p+p—7t+d, 
have been studied experimentally at many energies. A 
bibliography of both the theoretical and experimental 
work performed before 1954 may be found in papers by 
Rosenfeld®”’ and Stadler.** The angular distributions for 
pion center-of-mass energies up to 94 Mev have been 
fitted by an expression in the notation of Rosenfeld*’ 


of the form 
da X+cos’6 
trast bunt (————), 
dQ X+4 


da/dQ« {A+cos*é], 


where @ is the center-of-mass angle between the pion 
and proton directions. Several authors’? have sug- 
gested that at low energies, 


neKl, (ne=P.c/m,c*), 


A should be proportional to y,~*. Studies of the absorp- 
tion process at energies up to 64 Mev have yielded 
agreement with such an energy dependence. However, 
experiments® at 70 Mev and 94 Mev (center-of-mass 
system) have indicated that for pion kinetic energies 
greater than 70 Mev the angular distribution becomes 
more rather than less isotropic and that the total ab- 


*R. E. Marshak, Proceedings of the First Annual Rochester 
Conference on High-Energy Physics, 1950 (unpublished). 

3° W. B. Cheston, Phys. Rev. 83, 1118 (1951). 

* Tsaacs, Sachs, and Steinberger, Phys. Rev. 85, 803 (1952). 

37 A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 

** Henry L Stadler, Phys. Rev. 96, 426 (1954). 

* K. M. Watson, Phys. Rev. 88, 1163 (1952). 
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Fic. 11. Plot of the likelihood function Q(A). 


sorption cross section increases steadily. The absorption 
and production cross sections can be related by detail 
balancing if initially unpolarized particles are assumed. 


(= ) 
dQ prod 


(= (- k,* 
ee 4 et 
where k, and k, are the pion and proton barycentric 
momenta. Pion production studies” via the process 
p+p-rt+d corresponding to pion center-of-mass 
kinetic energies from 90 Mev to 150 Mev have indicated 
that the production total cross section possesses a 
resonance-type behavior, going through a maximum at 
~130 Mev, while the angular distribution varies 
negligibly over the energy range in disagreement with 
the absorption work at 76 Mev and 94 Mev, 

The 31 observed absorption events of this experiment 
were fitted to a normalized angular distribution of the 


form 
4n fda A+ cos"0 
‘ ( ) = - = {(A,cos"0) 
ao \dQ A+} 


by the method of maximum likelihood.” If {(A ,cos*@) is 
an adequate theoretical description of the process, the 
probability that a given set of points 6; should have 
occurred is proportional to VY, where 


41 
Q=I]T f(A,cos’#,). 
ml 


The maximum likelihood method consists in choosing 
as an estimate of the parameter A that value which 


“M. G. Meshcheryakov and B, S. Neganov, Doklady Akad, 
Nauk S.S.S.R. 100, 677 (1955). 

" Harold Cramer, The Elements of Probability Theory and Some 
of Its Applications (John Wiley and Sons, Inc., New York, 1955), 
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maximizes Q. In Fig. 11 InQ is plotted as a function of 
A. The value of A which maximizes InL is seen to be 
A =0.50_,:*', corresponding to a barycentric kinetic 
energy of 71 Mev. This result tends to confirm the 
trend of the angular distribution towards isotropy with 
increasing energy. 
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The pure-scattering model of Fernbach, Green, and Watson is 
used to obtain impulse approximation expressions for the elastic, 
elastic plus inelastic (closure approximation), and charge-exchange 
(closure approximation) w-d differential cross sections. The net 
interference where p-wave scattering is dominant is found to be 
constructive; the interference due to charge exchange scattering 
is always negative. The Coulomb effect gives rise to strong de 
structive interference in the w*-d elastic component at 85 Mev 
(laboratory energy of incident pion) for angles <45°. The multiple 
scattering calculated Brueckner’s model is 
approximately 10% of the free particle cross section and positive. 


correction as on 


1, INTRODUCTION 


NEW experiment on the scattering of positive 

pions by deuterons at 85 Mev, described in detail 
in the accompanying paper,' has motivated the fol- 
lowing study of pion-deuteron scattering. In view of 
the present improved status of the phase shift analysis 
of pion-nucleon scattering,’ it is of interest to carry 
through the method of approach adopted by Fernbach 
et al.*: the problem is formulated in terms of the impulse 
approximation’ with a phenomenological analysis being 
made of the leading terms® in the expansion of the 
transition operator for the complex system. In the fol- 
lowing, the appellation “usual” impulse approximation 
is given to these leading terms which form a linear super- 
position of the two-particle operators referring to the 
scattering of mesons by single free nucleons. As the 
work of FGW is essentially independent of any detailed 


* This research is supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com 
mission. 

t Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in the Faculty of Pure Science, 
Columbia University 

t National Science Foundation predoctoral Fellow 1955-1950. 

1K. Rogers and L. M. Lederman, preceding paper [ Phys. Rev. 
105, 247 (1957) ], hereafter referred to as Paper I 

2 J. Orear, Phys. Rev, 100, 288 (1955). 

*Fernbach, Green, and Watson, Phys. Rev. 84, 1084 (1951), 
hereafter referred to as FGW. 

4G. Chew and G. Wick, Phys. Rev. 85, 636 (1952); G. Chew 
and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 

§ Chew and Wick, reference 4, Eq. (10); Chew and Goldberger, 
reference 4, Eqs. (13) and (21) 


However, a perturbation field-theoretic treatment of the (3/2, 3/2) 
double scattering indicates that Brueckner’s model is unreliable 
at low energies. The binding correction to the impulse approxi- 
mation is calculated using a p-state interaction Hamiltonian 
(PV coupling) and found to be —3.2 mb at 85 Mev. The forward 
peak in the elastic differential cross section is found appreciably 
reduced by destructive interference arising from elastic “absorp- 
tive” scattering. It is concluded that, at energies <100 Mev, 
absorption corrections are significant, with the multiple-scattering 
correction becoming important at higher energies. 


assumptions about the individual scattered amplitudes, 
their conclusions regarding the use of further simpli- 
fying approximations constitute a valid basis for our 
treatment. 

In Sec. 2, the pure-scattering model of FGW is used 
to derive expressions for the elastic, elastic plus inelastic, 
and charge exchange (x++d—>7r°+-2p) differential cross 
sections. As the elastic contribution was observed down 
to 20° in the laboratory, the Coulomb effect is included 
in the formalism. A general discussion of the properties 
of these cress sections is given. 

The higher order terms® in the expansion of the 
transition operator give rise to the well-known multiple- 
scattering corrections and the binding or ‘“‘potential”’ 
correction. In Sec. 3 we discuss the first of these, the 
multiple scattering, from the standpoint of two adia- 
batic models. We find, using Brueckner’s model for 
multiple scattering,’ that the total cross section is 
approximately 10°/, larger than the total free particle 
cross section at 85 Mev. Calculations are also presented 
which indicate large reductions in the total w-d cross 
section, as well as the elastic differential cross section, 
at energies in the neighborhood of the pion-nucleon 
resonance. A qualitative study is also made of the 
(t= 3/2, 7=3/2) multiple scattering at 85 Mev in the 
double-scattering approximation via a p-state inter- 
action Hamiltonian with pseudovector coupling. 

In Sec. 4 the potential correction to the (3/2, 3/2) 


* Chew and Goldberger, reference 4, Eq. (21) and discussion 


7K. A. Brueckner, Phys. Rev. 89, 834 (1953); 90, 715 (1953). 
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scattering is obtained from a perturbation field-theoretic 
treatment using the same p-state interaction Hamil- 
tonian; for 85-Mev pions, this correction is found to 
be —3.2 mb. 

In Sec. V the effects of absorption are discussed and 
a modified FGW model including absorption developed 
in some detail. Using a simple phenomenological model 
for pion absorption, significant interference effects on 
the elastic differential cross section are found to result. 
For the Hulthén wave function a reduction in the 
elastic cross section (2) jo, =85 Mev) of approximately 
5% is computed. 

Some multiple scattering formulas are collected in 
Appendix A, and their derivation, an extension of 
Brueckner’s model for multiple scattering to a spin 
dependent amplitude, is sketched in Appendix B. 


2. “USUAL” IMPULSE APPROXIMATION 


In terms of the r function formalism of FW, we may 
write the r function for “nuclear” scattering of pions by 
free nucleons (in the laboratory system) as 


| | FP’Wwvem.) \! 
(q Tnuclear qo) ” ( ) 
MW vy lab )WWO 


x i: ad } ne HCVEa(k| Fk} (2.1) 


wk? t,j,1 


where Wwo.m.) and Wywasp) are the c.m. and lab 
nucleon energies and wy and w are the initial and final 
meson lab energies. Each of these energies is the sum 
of kinetic and rest energies. ky and k represent the 
initial and final pion momenta in the c.m., with 
v= (k/E)+(k/Wwe.m.)). Ey, and F;, are the well- 
known® projection operators onto the state of total 
isotopic spin ¢ and the state of total angular momentum 
j (orbital angular momentum /), respectively. The 1;, ;' 
are the usual functions of the phase shifts, 


exp 15,, ;'] sind, ;'. 


150° 165° 180° 

Fic. 1. The effect of the Coulomb interaction on elastic w*-d 
scattering at 85 Mev (k/u=1.03). Curve A: (da®/dQ)nuciesr 0S 
laboratory angle 0. Curve B: (do”/dQ)auctear+Coulomd 0S 0. The 
phase shifts used are 5;;=0.27, 63; =6,;= —0.044, 6;,=0, 6; =0.16, 
and 6;= —0.12 


5K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
(1953), Eqs. (23) and (24). 
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150° 
Fic. 2. The effect of the Coulomb interaction on the (elastic 

+inelastic) differential cross section at 85 Mev (k/u1.03) 

Curve A: (da®*!/dQ)puctear 0S laboratory angle 6. Curve B 

(da®*! /dQ) nuctear+Coulomb US 0. The phase shifts used are enumerated 

in the caption for Fig 

that of KGW. We take 


Otherwise our notation 1s 


h=c=1 throughout. 
At energies 230 Mev, though not so high that rela 
tivistic corrections need be made, the Coulomb effect 
may be adequately accounted for through the addition 
tO Tauctear Of the Coulomb r function in Born approxi 


mation,’ 


| L?W?* w(e.m.) ' 
(q|rc| qo) ={ —— 
Mi N (lab )@W0 


1 a 
(7,+1)T, |, 
(2k)? 4 sin? (99/2) 


(2.2) 


\ 


where a is the fine structure constant, 7’,, the 2 com 
ponent of the meson isotopic spin operator, and Jo, the 
scattering angle in the meson-nucleon c.m. system 


Thus the complete ¢ matrix is given by 


(q|7| Go) = (4) fnuctear+1c! Qo). (2.3) 


For the elastic scattering, we have 


da® 4° Joll4(d) | } 3am 
3)” t £14 


dQ 27K twW iran) | 4v sin?(9/2) 


+ (ni + 2niat 2nai { 4naa) COSD g 1 


+2 sin*do|qist+2nas—m11—20ai|?}, (2.4) 


labeling the phase shifts in the conventional way.!® 
The marked effect of the destructive Coulomb inter- 
ference at angles <45” for positive 85-Mev pions may 


*J. Ashkin and L. Smith, Carnegie Institute of Technology, 
Technical Report No. 1 (February 2, 1953) (unpublished) 
”G, C, Wick, Revs. Modern Phys. 27, 339 (1955) 
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F ia. 3. pp/pr vs laboratory angle 6 (k/y= 1.03). 


be noted in Fig. 1 where (da®/dQ)nuctear and 
(da®/dQ) nuclear +Coulom are plotted together for angles 
<45° in the laboratory system. 

The differential cross section for the sum of elastic 
and inelastic scattering in the closure approximation 
takes the form 


uf q’dqb (Ep: — Eo) 
da®+! (da? da 2 Er’ 
Br | Oh 


{ —— 
dQ da dQ vwW w iad) 


| 3a 
x| m+2ns— : 
| 4v sin®(do/2) 
2 
+cosdo(qy1+ 231+ 2019+4n23) 


3a 
4v sin?(3/2) 


2 
+-cosdo(q31—11— 21a +2n3s) 


+4 sin’do| ms +2n3— 11 —2nsi|? 
4 sin" nu—nor—marn| (2.5) 


The comparison with experiment of the resulting curve 
for Eyion™85 Mev may be found in Paper I. Elastic 
scattering is largely responsible for the interference 
terms in do*+!/dQ. Their net effect is positive (con- 
structive) with a large positive contribution coming 
from scattering angles <#,, (corresponding to Jo= 1/2) 
and a much smaller positive or negative one from 
d>0,,. As H, is small compared to 1 for large momentum 
transfers or large scattering angles, do*®*!/dQ differs only 
slightly from (do*/dQ)+(do”/dQ) in the backward 
hemisphere at 85 Mev. The phase space ratio, 


oa/or= (1/Je) f ¢fd8(Ep— Es), 
Ep’ 
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and /7, as functions of the scattering angle # in the lab 
system are plotted in Figs. 3 and 4, respectively, for 
85-Mev mesons. In Fig. 2, (da**//dQ) has been plotted 
with and without inclusion of the Coulomb effect in 
order to emphasize the large destructive interference 
arising from it in w*-d scattering. 

We consider now the differential cross section for 
charge exchange x-d scattering. Noting that the states 
accessible to the diproton system are odd parity, S=1, 
and even parity, S=0, we may write the charge- 
exchange differential cross section in the closure ap- 
proximation as: 


do® 1 Jo 
a ee —{(1—H.)[6|m—ns 
dQ 27k* wWwisb)? 


+ (n11—131+2n1s—2n33) Cosdo|* 
+4 sin*3o|m1s—n3— 211 +01|"] 
+2(1+H2) sin’3o|nu—ns1—m3+723|?}. 


The charge exchange differential cross section (closure 
approximation) may also be written as 


da” /dQ= (do,°/d2)— Hf +--+}, 


where ‘(da,°/dQ) is the charge exchange differential 
cross section for positive pions on free neutrons (or 
negative pions on free protons). Here the interference 
is always negative. Note that at energies where p-wave 
scattering is dominant (E,io.2 70 Mev), the net inter- 
ference in (da©/dQ)+ (da®*!/dQ) is constructive. In the 
closure approximation, o©() clearly vanishes at d=0, 
since that part of o°(#) which arises from transitions 
to odd parity final states contains (1—H) as a factor 
while the part arising from transitions to even parity 
final states contains sin*d, as a factor. As before, 
detailed comparison of (2.6) with experiment may be 
found in paper I. 


(2.6) 


3. MULTIPLE SCATTERING CORRECTION 


We consider the multiple scattering correction to 
r-d scattering first on the fixed point-source model due 
to Brueckner’ where off-the-energy-shell scattering is 
neglected. The coupled equations for the’scattered 
amplitude are solved in an approximation described in 
Appendix B. Expressions for the total cross section and 
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the elastic differential cross sections are exhibited in 
Appendix A. The resulting values of ofree, exact, a8 Well 
AS Fdouble scattering, {or 85- and 190-Mev pions are tabu- 
lated in Table I, where in both cases 433, 53, and 6; were 
taken from the Orear fit? to pion-nucleon scattering 
data. 

At 85-Mev, double scattering furnishes the principal 
contribution to the multiple scattering correction. While 
the quantitative results (see Table I) are sensitive to 
the “small” phase shifts, 53:, 6:3, and 6;;, an enhance- 
ment of the free-particle cross section of approximately 
10% by multiple scattering is indicated. 

On the other hand, at pion kinetic energies in the 
neighborhood of the resonance energy for (3/2, 3/2) 
scattering, multiple scattering reduces the total cross 
section well below the free-particle cross section. At 
these energies, the multiple-scattering correction to the 
elastic differential section calculated in the 
impulse approximation is also appreciable (see Table 
II). 


Cross 


A 


& 








1 
”a 
1 2 


Fic. 5. Feynman diagram for double scattering. The two-par 
ticle transition operators, #;, are represented by circles, the 
nucleons by heavy lines, the mesons by dashed lines. 


We now consider qualitatively the (3/2, 3/2) double 
scattering correction resulting from a field-theoretic 
treatment in Born approximation of an interaction 
Hamiltonian similar to that of Chew." Besides the 
expectation that such a treatment has some validity at 
low energies, the procedure has the added advantage 
of specifying the behavior of the meson-nucleon scat- 
tering matrices off the energy shell. 

We use the fixed-point-source interaction Hamil- 
tonian in the charge-symmetric pseudoscalar theory 
with pseudovector coupling : 


(3.1) 


a 
Hy - (4a) * pi ~ Ta” a Vba(R?). 
M Bel a~l 


Following Chew and Goldberger,”* the elastic double 
scattering impulse approximation matrix element, 
(k’ | 914! k), is given by (see Fig. 5 for the diagrammatic 


4S, Gartenhaus, Phys. Rev. 100, 900 (1955), Eq. (1). 
2 Chew and Goldberger, reference 4, Eq. (29a), 
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TaBLe I. Total cross sections on the Brueckner model at 85 
and 190 Mev in the laboratory. At 85 Mev, the phase shifts have 
been taken as 83;=0.27, 5; —0.12, 5:=0.16. At 190 Mev we 
have taken 53;=9/2, 63= —0.183, 5:=0.266. otree™sum of the 
free-particle cross sections; Gexsec™the result of the exact treat- 
ment of the multiple scattering. 


Eiab Fdouble seattering 
k/ Mev mb 


1.03* 85 54 61.5 
1.03° 85 55.3 58 
1.66" 190 250 230 


® big 50) 51) =O 
b dis Sq) & —0.044, 31; =O, 


representation), 


(k’|91a| k) =(r*, T= 


exp(in: r)dn (29) 
x fi) 


Wk Wyte 


O| (Wa(r), enter « 


3 


X (| t2|k)Wa(r)) | et, T=0) 


+(r— —r,1¢ 92). (3.2) 
Note the adiabatic approximation in (3.2). 
Specializing to (3/2, 3/2) scattering in the 


approximation, we make the replacement” 


Born 


(9' | ta|m)—>(n’ | v4. 5” |) 


e ) n'n 
n° [ we Wy’ 
3 wT (waw,)! 


where 


w,} 


KEP (n' | Fy Pin), (3.3) 


(| Fy P|) (2n'-n+io® Xn’). (3.4) 
4arn'n 


The resolution of the denominator of (k’|914|k) into 
partial fractions, 


1 1 ( ! 1 
: - t 
Wy? (coe — Wy +4) Wey? Wie? Wy? Way 


1 
(3.5) 


We (Wd, — Wat 1€) 


Taste II. The elastic w-d differential cross section calculated 
on the Brueckner model at 85 and 190 Mev in the laboratory. At 
85 Mev the phase shifts have been taken as 5;;=0.27, 6;=0.16, 
5ig = 53; =5;,;=0. At 190 Mev the phase shifts used are 4,;=/2, 
6,;= —0.183, 5;=0.266, 8:;=6;;=6,;,;=0. The differential cross 
sections are given in the laboratory system. 


o* (© )eorreatad 


mb/sterad 


1.67 
0.33 


7*® (O)ecrrected «9 * (impulse appros 
mb/sterad mb/sterad 


13.1* 1.63* 
69.5 2.0 


7 * (O)impulae appros 
h/u mb/sterad 


1.03 


1.66 99.5 


® These values were computed in the double-scattering approximation. 


4 Aitken, Mahmoud, Henley, Ruderman, and Watson, Phys, 
Rev. 93, 1349 (1954), Eq. (30). 
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readily yields the separation of (k’|914|k) into contributions from real and virtual double scattering. Thus, 


we have 


(| 104 Ke) = (Ke? | 104"! |) +(e’ [Tc gvirtual | Ig), 


where 
32 fy? 2 

(k’ Wea! k) ( Tr ) : (¥.(0),¢ (i/2 rwrs 
3 Ta w,! 9 


and 


2p 
(k’ MME gvirtual k) ( rn 


3 we w, 9 


As Im (k!91q|k) 


exp(in-1) (K | Fy |) (q| Fy® |k) ————.(1) 


dn (2x) ) 
Wk— Wy tle 


+(1«92,r-+-—r), (3.6a) 


72 
) (vin), ¢ wmcte-e F exp (in-#) | Fy |) (| Fy" |k)n’dn(2)* 


1 1 
x|—+ 


1 
+ rae )-+0 «2,r-—r). (3.6b) 
WK Wy 


Wy? Welwy” 


Im (k|91'*"|k), it follows that the correction to the total free-particle cross section is 


Aa = —2u,A4 Sp {A' Im (k| 9! |k)} 


16 4 f? kex*(14 
r( ) 

27 3 py? wr 3 
A second Born approximation to the phase shift analysis 
of the S matrix for pion-nucleon scattering'® yields 
533° = 4, /7k*/3yu’a,; thus (3.7) is seen to be formally 
identical with that obtained from the Brueckner model 
in the Born approximation for (3/2, 3/2) scattering 
only. It is easily shown, for a reasonable cut-off radius, 
that (k’lomy’”"™"'|k), the matrix element for off-the- 
energy-shell scattering, furnishes contributions to the 
double scattering correction to the elastic differential 
cross section at 85 Mev which are of the same order of 
magnitude as those furnished by (k’|914'|k). Thus, 
it is possible to conclude that the Brueckner model is 
not reliable at energies far below the resonance where 
the real scattering is weak and at 85 Mev in particular, 
and that the neglect of scattering off the energy shell 
is a bad approximation in this region. 


4. “POTENTIAL” CORRECTION 


In the systematic analysis of corrections to the 
“usual” impulse approximation, we consider next those 
terms in the perturbation expansion of the transition 
matrix for the problem which form the “potential” 
correction to the single scattering. These terms occur 
as “interruptions” in the single scattering with virtual 
mesons exchanged by the two nucleons during the 
scattering. As we only concern ourselves with the 
“potential” correction to the total cross section (to 
obtain which we shall apply the optical theorem to the 
imaginary part of the “potential” correction to the 
scattering matrix in the forward direction), we may 

4 We make use of the “optical theorem”; see B. Lippman and 


J. Schwinger, Phys. Rev. 79, 969 (1950), Eq. (1.75). 
16 G. F. Chew, Phys. Rev. 94, 1755 (1954), Eqs. (9) and (10). 


22 
(Cjol ber) P)+—{Lia(tr) P) ; 


(3.7) 


remove the ladder corrections [Fig. 6(c)], ie., the 
exchange of virtual mesons before or after the scattering 
takes place, by using the “correct” deuteron wave 
function. This follows from the fact that in the forward 
direction (elastic scattering), ladder corrections are 
decoupled from the real scattering. 

In terms of the Chew-Goldberger formalism, the 
impulse approximation matrix for the “potential” cor- 
rection to the single scattering, of first order in U (the 
“potential” operator),!® has the following form (in the 
adiabatic approximation) : 


> tg(w+in— Ho) TU, (wtin— Ho) "tg |. 


The contribution of the above correction to the total 
cross section has been evaluated in the following 
approximate way: (1) We specialize to the p-wave 
interaction Hamiltonian of Sec. 3, and, further, consider 
only the correction to (3/2, 3/2) single scattering. 
(2) 4,4 is replaced by its Born approximation, v4.4, the 
coupling constant appearing in it being fit to the 
observed (3/2, 3/2) scattering. (3) Where the operator 
U operates directly on the deuteron wave function, it 
is approximated by a charge-independent potential 
which fits all the low-energy data, whereas U is replaced 
by the familiar f*-approximation,’” 

> Hr (8) (w+in— Ho) 1H, + (8’), 

pp’ 


(4.1) 


when it stands between two denominators; in the latter 
approximation to U, we use the parameters of Brueckner 
and Watson,* namely, f?=0.0855 and the core radius, 


16 Chew and Goldberger, reference 4, Eq. (24). 
17 Reference 8, Eq. (15’). 
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ry5=0.3X 10-% cm. [The procedure is equivalent to the 
assumption of two phenomenological coupling con- 
stants, the one being energy-dependent (scattering 
interaction) and the other being energy-independent 
(nucleon-nucleon interaction).] At 85 Mev, taking 
533=0.27, we find Aoto.= —3.2 mb. 

The principal sources of error in this treatment are: 
(1) the phenomenological fit of the Born approximation ; 
(2) the omission of terms for which three mesons are 
simultaneously present in an intermediate state [see 
Fig. 6(d), (e) | (these terms increasing in importance 
as the energy of the incident meson decreases); (3) 
neglect of f‘-terms in the /*-approximation to U. 


5. EFFECTS OF ABSORPTION; A MODIFIED 
FGW MODEL 


As the FGW model neglects mesonic absorption, its 
contribution to the total w-d cross section must be 
separately calculated. A calculation of the cross section 
for pion absorption at 85 Mev from the inverse process 
is in good agreement with experiment.! One notes that 
the absorption cross section is a not inconsiderable 
fraction of the total cross section at this energy, indeed 
Fare 10% of a (x-d). Two questions now arise: (1) What 
is the reaction of the absorption (i.e., the “absorptive” 
scattering) on the scattering calculated on the FGW 
model? (2) How could one modify the FGW model, 
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(d) (e) 


Fic. 6. (a) and (b) are the f?-potential corrections to single 
scattering. (c) is an example of a ladder correction to single scat 
tering. (d) and (e) are three-meson potential corrections to single 
scattering. 
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albeit crudely, to take into account more realistically 
the effects of absorption? 

We shall discuss the ‘absorptive’ 
For simplicity, in estimating this effect, we consider 
only the elastic component. As the fit we obtain for the 
observed elastic and elastic plus inelastic cross sections 
is most sensitive to the details of the theory (e.g., the 
specification of the ‘‘small’’ pion nucleon phase shifts) 
at angles <©45° where the scattering is principally 
elastic, this is also a reasonable approximation to make. 
We utilize the model for pion absorption and production 
due to Brueckner and Watson.'* This model compre 
hends absorption as a cooperative process, with the 
nucleons separated a distance of the order of h/(My)* 
or less, in order to accept a momentum transfer of the 
order of (Mu)'c. Thus, this model furnishes a contri 
bution to the scattering from the region where the 
adiabatic approximation to nucleonic motion breaks 
down, the region of r<h/p where p~ (My)*e. 

The implications of these statements are obvious, 
(1) In integrating over (nucleon) intermediate relative 
momenta in the expression for the matrix element for 
absorptive scattering, given below, one must subtract 
out the contribution from low momenta, Le., for 
r>h/(Mu)'c. (2) This “strong” absorption 
implies the breakdown of the impulse approximation for 
small internucleon separations; thus, when the nucleons 
are close together, the incident pion is either absorbed 
or “absorptively” scattered, with there being little or 
no possibility of scattering in the sense of the impulse 
approximation, i.e., a8 a two-body problem. We shall 
pursue this point further when we discuss a modified 
GW model, 

In terms of the R-matrix formalism 
detail by Brueckner,"’ the transition amplitude for the 
elastic “absorptive” scattering of a meson from mo- 
mentum qy’ to q’ in the w-d center-of-mass system is 


’ 


scattering first. 


‘ 


model 


described in 


(q’ | 910| qo’) = (q’ | 90’ | qo’) — (q’ | 91*| qo’) 


dp(2r)* 
flea 
&+in—p'/M 


dp(2r)* 


R'(q’,0) 


R(qo',P) | ba(p) |? 


R(qo',0)|da(p)\?}, (5.1) 


& 
where R(qo’,p) is the transition amplitude for absorption 
of meson qo’ by two nucleons (plane-wave representa- 
tion) leading to a final state of two nucleons with 
relative momentum p; R'(q’,p) is the corresponding 
amplitude for meson production. Note that 


pa(P) fvaine ‘ede, 


(5.2) 
& wo’ + qo?/4M, with wo (qo? + uy), 
'* Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951); 
K. M. Watson, Phys. Rev. 89, 575 (1953); N. Francis and K. M 
Watson, Am. J. Phys. 21, 659 (1953). 
“ K. A, Brueckner, Phys. Rev. 98, 769 (1955). 
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We have, for simplicity, omitted consideration of the 
matrix element in which the order of production and 
absorption is reversed, namely, 


te 


fRas.0— eee ee (5.3) 
8-+in— (wo +u'+p?/M) 


R'(q’,p), 


where w’ = (q'?+-y*)!. Because of the consequent large, 
nonvanishing denominator, omission of (5.3) is not 
expected to change the gross features of the results 
very much. 

It is instructive to examine the consequences of a 
simple ansatz for R(qo',p) which incorporates some of 
the observed features of pion absorption. We set 


R(qo',p)=G dop(o* - qo’) (p- qo’) (pqo’) 744, 


where, to simplify matters, we have taken R inde- 
pendent of | p| *° and linear in qo’ (p-wave absorption). 
The factor (p-qo’) is suggested by the strong cosd 
dependence of the differential cross section for pion 
absorption"; the factors of, 7,° (for xt-d absorption) 
induce transitions to the singlet final state (7=1) 
required by p-wave absorption. The real parameter G 
is fit to the observed fotal absorption cross section, and, 
by the toptical theorem, satisfies the relation 


Fave (2/94)G?M' p| ba(p)|?, 


where p= (M&)! and v= (qo'/wo’)+ (qo'/2M). 

The calculation of the ratio of the real to the imagi- 
nary part of (q/|9M|qo’) (which give rise to opposite 
interference effects in the elastic scattering) using the 
Hulthén wave function yields 

Re(q’|91| qo’) /Im(q’ | | qo’ 3.2 


for go'/u=1.13 (Eyion=85 Mev). One easily finds, for 
the interference in the elastic differential cross section, 


da® 16/ JoH4(d) \! 
a( ) : ( ) Re|c|cosos'(m +2n3 
dQ aoe OR \vWW w cian) 


+ (4nast+nirt 2013420) cosdo— 


(5.4) 


(5.5) 


sa ) 
4v sin?(3o/2) 


—- sind» sindo’ (2n33+-m13 - 2na1 -_ n)| | ’ (5.6) 


where 


3 ‘ 
C= a 7 woud f Pdgh Er — Be) /v'Ws| 
16r Er 
X (i+3.2) costo’. (5.7) 


Wacav) is the final deuteron lab energy (the sum of 


* The assumption that the dependence of R on r (the relative 
coordinate of the dinucleon system) may be approximated by a 
delta-function is consistent with the choice of the Hulthén wave 
function for Ya(r). 

* Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951). 
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kinetic and rest-energy) ; cosdo’ is the scattering angle 
in the w-d center-of-mass system. 

It should be noted that the corrections discussed in 
Secs. 3 and 4, proceeding from an adiabatic approxi- 
mation, are apart from that discussed here. The absorp- 
tive scattering correction is sensitive to the choice of 
deuteron wave function as well as to the method of sub- 
traction of the low momentum contribution; in par- 
ticular, the correction decreases as Re 9N/Im 9M de- 
creases. As the major part of the pwave absorption 
has been fit to the observed absorption cross section, 
one expects some exaggeration in the resulting angular 
dependence of this effect. One sees that “absorptive”’ 
scattering depresses the elastic scattering at small angles, 
and interferes constructively with it in the backward 
hemisphere. Thus, the inclusion of the effects of absorp- 
tion even on the basis of the crude model described 
above may be expected to improve the fit to the elastic 
differential cross section. One finds considerable latitude 
in the choice of values for 5;;, 513, and 63, which provides 
an adequate fit to the data in the absence of experi 
mentally determined values, since the small phase shifts 
[for (51:+-253:+-26;3) <0 | and the absorptive scattering 
correction both decrease the forward elastic peak. We 
shall discuss the quantitative results briefly at the end 
of this section. 

We consider now the modification in the FGW model 
entailed in the assumption that absorption is the 
dominant process at short distances (r Sh/(Mu)'c). 
This is simply to cut out of the domain of the impulse 
approximation the region about the origin (of r) of 
radius ro=h/(M&)'c. A simple argument may be given 
for this procedure, as follows: the inclusion of absorption 
in a pure scattering model is equivalent to the addition 
of an imaginary potential to the scattering interaction. 
As the absorption is both strong and localized, this 
potential will be strong and of short range. One would 
find the meson wave function considerably attenuated 
inside the range of this potential, i.e., the contribution 
to the form factor furnished by this region effectively 
vanishes. The importance of this region depends on 
two factors: (1) the behavior of the deuteron wave 
function at short distances or its momentum dependence 
for high momenta; (2) the size of the momentum 


5 : , 1 , r — 


4 4 4 
*\20" 138” iso” 168” wo” 
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6 oo a 


1} + + 
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Fic. 7. The absorption correction to do®/dQ at 85 Mev 
(k/u= 1.03). Curve A is do®/dQ uncorrected for absorptive scat- 
tering; curve B is do*/dQ corrected for absorptive scattering, 
with ob.=8 mb. 
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transfer. The form factor {-fo” ye* exp[ —4i(q—qo)-r] 
Xwar'drdQ goes over to SS,” vr* exp — }i(q—qo)-r] 
Xwar'drdQ, with the reduction increasing with angle 
(i.e., with momentum transfer). Thus we have, 


[1+H2(8)]— [1+H2(d) ] 


ro 
-ff [ize tea) Wy 2(r)r'drdQ, (5.8) 


and also, 


[Z14|? > |i4]? 


ro 
ff exp[ —1}(q—qo):r wilretdrdo | 
0 


>. (5.9) 
ie | 


2 
x 
Sa 


The “attenuation” correction to the elastic differential 
cross section at 85 Mev is approximately constant, 
A(da®/d2)a44.~ —0.1 mb/sterad. The total reduction in 
the elastic cross section from absorptive scattering and 
the attenuation effect is found to be 1 mb at 85 Mev. In 
view of the model dependence of the correction, the 
neglect of the additional matrix element for absorptive 
scattering, as well as its restriction to p-wave absorp- 
tion, and, finally, the dependence on the set of phase 
shifts used, no better than order of magnitude accuracy 
can be claimed. At any rate, there is some indication 
that at medium energies (70-120 Mev) these effects 
may with multiple scattering depress the total m-d 
cross section below the total free-particle cross section, 
a result for which there is experimental evidence.” The 
combined corrections are plotted in Fig. 7. 


6. CONCLUSIONS 


An adequate fit to the w-d data at pion kinetic ener- 
gies < 100 Mev via the “usual” impulse approximation 
seems possible, with agreement likely to be improved 
by the inclusion of the effects of absorption on the 
scattering. The good agreement with experimental data! 
we have found at 85 Mev, in spite of non-negligible 
multiple scattering and potential corrections, is thought 
to be due to cancellation between the two which (with 
respect to the total cross section) are of opposite sign. 
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APPENDIX A 


We present below the expression for the total cross 
section (neglecting absorption) derived from the 

* Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
1104 (1954). 
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Brueckner model. Scattering off the energy shell has 
been neglected; the adiabatic approximation has been 
assumed ; the “small” phase shifts 11, ms, 9s: have also 
been omitted. 


4k? 
Ortot Sari Im( {a 
1—S5a*?? 


(B-+-y)aikh,™ (x) 7, (x) 


+ (11/9) a*ikhy™ (x) jo(x) 
+ (7/9) 2k ho (x) jo(x)) 
+A-"{ (28-+-7) + (268+48y+y*)ikho™ (x) jo(x) 


—4ik'(p tral (4) rls), (A.1) 


where k= pion momentum in pion-nucleon barycentric 
system, a n33/ 3k’, G ikhy™ (x), Bp (ns m)/3k, 
= (—1k*/3)[ ho (x) +-ha™ (x) ], y=m/k, 
jm th*hy (x), x=kr, (A)= Sf |Wal(r)|*Adr, 
and A= 1— (2y?+-6?+-6yB)G*+ 2y’a(B+-3y). 
The elastic differential cross section derived from the 
Brueckner model is given (ko= momentum of incident 
pion, k= momentum of scattered pion) by 


(da®/dQe.m.)adiabatic ~4| a|?+ (8/3) | |? 
+8 Im[_ac*+- (2/3)k- koae*+ (2/3)b*-d)], 
a=(jo(Z){[1—5a?t* | 4ak - ko +A-!(28+-)}), 
b= ({1—5a?#* }'2ako Xk jo(Z)), 
c= ((1— Sa? }(8/3)k + koaPh [2h (x) jo(y) 
+ho (x) jo(y) ])—((1— Sate? }-'4 (8+) 
Kak 11/1) Rhy (x) 71 (y))+(A“ TL (26*+-7°+- 4B y) 
Xho (x) joly) — BB+ y)4aky 11/DAy™ (x) ji(y))), 
(—[1—Sa*t* }{ (4/3) ko X ka*h8[ he (x) joy) 
t+ 2h (x) jo(y) |4-2(B4 yak X1(1/1)k2hy (x) july) 
+A7!2(B+-y)akoX1(1/1) kh, (x) j1(y)), 
({1—Sa2¢}*(2/3)a4k{ ho (x) joy) — ha (1) joy) ), 
ly, Z=4|k—kolr, 1=4(k+kp). 


Note that (da®/dQya,) = (da®/dQ..m.)* J (Oia), where 
B (Ora) 2 dQ, m /dQap. 


(A.2) 


APPENDIX B 


The extension of Brueckner’s formalism to a three- 
phase-shift, spin-dependent amplitude is 
below. Following Bruckner,’ we write the solution to 
the wave equation outside the range of the scatterers: 


y(r) 


indicated 


Yo(r)+(4 
+- ((%, 


iA-9)(e'#lt-141/| p—F,1) 


iB-v)(e'*!"\/|r—ry|). (B.A) 


The amplitudes A and @ are related to the incoming 
wave, 
Yo=e'te''ly, 
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1 1 
T=3T4, TaTsTa=T a, 


the rows and columns being labeled according to 
Brueckner. A, B, @, and @ are given by the coupled 
equations: 
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A nal 4(2¥ +ie4 X 9) 
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etkir rp 
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nail (29 +ie® X¥) 
3k 


etkir TA\ 
x|vo+(a iA-¥) | , 
r=rR 
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|r—ra| 
| 1 
a-|. (nsa—m) Tat | 
3k k. 


eikir ral 
X| vot (@—iA-¥)— | 
\r—ra| r=-rR 


lo first order in the propagator in the numerator and 
to second order in the denominator for A and @, there 
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results 
A=S,—aT 4(2+i04 X)(inuge+ tSet+nn-{Sz) 
+a°T 4T pt*[4A—o4 X (o® XA) ], 
@=gat (BT 4+7)(Gqe—in-uSz) 
+ (BT 4+7)[ (BT pt+y)G—2aT gu? |G, 
Sp=aT 4(2kot+iot X ko)Wo(ra), 
ga= (BT a+7)Wo(ta), 
n=r'r, 
G=ikho (x), 
= (—ik*®/3)[ho™ (x) +h2™ (x) ], 
$= ik hy (x), 
p= —1h*h,™ (x). 


(B.4) 


(B.5) 


A', A° triplet, singlet spin projection operator, respec- 
tively. Under the indicated approximation, 


Q@—~[1— (BT a+) (BT at+y)@+ (BT at+y)T pay? 
X (gat (8T4+7)(Gqs—in-uSs)}. (B.6) 


The denominator in (B.6) is approximately rationalized 
after expansion of 7'4, Ts, and 747 in terms of the 
basis system of four hypercomplex numbers, + and 1. 
Noting that 


1 TaTp 1—TaTp 
2+TaT py x+y x 
with (T 4 Tp)? 


T aT x, as well as, 


1 * # 


prescient whmceneieome, 
atA'y at+y «x 

with (A')?=A!, one easily solves (B.4) for A. Further, 

from the following relations (where f denotes the scat- 

tered amplitude), 


f(k — ko) =((@+A-k)e~'4+A © B), 
4X Im } Sp [ f(Ko « - ko) A], 


(B.7) 
(B.8) 


Tw 
and 


(da®/dQ)=4 Sp A'f(k — ko) tnA'f(k —Kko)u, (B.9) 


it is a straightforward, though tedious, calculation to 
arrive at the expressions presented in Appendix A, 
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Lifetime of the «+ Meson* 


R. MoTiey AND V. Fitcu 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
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K* meson lifetime measurements by counter techniques have been extended to include the r* or K,* 


meson, A maximum-likelihood analysis of the data yields a mean life of (11.7_07*°*) X10 se« 


The 


previously reported mean life of the Ky2* is (12.1_;.9¢4) X10~* sec. With 95% confidence the difference 
between the lifetimes of the two particles is less than 20% of their arithmetic mean. 


E have continued our program of measuring the 

mean life of K+ mesons as a function of decay 

mode and report now on the measurement of the mean 

life of the 7 or K,;—>9rt+2++7-. This paper also con- 

tains some details of the experiment not included in the 

report on the lifetime measurements of the K,2 and 
K,»2 modes.! 

As the data on r decay have accumulated and have 
been compared with the analysis of Dalitz,? it has 
become clear that the r cannot have the same spin and 
parity properties as the K,, if the spin is 0 or 1.8 On the 
other hand, no difference in the two particles has been 
revealed in the accumulation of data concerning the 
masses,‘ scattering,’ production,® and lifetimes.’ The 
previous values for the 7 lifetime had rather large 
statistical uncertainties. Since a difference in the life- 
times would unambiguously establish that at least two 
distinct K particles exist, it is important to determine 
the mean lives with as much precision as possible. 

The technique used for the selection of K+ mesons 
produced in the Brookhaven Cosmotron is similar to 
that described previously.' The experimental layout 
with respect to the Cosmotron is shown in Fig. 1. The 
momentum-analyzed (~480 Mev/c) and focused beam 
of charged particles from the target enters the counter 
arrangement shown in Fig. 2. The K mesons are dis- 
tinguished from the much greater number of m’s and 
protons by momentum analysis, velocity selection, and 
range. In principle, the mass is overdetermined since 
knowledge of two out of the three parameters is suffi- 

* This research was supported at Princeton by the Office of 
Naval Research and the U. S. Atomic Energy Commission. The 
work at the Brookhaven National Laboratory was conducted 
under the auspices of the U. S. Atomic Energy Commission. 

1V. Fitch and R. Motley, Phys. Rev. 101, 496 (1956). 

?R. H. Dalitz, Phys. Rev. 94, 1046 (1954). 

3 Orear, Harris, and Taylor, Phys. Rev. 102, 1676 (1956); Feld, 
Odian, Ritson, and Wattenberg, Phys. Rev. 100, 1539 (1955); 
Heckman, Smith, and Barkas, Nuovo cimento 4, 51 (1956); 
R. P. Haddock, Nuovo cimento 4, 240 (1956) 

‘Fung, Pevsner, Ritson, and Mohler, Phys 101, 493 
(1956). 

5 Widgoff, Shapiro, Schluter, Ritson, Pevsner, and Henri, Phys 
Rev. 104, 811 (1956) 

* Hoang, Kaplon, and Yekutieli, Phys. Rev. 102, 1185 (1956) 

7 Tloff, Chupp, Goldhaber, Goldhaber, Lannutti, Pevsner, and 
Ritson, Phys. Rev. 99, 1617 (1955) ; L. Alvarez and S. Goldhaber, 
Nuovo cimento 2, 344 (1955); Harris, Orear, and Taylor, Phys 
Rev. 100, 932 (1955); Alvarez, Crawford, Good, and Stevenson, 
Phys. Rev. 101, 503 (1956); Orear, Harris, and Taylor, Phys 
Rev. 104, 1463 (1956). 
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cient. However, the contamination of the beam by 
particles of different momenta makes the additional 
condition necessary. C; is a velocity-selective Cerenkov 
counter sensitive over the range 0.62<8<0.78. Cy isa 
Cerenkov guard counter with a threshold velocity of 
0.75. Si, Se, and S, are plastic scintillation counters. 
Counter 5S, is described below. The absorber between 
S,; and S, is chosen to stop the K mesons in S,. 
A CiCyS,S.S;' coincidence (prime denotes anticoinci- 
dence) selects K mesons of 480 Mev/c (8=0.7) with 
high efficiency and effectively rejects the protons 
(8=0.45) and w mesons (8=0.96) with the same mo 
menta. The coincidence initiates a 0.25-microsecond 
oscilloscope sweep on which pulses from C, S», and S, 
are displayed and photographed. The / 
C, and S», are positioned at either end of the trace by 
appropriate cable delays to provide a continuous check 
on the sweep speed. In addition, the sweep is calibrated 
periodically throughout the runs with a 50-megacycle 
sine wave which is derived from a 1-megacycle crystal 
controlled oscillator. The time for decay is measured 
by observing the time interval between the pulses in S, 
corresponding to the arrival of the AK meson and the 
pulse from the decay product. 

S, is a liquid scintillation counter 3 in, in diameter 
and 2? in. long, containing terphenyl in phenyleyclo 
hexane. r mesons are recognized upon decaying in S, 
by the characteristically large energy release. The decay 
to three charged particles makes it possible to detect a 
large fraction of the total kinetic energy 
(O=75 Mev) in the relatively small volume of scintil 


0 pulses, 


involved 


OE TECTION 
APPARATUS 


LY} 
Ed 


XQ 


Fic. 1. Experimental layout at the Cosmotron 
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Fic. 2. Counter disposition used in measuring 
the lifetime of r* mesons. 

lating material. The distinction between the r and the 
other modes of decay, where only one fast charged 
particle is involved, is easily made by pulse-height 
measurements. The maximum energy loss of the second- 
ary by ionization from a K,: decay is 26 Mev and 
from a K,», 21 Mev. The average for either the K,2 or 
Ky2 is ~10 Mev. We classified as r-meson decays those 
that exhibited an energy loss of 35 Mev or greater. 
Observation of the pulse height resulting from 480- 
Mev/c pions traversing counter S, provided a con- 
venient method for energy calibration. The technique 
of identifying + mesons by pulse-height analysis has 
the advantage of high detection efficiency and the dis- 
advantage of being restricted to delays greater than 
~10~* second because of overlap with the /=0 pulse. 

A background of a few percent results from high- 
energy events in 5S, unrelated to a stopping K meson. 
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Fic. 3. Differential decay curve of the r meson. 
Background has been subtracted. 
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The lifetime correction for events of this kind was calcu- 
lated from the number of pulses above the 35-Mev 
threshold in an 80-millimicrosecond interval preceding 
the arrival of a K meson. There is a slight contamination 
of the r sample from other K-meson decay modes. The 
charged secondary of the K,2 may interact in S, with 
a visible energy release greater than 35 Mev. An 
auxiliary experiment to measure the percentage of + 
mesons which create such stars set an upper limit of 
6% to the K,» contribution. This limit is based on a 
relative abundance of K,2 to r of 4 to 1. The K,3 meson 
is estimated to constitute less than 5% of our 7 sample. 
The contribution of other decay modes is negligible. 
‘Two runs on the Cosmotron were devoted to the mean 
life of the r. The results are listed in Table I. The main 
difference in the two runs was in the use of better delay 
cable in the second run which reduced the width of 
the pulses from S, and made it possible to measure r 
decays closer to /=0, It is therefore not feasible to 
combine all of the data into one decay curve. The 


TABLE I. The results of two separate measurements 
of the r*-meson lifetime. 





Analysis 
interval 
(millimicro- 
seconds) 


17 to 67 
12 to 62 


Background 

counts in 80 
No. of millimicro- 
events seconds 


Mean rate of 
Run No. decay (sec™) 


(7.88+0.78) X 107 
(8.99-+-0.62) x 107 


1 150 5 
2 299 10 


Combined 449 15 


(8.54-4+-0.49) « 107 


differential distribution of decay times of the r’s de- 
tected in the second run is shown in Fig. 3. The back- 
ground has been subtracted. 

A maximum-likelihood analysis of the data was made. 
The values for the mean rate of decay and its standard 
deviation include the correction for background, the 
correction due to the finite period of observation for 
decay, and a slight correction due to the dispersion in 
time measurements. Within the limits of the K,+ life- 
time previously determined, the correction in the 
lifetime of our r sample due to contamination by the 
K,. mode is negligible. 

The combined result from the two runs on the mean 
life of the + meson is (11.7_0.7*°*) K10~* sec. This is to 
be compared with the previously published value of 
(12.1_; o+!")K10~ sec for the Kye. With 95% confi- 
dence the difference in the two lifetimes is less than 20% 
of their arithmetic mean. 

It is a pleasure to acknowledge the assistance and 
most helpful cooperation of the Cosmotron staff at the 
Brookhaven National Laboratory. 
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Negative to Positive Ratio from Nonrelativistic Theories of Pion Photoproduction* 
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A numerical evaluation of the Low theory of charged photoproduction is given in various approximations, 
including also nonrelativistic recoil of the nucleon. Enhancement of only that part of the (?4,},471) term 
which is due to interaction with the nucleon current gives reasonably good agreement with experimental 
data up to 440 Mev. The effect of recoil corrections is hardly discernable in the shape of the angular dis 
tribution. The differential cross section is also calculated from a modified version of the theory, called the 
“adjusted” theory, in which the S-wave terms are taken from perturbation theory. This version of the theory 
gives an equally good fit to the data. The negative to positive ratio is then calculated in the various approxi 
mations. It is found that these approximations give nearly the same ratio, although the corresponding pre 
dictions of differential cross section for the positive pion production differ greatly. This common prediction 
for the ratio agrees quite well with the experimental! data, especially in the case of the “adjusted” theory. 


I. INTRODUCTION 


HE purpose of this paper is to explain the de- 

pendence on angle and energy of the negative to 
positive ratio in pion photoproduction. We will use the 
nonrelativistic theories of photoproduction which have 
met with considerable success for the last three years. 
They grew out of the realization that the formulation 
of a consistent and unambiguous covariant meson 
theory is not just around the corner, and that in the 
meantime much information can be obtained from 
theories which are willing to sacrifice some of the 
generality of the covariant theory. In particular, one 
can restrict the range of interest to low energies where 
nucleon pair effects can be expected to play a secondary 
role, and where not too many partial waves contribute 
in an important way. Also, one can make the theory 
semiempirical, containing some parameters to be de- 
termined from experiments. In return, however, one 
obtains a theory which is able to interpret meson 
phenomena up to several hundred Mev. It is the aim 
of this paper to show that the negative to positive ratio 
in photoproduction is one of those phenomena which 
could not be explained quantitatively by previous 
theories but which can be predicted essentially within 
experimental error by one of the forms of a non- 
relativistic theory. 

We shall first discuss the form of the theory in ques- 
tion, namely, the Low theory.’ In this discussion we 
shall try to go beyond the fixed-source-limit approxi- 
mation and add recoil corrections. We shall then apply 
this theory to the negative to positive ratio, and com- 
pare the predictions with experimental data. It will be 
evident that the agreement is quite good for most 
energies and angles. It will also be pointed out that 
recoil corrections change the predictions only very 
slightly, and that therefore the results do not depend 


* Work performed under the auspices of U. S. Atomic Energy 
Commission and the Office of Naval Research. 

t Part of this work is contained in the author’s Ph.D. thesis, 
Cornell University, February, 1956 (unpublished) 

1F. E. Low, Phys. Rev. 97, 1392 (1954). 

2G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 


essentially on our way of adding the recoil corrections. 
This is to be noted in view of the fact that our way of 
adding the recoil corrections is by no means unam- 
biguous. It will be shown, however, that even the 
crudest approximation to the nonrelativistic theory 
gives fine agreement with the data on the ratio. The 
the angular 


same cannot be said, however, about 


distribution of the individual charged pion production. 


Il. LOW THEORY AND ITS RECOIL CORRECTIONS 


All nonrelativistic theories of pion photoproduction 
which have been developed so far, and, in fact, all 
current theories in the limit, give 
essentially the following differential cross section: 


nonrelativistic 


de | ao: (k—q)q-e 
K\ao-e+b 
dQ gok—qek 
ao: eq'k) | 


a eq°k) | 


+-cLiq: (kX e)—(a-kq-e 


+-d[_2iq: (kX e)+(o-kq-e 
2 


telo-kq-e+o-eq-k ||, (1) 


where K is some constant depending on energy but 
not angle, and a,:--,e are energy-dependent constants 
which can be determined from the various theories. 
They are different for different charge states. The first, 
third, fourth, and fifth of the terms in Eq. (1) are 
S El, P} M1, P} M1, and P?} £2 terms, respectively. 
They can be written down easily by using general 
invariance properties. It is usually assumed that only 
these S- and /-wave terms will appear at low energies, 
and that any D-wave terms (or even higher angular 
momentum states) will be at most small corrections. 
This assumption seems to be justified for the terms 
arising from the interaction of the photon with the 
nucleon. As for the interaction with the meson, the 
above assumption has not been borne out, because 
every theory contains a term like the second in Eq. (1). 
This term contains all angular momentum states with 
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strengths which decrease only very slowly with the 
angular momentum. The implications of Eq. (1) on 
the analysis of photoproduction data has been discussed 
elsewhere.* 

The goal of the various theories is then to determine 
a,::-,e in Eq. (1). A purely phenomenological theory 
would take all of the coefficients from the analysis of 
experimental data.* More basic theories predicting 
these coefficients are those of Chew,® Ross,® and Low.!? 
We shall direct our attention solely to the last of these 
theories. 

In its most general form the Low theory gives an 
integral equation, an explicit solution of which has not 
yet been obtained. It is possible, however, to approxi- 
mate this integral equation for photoproduction by 
using the experimental pion-nucleon scattering phase 
shifts. In this approximation we add to the inhomo- 
geneous part of the integral equation an “enhanced” 
amount of its (73,3) part, and the enhancement factor 
multiplying this part involves 455, the (’},}) scattering 
phase shift. This approximation be justified 
mathematically’ using general properties of the 7 
matrix in the complex plane. Its physical interpretation 
is in terms of final state scattering. The meson, after 
its creation, can undergo scattering by the nucleon 
which will contribute in a significant way only in the 
(73,4) state in the low-energy region. 

It is customary to use the nonrelativistic theories in 
the fixed-source approximation in which the kinetic 
energy (but nof the momentum) of the nucleon is 
neglected, that is, in which only the terms lowest order 
in u/M in each contribution are considered. Here yu is 
the meson mass, and M the nucleon mass, One can 
attempt, however, to the recoil cor 
rections, that is, terms of higher order in u/M. In 


can 


add so-called 
principle, Low’s derivation' of his equation is suitable 
for calculating such corrections.’ In fact, the corrections 
to the inhomogeneous terms can be calculated unam- 
biguously. If, however, we use the enhancement 
approximation, the recoil corrections in the enhanced 
part, if any, do not seem to be determined in a unique 
way from our procedure. This procedure is to write 
down the inhomogeneous part with recoil corrections, 
select out of it the appropriate isotopic spin and angular 
momentum states, and multiply that by the same 
enahancement factor as used in the fixed-source limit. 
Apart from minor ambiguities in separating out the 
appropriate states, there is also some uncertainty about 
the way of using the enhancement factor in the non- 
fixed-source case. There is a way of deriving photo 


*M. J. Moravesik, Phys. Rev. 104, 1451 (1956). 

* Watson, Keck, Tollestrup, and Walker, Phys. Rey. 101, 1159 
(1956). 

*G, F. Chew, Phys. Rev. 89, 591 (1953); 94, 1749 (1954) ; 95, 
285, 1669 (1954). 

*M. Ross, Phys. Rev. 104, 1736 (1956). 

7I am indebted to Professor Chew for several illuminating 
comments on the difficulties in adding recoil corrections. 
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production cross sections from dispersion relations® 
which gives the recoil corrections in a unique and 
presumably correct fashion. It is, however, not a waste 
of effort to treat the recoil corrections in a simple, 
transparent, although perhaps unjustified manner to 
see at least the general effect they have on the pre- 
dictions. It is in this spirit that the subsequent remarks 
and results about recoil corrections are to be viewed. 
Many of our results, however, will also hold for the 
fixed-source limit and will therefore have a more general 
quantative validity. 

The matrix element for charged photoproduction in 
the form we will use it arises from an equation developed 
from Eq. (2.2) of reference 1 in a manner analogous to 
the derivation of Eq. (3.9) from (1.11) of the same 
reference. The result is 


{ e-qo: (k—q 
cme | Ic farete = - ) 
—_ | gok—q-k 
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g a 
)a) 
2M qo 2k 


x (2q: (kX e) —i(o-kq-e rark)]}, (2) 


positive | 


where the brackets refer to meson produc- 


negative | 
tion, p=gle/4M)o with g,=5.59 and ¢g,= —3.83, 
G 3(g,—gn), and a, B, and y are constants to be 
explained below. C=2miv2f/u(qok)', e®=1/137, f? 

0.072. The rest of the notation is as follows: k is the 
photon momentum, q the meson momentum, @ the 
nucleon spin, € the photon polarization, @ the meson 
emission angle, and go the meson energy. 

In the above expression the first term is a pure S 
wave term. It arises from the requirement of gauge 
invariance, or, talking in terms of graphs, from 
Marshak’s “catastrophic interaction.”® The second 
term in Eq. (2) arises from the interaction of the 
electromagnetic field with the meson current and 


*G. F. Chew et al. (to be published) 
*R. Marshak, Meson Physics (McGraw-Hill Book Company, 
Inc., New York, 1952), p. 6 
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contains .S§ terms and higher angular momentum states. 
The next two terms arise from the interaction of the 
photon with the nucleon magnetic moments. The first 
of these is a pure (?},M1) term corresponding to a 
graph where there is only a nucleon in the intermediate 
state and hence the total angular momentum must be 
$. The second magnetic moment term is a mixture of 
the (P$,M1) and (?3,M1) states and corresponds to 
the “cross-over” graph. The fifth term, which in the 
center of mass system exists only for negative pions, 
is a (D$,F1) term describing the interaction of the 
electromagnetic field with the nuclear charge. The 
third, fourth, and fifth terms also contain higher 
angular momentum states. 

The last two of the seven terms in Eq. (2) are identical 
for positive and negative mesons, and represent the 
enhancement of the (/3,$) state. The first of these is a 
(P},3,E2) term resulting from the meson current 
interaction, while the second is a (P3,3,M1) term 
originating partly from the nucleon magnetic moment 
interaction, and partly from the meson current inter- 
action. Low’s argument justifying the “enhancement 
approximation” applies strictly only to the (P3,3,M1) 
term of the nucleon current, since the argument is 
based on drawing an analogy to the scattering equation 
where a graph corresponding to the meson interaction 
graph in photoproduction does not exist, and hence 
(P3,3,£2)-type terms do not occur. However, there is 
no good a priori reason to believe that the (P3,3,£2) 
part does not get enhanced. Actually, as we will see, 
the comparison with experiments”: shows that the 
enhancement factor of the electric quadrupole term 
if nonzero at all, must be much smaller than that of 
the magnetic dipole terms. The argument referred to 
above is also noncommittal about the (/3,3,M1) part 
resulting from the meson current. Thus a strict Low 
enhancement approximation corresponds to y=1, a=8 

0. We will also see, however, that an appreciable 
enhancement of the (3,3,M1) part resulting from the 
meson current cannot be excluded on the basis of the 
experimental! data. 

The inclusion into Eq. (2) of the nucleon recoil is 
effected by the terms 


k . k qcos\ 
BRA WE AOE § 
2M 2M M 
fe 
2M qo 


The first two of these terms are unambiguous, while 
the last one arises in an ambiguous way. 

The differential cross section for charged meson 
production is 


(3) 


da /dQ=2rpr\|CmM*|?, (4) 
%” Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 (1955) 
Walker, Teasdale, Paterson, and Vette, Phys. Rev. 99, 210 
(1955). 
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where h=c=1, and py is the density of final states per 
unit energy interval, given by 


k 
pr= (2m) @(1 4 ) 
M dE p 


k 1 q 
= (29) ‘ao( 1+ ) (1 - : )a. (S) 
M M+q0+9?/2M 


In the fixed-source limit, the terms in the two brackets 
are to be changed to unity. For the nonfixed source case, 
therefore, we get 


da ore q k ] qo 
(14 ) (: Jian (6) 
a2 2 kN OM M-+qo+-¢2/2M 


The difference in the phase space factor between the 
fixed-source limit and the recoil case is independent of 
angle and therefore it does not affect the shape of the 
angular distribution. Since, however, we will also try 
to make an absolute comparison between theory and 
experiments, we will have to consider this difference, 
which in fact can be a considerable factor at the upper 
end of our energy range. We shall adopt the somewhat 
inconsistent convention of using the correct, nonfixed- 
source phase space factor in all our comparisons. This 
is reasonable if we consider that the agreement in 
absolute values is less likely in any case because of the 
experimental difficulties of calibration. Thus the differ- 
ences between the fixed source limit and the full recoil 
case which we shall discuss will refer only to the differ 
ence in the shape of the angular distribution, i.e., the 
differences which arise from changes in the matrix 
element itself. 

The experimental data which we use for comparison 
are from Tollestrup et al.,"° Walker et al.," 
Beneventano et al.” The data in references 10 and 11 
are to be multiplied by 1.07 corresponding to an alleged 
error in absolute calibration.” At 260 Mev there are 


and 


also some data by Osborne." 

Figure 1 shows these data at 260-Mev laboratory 
photon energy, compared with the differential cross 
section as predicted by (a) only the unenhanced part 
of Eq. (7) (a=B=y=090), (b) the unenhanced part plus 
the enhancement of the (73,3,M1) part resulting from 
the nucleon current (y=1,a=8=0), (c) the un 
enhanced part plus the enahancement of all of the 
(P3,3,M1) part (y=a=1,B8=0), and (d) the unen- 
hanced part plus the enhancement of all of the (73,3) 
part (a=B=y=1). 
and (d) are clearly incompatible with the experiments, 
while (b) and (c) both give a more than qualitative fit. 
A similar statement can be made for all energies up to 


The comparison shows that (a) 


2 Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956) 

41. S. Osborne, Sixth Annual Rochester Conference on High- 
Energy Physics (Interscience Publishers, Inc., New York, 1956). 





270 


440 Mev, which is the upper limit of our numerical 
calculations. 

In making a comparison between experimental data 
and theory, the quantitative agreement or discrepancy 
must be taken with a grain of salt. Firstly, the value of 
the meson-nucleon coupling constant (taken to be 13 
in this paper'*) is known at best to 10%. Secondly, the 
absolute calibration of the measurements is in doubt 
also to about 10%, Finally, the relative errors of the 
various experimental points is also of the same order of 
magnitude. Thus, when making a comparison it is wiser 
to concentrate on the agreement of the shape of the 
angular distribution rather than on the agreement in 
absolute value. A discrepancy by an angle- and energy- 
independent factor should not be given too much 
weight. In fact, the factor does not even have to be 
precisely energy-independent, since the intercalibration 
between laboratories working in different energy ranges 
is also subject to errors. 

The effect of including the nucleon current contri- 
bution, with and without recoil, is shown in Fig. 2. 
All three curves there contain the (P?3,3,M1) nucleon 
current part enhanced, but curve (1) does not contain 
any other part of the unenhanced nucleon current 
contribution, but only the meson current, while curve 
(2) contains the unenhanced nucleon current in the 
fixed source limit in addition to the meson current, and 
finally curve (3) contains the unenhanced nucleon 
current with recoil plus the meson current. As seen, 
the absence of the unenhanced nucleon current contri- 
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Fic. 1. Differential cross section for positive-pion production 
from hydrogen, at a laboratory photon energy of 265 Mev. For 
an explanation of the curves, see the text. 
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bution results in a definite disagreement with experi- 
ments, while both versions containing the unenhanced 
nucleon current contribution fit the data well. 

It seems from these comparisons that the experi- 
mental data are not accurate enough to make a decisive 
statement about the fine points of the theory, such as 
whether (b) or (c) is correct, or whether the recoil 
corrections are meaningful. Nevertheless one can make 
a more rigorous comparison of these theories and the 
data by using a recently developed method of analysis.’ 
The results are given in Table I. We see that cases 1 
and 4 can be eliminated already on account of the 
disagreement in the first two coefficients. Cases 2 and 
6 agree in A, and 3 and 5 are also close. For B there is 
again an agreement within experimental error for cases 
2 and 6, and also for 3. For C none of the previously 
successful approximations agree within experimental 
error, but cases 2, 3, and 6 agree within two experi- 
mental standard errors. Case 5 now disagrees strongly. 
For D the discrepancy is even more; cases 2, 3, and 6 
agree only within 4 standard errors. The situation is 
somewhat better for Z where cases 2, 3, and 6 agree 
within 2 standard errors. It is difficult to tell whether 
any of cases 2, 3, and 6 is superior to the others. How- 
ever, it is not at all clear from the analysis if the experi- 
ments or the theory are responsible for the discrepancy 
which, we should emphasize, is relatively insignificant. 
It might also be worth mentioning that D and E are 
proportionately more significant near 0° and 180° where 
reliable experiments are still lacking. 
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Fic. 2. The same data as in Fig. 1 compared with other curves 
whose explanation is given in the text. 
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TABLE I. Coefficients of the angular distribution analysis for positive-pion photoproduction at 260-Mev photon laboratory energy 


A B 


0.56+0.01 
0.51 
0.56 
0.58 
0.61 


Experiments 
. Fig. 1, curve (a) 
. Fig. 1, curve (b) 
3. Fig. 1, curve (c) 
. Fig. 1, curve (d) 
. Fig. 1, curve (b) 
but no unenhanced 
nucleon terms 
. Fig. 1, curve (b) 
with unenhanced 
nucleon term, no 
recoil 


—0.84 
—1.02 
—1.07 
—0,98 


0.54 — 1.08 


0.56 —1.02 


A comparison of the experimental data with the 
approximation involving the whole unenhanced 
(P3,3,M1) nucleon current part is given at various 
energies by the solid curves in Fig. 3. The agreement is 
quite good, even at as high energies as 440 Mev. The 
shapes of the distributions give a very good fit, and 
even the agreement in absolute values is fair. 

We can make the following conclusions from the 
above comparison : 


(1) Low’s “enhancement approximation,” when it 
includes the unenhanced nucleon current terms gives 
a good agreement with data at least up to 440 Mev. 

(2) The experimental data do not exclude the possi- 
bility of an almost full enhancement of also that part 
of the (P3,3,M1) term which arises from the meson 
current, although the agreement of the theory including 
this additional enhancement appears to be slightly less 
satisfactory than without it. 

(3) The experimental data exclude anything but a 
very weak enhancement of the (/’},3,#2) part. 

(4) The relative errors in the experiments have to be 
deduced to 5% or less before the effect of recoil can be 
detected on data below about 300 Mev. Above that 
energy the predicted difference between the fixed source 
limit and the recoil theory is of the order of 10°7. Thus 
further experimental data, especially near 180°, in the 
higher energy range would be of considerable help in 
learning about the effects of recoil corrections. 


It should be emphasized that although the theory 
discussed in this paper contains experimental data in 
terms of the scattering phase shifts, for any given 
approximation there are no free paramelers to adjust to 
fit the photoproduction experiments. Thus even the 
moderately good agreement with the theory is 
gratifying. 

There is at least one serious objection to the form of 
the theory as used above, and this objection concerns 
the S-wave part. The S-wave term in Eq. (7) arises 
from the meson current term. Therefore it has the same 
form whether full recoil is taken into account or not, 
because the meson current term does not change when 
we include full recoil. That this S-wave term cannot 


« —1.04+0.03 


Cc D E 


—0.134-0.04 
—0,024 
—0.079 
—0.11 
-0.20 


. 0.32 +-0.04 
0.085 
0.17 
0.23 
0.54 


0.30+-0,04 
0.31 
0.38 
0.38 
0.057 


0.59 — 0.008 ~0.024 


0.36 0.20 ~ 0.086 


be correct is quite clear if we consider, for instance, the 
negative to positive pion production near threshold 
(see below). Equation (7) gives unity for this ratio, 
which disagrees both with the experiments and with 
all other theories. The reason for this failure might well 
be in the nucleon pair term effects which our theory 
neglects. The missing factor, as judged by experiments 
and by other theories, is a coefficient of the form 
[1+0(u/M)], that is, a factor which, although not 
given by the fixed source limit calculations, can be of 
the same order as some of the lowest order nucleon 
current terms which the fixed source limit does give. 

The way to obtain this missing factor is by no means 
clear. The Kroll-Ruderman theorem does not help, 
because this requires agreement with the perturbation 
result only to terms of order unity, and makes no 
prediction about the terms of order u/M, which in 
fact is the order where the missing factor deviates from 
our result. 

The procedure we followed in our calculations was 
to use the coefficient of the a-e term as given by the 
perturbation theory, that is, (1+-k/2M)(1+k/M)~ for 
positive mesons and (1+#/2M) for negative mesons. 
The justification for this is twofold. Phenomenologically 
speaking, as we will see in Sec. III, it tends to improve 
the prediction of the ratio at least at low energies. More 
basically, there are some investigations in the develop 
ment® which tend to indicate that at low energies the 
perturbation prediction for the ratio is correct even to 
order »1/M. The model we use, therefore, is a combi 
nation of a perturbation S wave and higher angular 
momentum contributions of the Low type. 

On the whole, this form of the theory produces little 
change in the shape of the angular distribution as com- 
pared with the previous, ‘‘unadjusted” form of the 
theory as given by Eq. (7). The comparison is shown in 
Fig. 3 where the dotted curves are those given by the 
“adjusted” theory. As expected, the “adjusted” theory 
gives a smaller absolute value for positive pion pro- 
duction, thus producing at least at some energies a 
somewhat better fit with experiments. As remarked 
before, however, the agreement in absolute values is 
not a very conclusive proof of correctness because of 
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the uncertainty in the monitoring of the beam and in 
the knowledge of the coupling constant. 

In conclusion we might emphasize again that the 
various forms of the theory we have discussed are only 
an approximate solution of the integral equation in 
Low’s theory, and therefore our conclusions can be 
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used only in a very qualitative sense to argue for the 
validity of the rigorous Low theory. 
III. NEGATIVE TO POSITIVE RATIO 


There are several reasons, both experimental and 
theoretical, why it is profitable to study the ratio of 
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the cross sections of the two basic photoproduction 
reactions: 
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Fic. 3. Differential cross section for positive-pion production from hydrogen at various energies 


in addition to the individual reactions themselves. On 
the experimental side, it is often easier to carry out 
relative measurements, such as the measurement of the 


ratio, where corrections for the efficiency of the meas 


hign® 380 Mev 
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Ihe solid curves are those 


given by the “unadjusted” theory, the dotted ones those given by the “adjusted” theory. For explanation see the text 
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uring equipment or the uncertainty in some parameters 
might be eliminated, or at least reduced. On the 
theoretical side, one could imagine that in taking the 
ratio some features of the theory might cancel out, thus 
simplifying the theoretical treatment. (To take a trivial 
example, the coupling constant in the lowest order 
perturbation theory drops out in the ratio.) On the 
other hand, precisely because of the above possibility 
of cancellation, one would expect that certain other 
features of the theory may become prominent, in which 
case the study of the ratio might reveal information 
about them. 

+ There is another important theoretical argument 
favoring the study of the ratio instead of the individual 
reactions. Process (8) cannot be studied directly since 
we have no free neutron target available. Thus we may 
either use experiments from various complex nuclei and 
develop a theory of the modification of (7) and (8) 
by the nuclear structure, which effect can then be 
eliminated from the ratio. Alternatively, we may use 
the data from the reactions 


y+d—2n+n', (9) 
ytd—2ptr, (10) 


and apply a correction factor specifically calculated for 
deuterium. We shall choose the second alternative to 
study (7) and (8) because it is the more precise one at 
the present time. 

In calculating the correction factor for deuterium, 
our work is greatly simplified by the fact that we con- 
sider the ratio and not the individual cross sections. 
In fact, if we assume charge symmetry it is evident 
that the purely nuclear effects in the final state will 
cancel out and that we shall have to be concerned only 
with the Coulomb effects. Although the complete 
correction including nuclear and Coulomb effects, to 
be applied to deuterium reactions has been attempted,'® 
it is not too accurate and thus the above-mentioned 
simplification is quite welcome. 

Various approximate estimates for the Coulomb 
correction have been given in the past.'® These estimates 
will use the argument involving the Coulomb pene- 
tration factor to calculate the correction; then, ad- 
mitting that this method tends to give too large a 
correction, this calculated factor is reduced by an 
arbitrary factor. These estimates give 


o (n>) 
(: -) mi+e e=0.1—03, (11) 
a(d—+9~) 7 cout 


at moderate energies. Clearly, such a factor must be 
applied only to the negative-pion production since in 
the case of the positive-pion production there is only 


“K. W. McVoy, Cornell thesis, June, 1956 (unpublished). 

For a summary and references, see H. A. Bethe and F. 
de Hoffmann, Mesons and Fields (Row, Peterson, and Company, 
Evanston, 1955), Vol. II, p. 165 ff. 

16 For a summary and references, see reference 15, pp. 164, 278. 
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one charged particle in the final state, and hence, there 
is no Coulomb interaction. 

A somewhat more elaborate treatment of ¢ has been 
given by Chew and Low" who calculated all three 
interactions which exist in the final state between the 
two protons and the negative pion. They used the 
Coulomb penetration factor for the interaction of the 
meson with the nucleon from which it was created, the 
Born approximation for the interaction for the meson 
with the other nucleon, and the sum rule method for the 
interaction of the two protons. Using an r exp(—ar) 
internal deuteron wave function, they obtain quite a 
small ¢. Moreover, except very near threshold, it is 
opposite in sign to the previous estimates. It decreases 
in absolute magnitude as the energy increases, and at 
180-Mev y-ray energy in the laboratory system, it is 
already decreased to only 5.5%. Since most of the 
experimental data have errors larger than 6%, we shall 
simply neglect this correction factor altogether and 
shall consider an agreement within 10°, a satisfactory 
one. There is one more effect which will make the ratios 
obtained from deuterium slightly different from those 
one would expect from the individual nucleons. Owing 
to the internal motion of the nucleons in the deuterium 
the kinematic relationship between k, g, and 6 will not 
be a unique one, but for instance a range of & values 
can contribute to the production of pions with mo- 
mentum g and emission angle 6. This range of & will 
be the same for reactions (9) and (10), but since the 
ratio is a function of angle and energy, the deuterium 
data of a certain angle and energy will in fact cor- 
respond to a superposition of energies and angles for 
reactions (7) and (8). We shall assume that this rather 
complicated effect is small and shall neglect it. Since 
the angle and energy dependence of the ratio is not 
very strong, and since the ratio is near unity anyway, 
such an assumption is quite justified. 

The experimental data for the r~/* ratio are by 
now abundant.'** In general, the results at lower 
energies tend to have larger estimated errors than those 
at higher energies, which are the more recent measure- 
ments. The resolution in angle and energy is often poor, 
and sometimes the errors are not given. The data are 


17G. F. Chew (private communication). 

1®R. M. Littauer and D. Walker, Phys. Rev. 82, 746 (1951) 
and 83, 206 (1951). 

#” Lebow, Feld, Frisch, and Osborne, Phys. Rev. 85, 681 (1952). 

*” White, Jakobson, and Schultz, Phys. Rev. 85, 770 (1952). 

21. M. Littauer and D. Walker, Phys. Rev. 86, 838 (1952). 

# White, Jacobson, and Schultz, Phys. Rev. 88, 836 (1952). 

*% Palfrey, Luckey, and Wilson, Phys. Rev. 91, 468 (1953). 

% Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 
(1954). 

#6 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 

2 Beneventano, Carlson-Lee, Stoppini, Bernardini, and Gold- 
wasser, Nuovo cimento 12, 156 (1954). 

27 Sands, Teasdale, and Walker, Phys. Rev. 96, 850 (1954). 

2 Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
“Proceedings of the International Conference on Elementary Par- 
ticles, Pisa, 1955,” Nuovo cimento (to be published). 

*” Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 
(1956). 
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usually tabulated in terms of meson energy and angle, 
and the conversion of these data to a function of photon 
energy and angle is done assuming free nucleon kine- 
matics. These data are shown in Fig. 4. 

Previous attempts to explain the observed w/t 
ratio have been made by Brueckner and Goldberger,” 
Brueckner,”* Kaplon,” and Watson.” The theory of 
Brueckner and Goldberger is entirely classical. Brueck- 
ner, in reference 31, elaborates on the classical argu- 
ment, also gives general quantum-mechanical 
argument, and finally calculates the ratio by the 
first-order covariant perturbation theory, using pseudo- 
scalar coupling. Kaplon also uses the perturbation 
method with pseudoscalar and pseudovector couplings, 
but includes also the anomalous magnetic moments 
of the nucleons. Finally, Watson’s theory is purely 
phenomenological, containing numerous parameters 
which are adjusted to fit experiments. 

We shall not concern ourselves with the last theory. 
The results of the other theories can be summarized 
as follows. 

Classical arguments using current interactions, or the 
perturbation theory without anomalous magnetic 
moments, all give the same result for the ratio, namely, 


a (8) : *( 

ot (0) q 
Equation (12) predicts much larger ratios than ob- 
served. For instance, at 180° and 240-Mev photon 
energy in the laboratory system, the prediction is 2.2, 
while the experiments give 1.3. Essentially the same 
result is obtained from Kaplon’s calculations with 
pseudoscalar coupling. 

General quantum-mechanical arguments which take 
into account interaction through magnetic moments 
alone, give a much smaller ratio. In fact, now the 
prediction is much too small, yielding 1.06 in the above 
quoted example. A similar reduction (at least at 
threshold) is obtained from Kaplon’s calculations using 
pseudovector coupling.* None of the above theories 
gives, therefore, a good fit to the experimental data. 

Now let us turn to the nonrelativistic theory we 
discussed in Sec. II. Let us first consider the “unad- 
justed” form of the theory. Calculating the ratios in 
the various approximations, we obtain the noteworthy 
result that all approximations give very nearly the same 
ratio, however different predictions they may give for 
the positive-pion differential cross sections. The vari- 


(12) 


ations among the ratios given by the various approxi- 
mations increase with increasing angle and energy. The 

”K. A. Brueckner and M. L. Goldberger, Phys. Rev. 76, 1725 
(1949). 

* K. A. Brueckner, Phys. Rev. 79, 641 (1950). 

#M. F. Kaplon, Phys. Rev. 83, 712 (1951). 

*Kaplon’s statement that the inclusion of the anomalous 
magnetic moments does not change the ratio seems to hold only 
for the pseudoscalar coupling. That the two couplings give dif- 
ferent results is not surprising since the often quoted equivalence 
theorem does not hold for photoproduction. 
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only exceptions to this agreement are those ap- 
proximations in which the nucleon interaction through 
the magnetic moments is completely neglected, and 
where the ratio is nearly unity at all energies and angles. 
Even without any enhancement one gets the same ratio, 
although in that case the prediction for the positive- 
pion differential cross section strongly disagrees with 
the experimental data on hydrogen. We shall return 
to the discussion of this fact later. 

The comparison of this common prediction for the 
ratio with experimental data yields in general a good 
agreement even at 340-Mev laboratory photon energy. 
The predictions of the “unadjusted” theory are shown 
in Fig. 4 by the solid lines. The three lines corre- 
spond to the upper and lower limits of the predic- 
tions given by the various approximations, and to the 
prediction of that approximation which is illustrated 
in Fig. 3. There are only two areas of disagreement. 
One is at low energies and is quite definite. There, 
our predictions fall clearly below the experimental 
points for all angles. As we have seen the deuteron 
correction is not large enough to account for this 
discrepancy which amounts to as much as 30% at 
the lowest energies. However, the explanation of this 
disagreement is not difficult. At low energies, the S- 
wave contribution becomes important, and our “un- 
adjusted” theory is not to be trusted in its S-wave part. 
We will see how the adjusted theory remedies this 
defect. 

The other discrepancy is not as definite as the one 
at low energies. There is some indication, however, that 
at all energies our predictions fall below the experi- 
mental points at the smallest angles (@<40°). In that 
region experiments are scarce, so that this disagreement 
is not well established and thus we shall not attempt to 
explain it. 

It should be mentioned that the behavior of the 
negative to positive ratio at very low energies (within 
25 Mev from threshold) is a complicated problem which 
is at the present time in a state of flux. In that region 
the corrections due to the interaction in the final state 
of the deuterium become important. In addition to this, 
the experimental evidence is also hazy, and different 
extrapolations give different values for the ratio at 
threshold. The Panofsky ratio can also be used to 
determine the value of the ratio at threshold, but the 
value of the Panofsky ratio has also been changed by 
new experiments. We shall not discuss this complex 
problem in detail, and in fact shall refer to it only 
indirectly through the assumption which underlies the 
“adjusted” version of our theory. One simple obser- 
vation, however, might turn out to be relevant in this 
respect. This is, that the measured values of the ratio at 
90° c.m. below 200 Mev deviate considerably from any 
smooth curve one can draw through the experimental 
ratios at other angles and at the same energy. In 
reference 12 these 90° data play an important role in 
the extrapolation to determine the ratio very near 
threshold. 
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Now let us turn to the “adjusted” form of the theory. the various approximations, although the variation 
Here the S-wave part is taken from the lowest order from one approximation to another is somewhat larger 
perturbation theory, and is asymmetric for positive than it was in the “unadjusted” theory. The dependence 
and negative pions so as to give a ratio of about 1.3 of the predicted ratio on the individual approximation 
at threshold. With this modification the predicted ratio again increases with increasing angle and energy. The 
agrees now quite well up to about 225 Mev. Above that _ predictions of the “adjusted” theory are indicated in 
energy, up to 380 Mev, the predictions give somewhat Fig. 4 by the dotted lines. The meaning of the three 
larger ratios than the observed ones. There is still a lines is the same as it was in the case of the “unad- 
surprisingly good agreement among the predictions of justed”’ theory. 
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Fic. 4. The ratio of negative to positive pions in photoproduction at various energies, vs angle in the laboratory system. The 
experimental points are those obtained from deuterium. The key to the origin of the various data is indicated in (a), The solid 


curves are predictions of the “unadjusted” theory, while the dotted lines indicate the results of the 


“ 


adjusted” theory. In both cases 


the upper and lower lines correspond to the upper and lower limits of the predictions coming from the various approximations, while 
the middle line is the result of that approximation whose predictions for the positive-pion angular distribution are plotted in Fig. 3 


The agreement between experiments and theoretical 
predictions is better for the ‘“‘adjusted” theory than for 
the “unadjusted” one, which in turn is much better 
than the agreement of any of the previous theories. 
Still, one could require an even better fit at higher 
energies than that which the “adjusted” theory gives. 
One procedure for accomplishing this seems to be 
evident from the above analysis, although actual 
numerical calculations have not been carried out in 
this direction. This procedure would take the S wave 
in the ratio given by perturbation theory at threshold 
and add to this the P and higher waves as given by 
Low’s theory. The difference between this version and 
the “adjusted” theory would therefore be that the 
energy dependence of the S-wave terms, as given by 
the perturbation theory, would not be included. It is 
not difficult to see that such a theory would give about 
the same ratio as the ‘‘adjusted” theory at low energies 
and somewhat lower values at higher energies. The 
predictions for the angular distribution of positive pions 
should also be good, since it is expected to be somewhere 
between the values predicted by the “adjusted” and 
“unadjusted” theories, both of which give a reasonable 
agreement with experiments. The theoretical founda- 
tions of such a theory, however, would be more phe- 
nomenological than either the “adjusted” or the 
“unadjusted” theories. 


Perhaps the most interesting question arising from 
the above analysis is why the various approximations, 
which give such different predictions for the angular 
distribution of positive pions, agree so well in the pre- 
diction of the ratio. A qualitative answer may be given 
by pointing out that the ratio is very nearly unity, and 
it deviates from it only in terms of order u/M. The 
values of these terms are determined mainly by the 
magnitude of the magnetic moments of the proton and 
the neutron, and these moments enter all approxi- 
mations in a similar manner. Thus the ratios should 
be very nearly the same. That this common prediction 
agrees so well with the experiments is therefore an 
argument more for the soundness of the nonrelativistic 
approach in general than for the validity of any of the 
particular forms we have used. 
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The proportions of the various decay modes of K* mesons produced by the 2.9-Bev proton beam of the 
Brookhaven Cosmotron have been investigated in two emulsion stacks separately exposed at different 
distances from the target. An analysis of the observed ratios of different decay modes has been made in order 
to determine the various partial lifetimes, the Ky2 and Ky: lifetimes being used as a secondary standard. 
The results indicate that within experimental error all the partial lifetimes are consistent with a unique value. 


I, INTRODUCTION 


UR present knowledge about the lifetime of heavy 

mesons has been considerably advanced since the 
advent of artificially produced Kt-meson beams at 
Berkeley and Brookhaven.' The most important results 
on the lifetimes of K* mesons have been obtained by 
counter experiments.?* It is now established that the 
lifetimes of K,» and K,, are identical. In addition, the 
lifetime of r* determined by photoemulsion techniques 
is found to be, within experimental error, the same as 
that of Ky, and K,».** For the remaining two types of 
K* mesons, K,,; and K,, direct experimental data on 
their lifetimes are still wanting. One can only obtain a 
qualitative estimate of the order of magnitude of the 
K,s; and K, lifetimes from the fact that the observed 
ratios of the five different types of K* mesons remain 
almost the same under various experimental conditions 
of production and observation. This gives a strong 
indication that the lifetimes of K+ mesons must be, if 
not all identical, at least very close to each other. 

The lack of direct experimental data on the lifetimes 
of the K,s and K, arises principally from the fact that 
they constitute a quite small percentage of the Kt- 
meson beam and their identification is not as straight- 
forward as that of the Ky, Ae, and r. However, an 
approach to the problem of the K,3 and K, lifetimes can 
be made, if we restrict ourselves to a relative measure- 
ment using the well-established lifetimes of the Ky» 
and K,, as a secondary standard. In this respect, the 
photoemulsion lends itself quite conveniently to this 
purpose, for it has the advantage of recording all K* 


* This research supported in part by the U. S. Atomic Energ: 
Commission and the Office of Scientific Research of the U. 
Air Force. 

t Maitre de Recherches, Centre National de la Recherche 
Scientifique, Paris. On leave from Laboratoire Leprince-Ringuet, 
Ecole Polytechaians, Paris, France. 

t Present address: Weizmann Institute of Science, Rehovoth, 
Israel, 

1A general survey on the lifetimes of K mesons has been 
resented at the 1986 Rochester High-Energy Conference by L. 
Lapeince-Ringuet and S. Goldhaber. See Proceedings of the Sixth 
Annual Rochester Conference on ior Sowey Physics (Interscience 
Publishers, Inc., New York, 1956), Chap. 5, pp. 1, 24. 

* V. Fitch and R. Motley, Phys. Rev. 101, 498 (1956). 

* Alvarez, Crawford, Good, and Stevenson, Phys. Rev. 101, 503 
1956). 

' ‘ ~— and S. Goldhaber, Nuovo cimento 2, 344 (1955). 

* Harris, Orear, and Taylor, Phys. Rev. 100, 932 (1955). 


mesons constituting the beam and enabling an analysis 
to be made of their respective proportions. 

The object of this paper is to describe the method by 
which we have attempted to estimate the lifetimes of 
K* mesons and also to discuss the methods used to 
discriminate different types of K* mesons. 


II. EXPERIMENTAL 


We have used two stacks of Ilford G-5 stripped 
emulsions, each composed of 48 pellicles, 3 in. x3 in. 
400 u. The emulsions were punched with two small 
holes serving as a reference for their alignment. They 
were packed between two Bakelite plates and aligned 
by means of two Lucite pins passing through the holes 
of each pellicle. 

The two stacks, with surfaces horizontal, were 
exposed separately to the AK*-meson beam of the 
Brookhaven Cosmotron.* The K+ beam was produced 
by the 2.9-Bev internal proton beam iricident on a Cu 
target } in.X$ in.X4 in. The K+ mesons emitted at 
60° with respect to the circulating proton beam passed 
through a pair of strong-focusing magnets and were 
momentum-analyzed by a bending magnet. The 
currents in the three magnets were previously calibrated 
by wire measurements to obtain the focus condition for 
the required momentum at the exposure position. 

The first stack, designated as “Stack a,” was exposed 
at an over-all distance of 3.52 m from the target, with a 
circulating proton flux of 8.02 10". The second stack, 
designated as “Stack 6,” was exposed afterwards at a 
distance 75 cm further than “Stack a,’’ the circulating 
proton flux in this exposure being 1.60X 10". 

After the K*-meson exposure, both stacks were 
irradiated to the 1.5-Bev w~ channel beam. These z’s, 
crossing the plates at 90° with respect to the direction 
of the K+ beam, serve afterwards to calibrate ionization 
measurements in each emulsion. 

After the exposure was completed, the emulsions 
were unpacked and printed with a grid on the sticking 
side of each pellicle,’ in order to facilitate the tracing 


* For the characteristics of the K* beam setup we refer to: 
R. M. Sternheimer, Brookhaven Internal Report, August, 1955 
(unpublished). 

Technique due to Goldhaber, Goldsack, and Lannutti, 
University of California, Radiation Laboratory, Report UCRL- 
2928 (unpublished). 
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of tracks through successive plates. The emulsions were 
then mounted on glass and processed together by the 


usual temperature method. 


III. SCANNING PROCEDURE 


The average momentum of K* mesons in the two 
stacks was determined by the range of stopped protons 
near the entrance of the beam. They were P,=270 
Mev/c in stack a and P,=275 Mev/c in stack b; the 
gradient along the beam entrance edge was, respectively, 
6.8 Mev/c per cm and 3.9 Mev/c per cm. This leads 
to an expected range for K mesons in both stacks of 
about 2.9 cm. 

To select K+ mesons in our two stacks, we have used 
the systematic ‘‘on track” scan. All tracks at 1 cm from 
the entrance edge were selected, provided they had 
satisfied the following criteria: (1) a projected length 
greater than 3 mm, (2) a projected angle less than 5° 
with the mean direction of the beam, and (3) an 
ionization in an appropriate range. Each track was 
followed until it came to rest or had exceeded the 
expected range by 1.5 cm; each ending was then 
inspected under high magnification to search for a decay 
secondary. 


Tasxe I. Groups of K* mesons observed in stacks a and b. Ioniza- 
tions are referred to 1.5-Bev cross ~ beam. 


Ki 
Secondary 
ionization 


Ka 
Secondary 
ionization 


Stack a . 
Stack b 


In this way, six middle plates of each stack were 
completely scanned. 232 Kt-mesons were found in 
stack a and 201 in stack 6. For the sake of convenience 
we divided the K* mesons with a single charged 
secondary into two groups, K, and Kg, according to 
their ionization (with respect to the 1.5-Bev cross 
mw beam) 7<1.3 or />1.3, respectively. The results are 
tabulated in Table I. 

We next consider the scanning efficiency for each 
group of K+ mesons. There is no question for the r; its 
detection is without bias. To test the efficiency for 
detecting the gray secondaries of Kg, we note that this 
group contains 7’ and K,s. The ratio r’/7 found in these 
two stacks can indicate our scanning efficiency for this 
class. (The discussion on the identification of 7’ will be 
presented in the following section.) For the moment, 
we content ourselves with the result we have found: the 
ratio r’/r found in the two stacks combined is 9.5/31. 
This implies that no appreciable correction is needed for 
the group Kg. 

The efficiency for detecting a near-minimum second- 
ary depends strongly on its geometry. To estimate the 
percentage of missed cases, we first consider the 
histogram of Fig. 1, showing the distribution in depth of 
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/00 200 


Fic, 1. Depth distribution of endings of stopped Ky. 


endings of the A, group found in both stacks. We note 
that there are less K,,’s found in the layers of 50 4 depth 
near the upper surface and at the bottom of each 
emulsion. Otherwise the distribution seems uniform as 
indicated by the straight line. From this distribution 
we estimate about 13.5°% of Kyz’s are missed in the 
scan owing to their ending too near the extreme surfaces. 

Next, we consider the angular distribution of the 
secondaries of A, ending in the middle of emulsion; 
this is given in Fig. 2. The distribution is essentially 
isotropic, except for those emitted at an angle steeper 
than 60° with the plane of the emulsion; the fraction 
thus escaping observation is estimated to be about 
5.5%. From the angular distribution shown in Fig. 2, 
we are led to the conclusion that there is no significant 
anisotropy in the emission of secondaries of near- 
minimum ionization, 


IV. ANALYSIS OF GROUP Kg 


Of the 17 secondaries classified in the group Kg, 14 
have been followed to an ending inside the stack and 





08 0.6 O4 
Cost 


Fic. 2. Angular distribution of near-minimum secondaries emitted 
in the middle layer of the emulsion. 
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70 
PA ( Mev/c) 


Fic. 3. Calibration curve of ionization (with respect to the 
1.5-Bev r~ cross beam) vs PB for the emulsions of this experiment 
The measured ionization values for secondaries of Ky2 and Ky 
are indicated in the figure at the a priori value of P68. The crosses 
represent the weighted mean of measured P8. Five cases of 
secondaries of K, are marked on the figure. 


allow a definite identification of their primary Kt 


mesons. We find six K,3 and eight 7’. 
The remaining three secondaries go out of the stack; 
of these only two allow ionization and scattering 


measurements. The results are as follows: 
Case 1: / 
Case 2: I 


1.344-0.07, 
1.40+-0.05, 


Pp 
PB=814-12 Mev/c. 


$0+16 Mev/c; 


’ 


If we refer these measurements to our /—/’8 calibration 
curve obtained for these stacks (Fig. 3),* we see two 
points (squares) lying between the yw and m curves. In 
default of sufficient length for further measurement, it 
was not possible to decide their nature without am- 
biguity. If we assume an equal probability for these 
unidentified secondaries to be either a uw or a mw, we 
find the total number of 1’ to be 9.5. 


V. IDENTIFICATION OF SECONDARIES OF GROUP Ky, 


The method used in the present work to identify the 
near minimum A? secondaries is based on ionization 
and scattering measurements, which, in conjunction 
with the well-established properties of different decay 
modes, can lead to definite results.’ 

Among the secondaries of 385 K mesons of group K, 
in our two stacks, 45 have a dip angle (7) less than 7° 
For each of these secondaries, extensive measurements 
of ionization and scattering were carried out on succes- 
sive portions. All ionization measurements were made 
with blob counts and were referred to 1.5-Bev m mesons 
chosen in the near vicinity of the secondary; the 
statistical error on each measurement is less than 4°%. 
The average blob density of the 1.5-Bev cross x beam 
is around 20/100 yw, about 3% below the plateau deter- 

* Hoang, Kaplon, and Yekutieli, Phys. Rev. 102, 1185 (1956). 


*A similar method has been used by Smith, Heckman, and 
Barkas, Nuove cimento (to be published). 
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mined by blob count on tracks of electron pairs. The 
results of the ionization measurements of this class 
of K, are presented in Fig. 4. The histogram shows two 
clear-cut peaks: one around /=1.00 and another at 
T=1.14. 

Scattering measurements were made with the 
Moliére-d’Espagnat method. Sufficient length of the 
secondary is used to reduce as much as possible the 
statistical error. The results of these measurements are 
presented in Fig. 5. In an attempt to facilitate the 
discussion, we have tentatively separated the distri- 
bution into three histograms. A specific number is 
labeled in each square, serving to relate it to the 
corresponding square in the histogram representing the 
ionization distribution (Fig. 4). 

If we consider the ten cases with ionization grouped 
around the peak at higher / in the histogram of Fig. 4, 
we see that their P8 values, represented in the histogram 
of Fig. 5 are all compatible with the expected P86 value 
of the secondary from Ky». If we take the weighted 
mean value of ionization and P£, we find: T=1.14+0.02 
and (P8)y=1624+-14 Mev/c; the quoted errors are 
standard derivations from the mean."” 

This identification is further supported by the 
following results we have obtained among other K’s of 
our two stacks. We have observed one K,, having a 
secondary (i=13°) at J=1.14+0.04 and associated 
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Fic. 4. Histogram showing the distribution of ionization (with 
respect to 1.5-Bev m~ cross beam) of 45 near minimum secondaries 
(Kx group) having dip angle less than 7°. 

Mean values quoted in this section are weighted averages; 
the errors are root-mean-square deviations. 
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with an electron pair; a complete analysis of this case 
shows that it is definitely a K,2."' In another case of 
Kz, the secondary (i=12°) with an ionization J/=1.13 
+0.05, initiates a star 2.5 mm from its point of emission. 
The secondary is thus a r meson and can only belong 
to the K,2 class. 

The case labeled with K,3 is also definite. The charged 
secondary has an ionization J=1.06+0.02 and 
PB=153+10 Mev/c; it is associated with an electron 
pair; the possibility of a K,2 is completely ruled out in 
this case." 

There are five cases in histogram 6 of Fig. 5 which 
have the characteristics of an electron. They all have a 
low value of PS, P8<150 Mev/c measured by 
scattering, while their ionization is on the plateau, their 
mean being J = 1.03-+-0.03 ; these cases can be attributed 
to K,. However, we have to bear in mind that, from 
the point of view of scattering measurements, three of 
these five cases have /’6>120 Mev/c and can still 
belong to the tail of the K,» distribution. On the other 
hand, if we refer to the /~—/8 calibration curve of our 
present plates (Fig. 3), we note that the two cases 
marked as 3 and 5 in histogram 6 of Fig. 5 need only 
have their measured /’8 increased each by one standard 
derivation to bring them on the uw curve; with this 
condition, the possibility that these two cases belong to 
the high-energy part of A, secondaries cannot be 


completely ruled out. This, hqwever, does not seem too 
likely in view of the small percentage of K,; among 
K* mesons. 

Finally, we consider the remaining 29 cases. Referring 
to the histogram of their ionization, Fig. 4, we see that 
they are well grouped around a peak at lower /. Their 
PB, as shown in histogram c of Fig. 5, ranges from 147 to 


266 Mev/c, with a peak around ?B=200 Mev/c. 
Actually, this group can contain secondaries of K,2, the 
high-energy tail of K,s, and also K,. In view of experi- 
mental errors, a separation of the different components 
forming this group is not possible. However, we can 
estimate what will eventually be the proportions of 
K,s and K, on the basis of phase space considerations 
starting from the positively identified cases of K,s and 
K, at lower energy. As we have indicated in the previous 
section, in the Kg class we have found 6 definitely 
identified K,; and two probable ones with secondary 
energy lower than 63 Mev (corresponding to /= 1.3, 
limit of separation for K,). Thus we should expect at 
most some 9 cases of A, 3 in the A, group of which only 
one is expected to have a dip angle less than 7°. Actually, 
we have already found a well-identified case of Kys 
(marked as such in the histograms) among the 45 Ky’s 
we are considering here. Thus it seems that the number 
of additional cases of K,3 which may be present among 

4 For detailed discussion, we refer to a previous publication: 
Cester, Hoang, Kaplon, and Yekutieli, Nuovo cimento 3, 1471 
(1956). 

2A complete description and analysis of this case has been 


published: Hoang, Kaplon, and Yekutieli, Phys. Rev. 101, 1834 
(1956). 
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Fic. 5. Histograms showing the distribution of P@ values of 45 
secondaries of Ky, with dip angle less than 7°. The corresponding 
onization measurements are represented in Fig. 4 


these 29 must be rather small. The same considerations 
applied to K,, assuming the decay mode K,-e+7’+», 
lead to the conclusion that its contribution is at most 
two cases with dip angle <7°. 

Therefore, it seems reasonable to conclude that the 
great majority, 27 out of the 29 cases, are actually 
Ky. If we select the 27 cases having both ionization 
and P6 as a best fit for Ky», we find: [= 1.0040.04 and 
(PB)m= 1974-26 Mev/c. This value of P8 is completely 
consistent with that expected for secondaries of Kyo. 

In order to improve our statistics on the different 
types of K* mesons found in each of two stacks, 
ionization measurements have also been carried out 
with 74 other secondaries of the K,, group having a dip 
angle between 7° and 15°. These measurements were 
carried out with slightly less accuracy than in the 
previous measurements, the error on each measurement 
being of the order of 5°. The results are presented in 
the two histograms of Fig. 6. 

A comparison of these histograms with the previous 
one (Fig. 4) shows a similar separation in ionization as 
obtained for the class with dip angle 7 less than 7”, 
and no appreciable difference in the mean ionization 
values is observed for the two classes of dip angles. 
Consequently, it seems that as far as the identification 
of secondaries from K,2 is concerned, we can rely solely 
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Fic. 6. Histograms of distribution of ionization (with respect 
to the 1.5-Bev w~ cross beam) of near-minimum secondaries 
having a dip angle 7° <i <15° (a) 34 cases of stack a; (b) 40 cases 
of stack b 


on ionization. With this criterion, the contamination 
of Ky will be negligible since it has already been shown 
that the possible percentage of K,s in this ionization 
region is extremely small, 


VI. RATIO OF VARIOUS DECAY MODES 
OF K* MESONS 

In Table Il we have summarized the results of the 
analysis of secondaries of A* mesons observed in 
“stack a’’ and “stack b.”’ We shall now attempt to 
estimate the percentage of different decay modes in 
each stack. The procedure used here has been described 
in a previous work.* 

We shall make no distinction between r and 7’; their 
combined percentage is obtained from the statistics of 
their cases observed in each stack and no specific 
correction is necessary. 

For K,2, the percentage is deduced from the number 
of cases with dip angle i<15°, identified as such by 
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ionization, and making the appropriate geometrical 
correction. 

For Kys, K., and Ky,2, we first set lower and upper 
limits for their percentages. The lower limit is deter- 
mined by accepting only the well identified cases 
divided by the corrected total number of K+ mesons in 
the stack. For the upper limits, we proceed as follows. 
For the K,3 and K, we include all possible cases, and in 
addition the extra cases indicated by phase space 
considerations; for the K,y2, we take as an upper limit 
all K, which are not K,2. The most probable percentage 
is then calculated by taking the geometric mean of the 
lower and upper limits thus determined.” The results 
are presented in Table ITI. 

The percentages in the two stacks are nearly the 
same and are comparable to results found by Smith 
et al.,® Ritson et al.,* Whitehead et al.,!° and Crussard 
et al.'© under different conditions of production and 
observation. 


VII. LIFETIME ESTIMATE 


For this purpose, we choose as a secondary standard 
the lifetime of K,2 and K,2 which has been accurately 
determined by counter techniques.** The proper 
lifetime, 7, of a certain type of K* meson can then be 
deduced from its proportions p, and p» observed in 
stacks a and 6 with respect to this standard type (of 
lifetime 7») in the same stack. 

If x,=352 cm and x,=427 cm are the distances of 
the two stacks from the target and P?/mc the reduced 
momentum of the K* beam, it is easily seen that 


Pa me { 1 1 
= exp] (21-20) -_— -) } 
po PX\Tc Toe 


Setting Ax=2x,—x, and AT=T7,)—T, we have 


AT /cTo.\ / P Pa To 
a 
r Ax mc Po 1+(AT/T) 
Actually the momentum /, in stack b has been found 
slightly higher than that of stack a. Nevertheless, we 
can make a compromise by modifying this momentum 
along with the distance of the stack, if we write 


(ME)-(DG) 


“4 Our reason for using the geometric rather than the arithmetic 
mean of the lower and upper limits arises from the fact that for 
two values, a and b, with arithmetic and geometric means m and n, 
respectively, a <n <m <b. Since in our situation the lower limit 
(a) is deduced from positively identified cases while the upper 
limit () is essentially an estimate, we prefer a mean which gives 
more weight to the lower limit. 

4 Ritson, Pevsner, Fung, Widgoff, Zorn, Goldhaber, and Gold- 
haber, Phys. Rev. 101, 1085 (1956). 

© Whitehead, Stork, Peterson, Perkins, and Birge, University 
of California Radiation Laboratory Report UCRL-3295 (un- 
published). 

‘© Crussard, Fouche, Hennessy, Kayas, Leprince-Ringuet, 
Morellet, and Renard, Nuovo cimento 3, 730 (1956). 
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T ’ 
Taste IT. Classification of X* mesons observed in stack a and b.* 


Stack a Stack b 


15 


6 identified (s.s.) 
4X1 probable (J — Pf) 


5 identified (s.s.) 
4X1 probable (J—P8) 


6 sure (J — P8) 


(p.8.c.1) 


(p.s.c.~1) 





(Kys 


Ka 10 sure (/) 


Ky 
i <a < 15° { K,, Kua, Kys 24 


143 


K1i>15° nonmeasurable 





1 sure (P8=85) 
4X1 probable (PB = 120) 


19 most probable (J — P) 


16 

2 identified (s.s.) 
4X2 probable 

1 identified (s.s.) 
4X2 probable 

4 sure (J — PB) 


1 sure (PB =110) 
4X2 probable (P86 = 130, 144) 
(p.s.c.~1) 


1 definitely identified 


(p.s.c.©1) 
10 most probable (J — Ps) 


9 sure (/) 
31 


123 


® Legend: (8.8) stopped secondary; (J —P§) identification by ionization and scattering; (/) identified by ionization; (p.s.c) phase space consideration. 


with 


P.\ 270 
xy = ( “) =—2p. 

P,/ 275 
Following this modification, we substitute Ax=x,’—2x,4 
=68 cm, and set P= P,=270 Mev/c. 

If we choose for the secondary standard the lifetime 
of K,2 which constitutes the majority of the K+ beam, 
we find for T» the following value according to Fitch 
et al? and Alvarez et al.*: 


To= (1.204 0.19) 10-8 sec. 


The results of our estimation are tabulated in Table 
IV(a). The errors quoted in the last column are com- 
puted from the statistical errors of the proportions of 
K+ mesons as listed in Table III. We have also included 
for comparison the lifetime of the group (Ky2+Ky2) 
which serves as a test of the method. 

Since the lifetime of K,2 has been found to be identical 
to that of Ky», we can, alternatively, take the group 
(Ky2+K,2) together as a standard for comparison.'” 
This proceedure has the advantage of reducing the 
statistical error. The results are presented in Table 
IV(b). It is to be noted that the results we have 
obtained by referring either to K,2 alone or to the group 
(Ky2+K-y2) are completely consistent. 


VIII. DISCUSSION AND CONCLUSION 


The results obtained for the lifetimes of Ky2, K,2, and 
(Ky2t+Ke2) listed in Table IV(a) and IV(b) can be 
used to test the consistency of our method. Comparing 


17 Measurement of the total lifetimes of K* mesons excluding 
rt has been made by Iloff, Chupp, Goldhaber, Goldhaber, and 
Lannuetti, Phys. Rev. 99, 1617 (1955). 


these results with the expected value 7 )=1.20, we 
conclude that there is possibly a systematic error of 25°%, 
inherent in the method; this error is taken into account 
in the total error. 

The lifetime of (7-+-r’) that we have found is in good 
agreement with the data obtained by Alvarez et al.‘ 
and by Harris et al.* In this connection, we note that if 
we apply the present method to the data given by 
Harris et al., we obtain a lifetime 1.6510~* sec, 
slightly different from the value given by the authors. 

For the lifetimes of K,; and K,, there is no evidence 
of any appreciable difference from that of Ky,» and Ky. 
This conclusion is further substantiated by the value 
obtained for their composite lifetime which is subject 
to less error than their individual values and can be 
evaluated in the following way. The identification of 
(r+ 7’) on the one hand and K,» together with K,» on 
the other is the most reliable; consequently the remain- 
ing percentage, deduced from these three types of 
K* mesons, will give a reliable indication of the propor- 
tion of (K,3+K,.) contained in the beam. Their com 
posite lifetime thus computed is 1.84 10~* sec if we 
refer to K,» alone and is 0.82 10~* sec if we refer to the 
group (K,2+K,2) as a standard. Since these values do 
not show any significant deviation from the individual 
lifetimes of K,3 and K, we have found separately, and 


TABLE III. Percentage of various decay modes in two stacks. 


Stack a 
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Tape IV. Lifetime estimation. 


(a) Secondary standard Kyo. To #1.2040.19 

Proportion with 

respect to Ky: Errors 
in stack b T in (statistical) 
47/1 10°* sec in 1078 sec 


in stack a 
Po po 


0.08 
0.01 
0.17 
0.13 
0.56 


0.83 
1.00 
1.20 
0.99 
1.95 


0.335 0.456 
1.335 0.120 
0.132 0 

0.065 0.214 
0.089 — 0.386 


0.391 
1,391 
0.132 
0.070 
0.078 


v2 
(Kya + K 92) 


(b) Secondary standard (Kys +Ko2), To =1.21 40,12 
Proportion with respect 

to (Kyat Koy) 
in stack b T in 

po 47/7 10°* sec 


Error 
(statistical ) 


in stack a 
) in 10°* sec 


Pa 


0.06 
0.12 
0.06 
0.02 
0.03 


0.331 
0.118 
0.126 
0.418 
0.297 


0.91 
1.37 
1,39 
0.86 
0.93 


0.251 
0.749 
0.098 
0.049 
0.067 


0.281 
0,719 
0.094 
0.056 
0.074 


since their percentages are estimated to be comparable, 
we are led to that their individual 
lifetimes must not be significantly different. 

In conclusion, if we take the average values of 
lifetimes listed in Table IV(a) and IV(b), and include, 
in the total error, an error of 257, due to the uncertainty 


the conclusion 


of the method, we have for final results: 
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T = (1.3040.33) X 10~* sec, 
T = (0.88+0.23) X 10~* sec, 
T = (1.444+0.46) & 10-8 sec. 


(r+71’) 

Kys3 

K, 

Within experimental error they are all very close to the 

lifetime of Ky. and Ky». We can conclude by noting 

that, to date, there exists no experimental evidence 

indicating any significant differences in the relative 

production rates or decay lifetimes of the various modes 
of K*-meson decay. 

In addition, we note from our observation of isotropy 
of the decay secondaries of the Ky, class (mainly 
K,yo+Ke2) that no preferred direction with respect to 
the plane of production for decay exists. This is an 
additional indication of the spinless nature of these 
particles (though of course it is not sufficient). 
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Decay of Charged K Mesons 
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The decay of the charged K meson is considered under the assumption of the existence of two parity 
conjugate particles with zero spin. The effect of a weak parity-mixing interaction, which may be of environ 
mental or intrinsic origin, is studied. Two limiting cases are examined. If the parity-mixing interaction is 
weaker than the usual decay interactions, then the @ and r mesons will appear to have the same lifetime far 
from their point of production; however, near the point of production a difference in their lifetimes should 
be discernible. On the other hand, if the parity-mixing interaction is somewhat larger than the decay inter 
actions, only a single lifetime would occur. Ordinary decay experiments will not serve to distinguish between 
the latter case and the existence of a single kind of K meson which decays without parity conservation. 


I. INTRODUCTION 


HE present experimental evidence concerning 

K mesons indicates the existence of two par- 
ticles with zero spin, equal masses and lifetimes, but 
opposite parity. The equality of masses of two particles 
with different parity can be understood in terms of the 
parity conjugation symmetry suggested by Lee and 
Yang.' In general, this symmetry will not yield equal 
lifetimes (though this result could occur if there is an 
accidental numerical relationship between the coupling 
constants governing the decay phenomena). 

Recently, Lee and Yang’ have investigated the 
possibility that parity is not conserved in the weak 
decays. They have shown that experiments up to now 
are not sensitive enough to test this question.’ If parity 
is not conserved in the weak interactions, then the 
data on the K-particle lifetimes could be understood in 
terms of a single A meson. However, certain strong 
interactions of the K meson can best be viewed in 
terms of a AXKrm interaction. As has been pointed out 
by Goldhaber* and Schwinger,® the angular distribu- 
tions in the production of K+ and K° and the angular 
distribution of scattered K*+ mesons can be understood 
qualitatively in terms of such an interaction. Further- 
more, such a coupling would give a K-nucleon potential 
of sufficiently long range to account perhaps for the K 
hyperfragments.® The pseudoscalar nature of the pion 
field requires the existence of two K-mesons of even 

. . Aan 
and odd parity (@ and r particles) for a AKm structure 
to appear in the Lagrangian. If such an interaction does 
indeed exist, it is necessary to invoke the parity con- 

* Now at Department of Physics, Syracuse University, Syra 
cuse, New York. 

t National Science Foundation Postdoctoral Fellow 

t Now at Department of Physics, Tufts University, Medford, 
Massachusetts. 

'T, D. Lee and C. N. Yang, Phys. Rev. 102, 290 (1956) 

2T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) 

* Much more sensitive experiments have been suggested by Lee 
and Yang (see footnote 2) and are now in progress at various 
laboratories. 

4M. Goldhaber, Phys. Rev. 101, 433 (1953). 

5 J. Schwinger, Phys. Rev. 104, 1164 (1956). 

6 Fry, Schneps, and Swami, Phys. Rev. 99, 1561 (1955). 


jugation symmetry mentioned above in order that the 
6 and + masses be equal.’ 

It is the purpose of this note to investigate what is 
to be expected in the decay schemes if two parity- 
conjugate particles exist, and if there is also a weak 
interaction which mixes parity. If this interaction is 
weaker than the usual decay interactions, then the 6 
and 7 could appear to have the same lifetime far from 
their point of production; however, near the point of 
production a difference in the lifetimes should be dis- 
cernible. If, on the other hand, the parity-mixing inter- 
action is larger than the decay interactions (but still 
quite small), only a single lifetime would appear. In 
the latter case it would be impossible from the study of 
decays only to determine whether there is one meson 
or two. 

Il. ANALYSIS 

We begin by considering the results concerning decay 
phenomena that can be obtained from a Wigner- 
Weisskopf line breadth analysis of the time-dependent 
Schrédinger equation. We assume that the Hamiltonian 
can be divided into two parts /=//,+-H,, where H, 
represents the strong interactions, and //, produces 
the decays involving transitions between the eigen- 
states of H,. Owing to parity conjugation, //, has two 
degenerate eigenstates of opposite parity representing 
the 6 and 7 particles. Because of this symmetry any 
arbitrary linear combination of @ and r forms an ade- 
quate description of the system. The weak interactions, 
however, disturb this symmetry and single out the 6 
and 7 states. These states may then be expected to have 
slightly different energies. We take this effect of H, 
into account phenomenologically by writing mg and 
m, for the @ and 7 masses in H/,. The 6 and 7 will then 
decay each with a simple exponential law whose time 
constants are not expected to be equal. This is true 
even if the mass degeneracy is not lifted since conserva- 
tion of parity does not permit matrix elements linking 
6 and r. 

We consider then the nature of the decay when the 


™T. D. Lee and C. N. Yang, Phys. Rev. 104, 822 (1956), have 
suggested some experiments which could possibly give a direct 
verification of the existence of parity doublets 
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Hamiltonian contains a small added contribution H,, 
which mixes 6 and 7. The appropriate eigenstates are 
then (see Appendix) : 


Ya=CO+Cor, Wo |c1|*-+- |cg|2#= . 


These are the states that decay with a simple exponen- 
tial law provided the line breadths are smaller than the 
total energy separation of states a and 6. The particles 
produced by the Bevatron can be described by linear 
combinations of ~, and yY with arbitrary phases and 
amplitudes, Averaging over these parameters yields a 
result which is equivalent to the production of equal 
amounts of the “particles” a and b which subsequently 
decay in a statistically independent fashion. Thus, if 
the above criteria for simple exponential time depend- 
ence is valid, the usual radioactive parent-daughter 
decay equations hold. The states a and b decay accord- 
ing to 


oi*r— 20, 


N= —heNa, N= —hoN, (2) 


where V,, Vy are the number of a, b particles and Aq, A» 
are their respective lifetimes : 
da |e1|*(Aet+- mot v0) + |c2|?(A;+urt+7,), 


‘ (3) 
= |1|*(Agt+ur try) + |ca|?(Agt+- mot v0). 


Here ys, A, are the transition probabilities for 6—»2r, 
6-—+3mn, respectively; yo, for 6,7—-K,2; and vp, for 
7,7—>K ys, Kes. The rate of appearance of K,2 is given by 
Noe=o(|c1|2N at |c2| 20) 

=No(|cr|*ee!-+ |ca|%e-™). (4) 
Similarly, 
Nis Ar (|co|*e~*+- |e, |2e-™), 
N,a= (|c1|%uot |c2| ue ret (S) 

+ (| C2| "wot |c1|%u-)e™. 


III. COMPARISON WITH EXPERIMENT 


For simplicity we consider two limiting cases for 
comparison with the available data. 


Case A: |¢2|?/|¢:|*<1 


In this case the parity-mixing interaction is small 
compared to the decay interactions. We assume here 
that 1/A¢ is of the order of the @ lifetime as might be 
expected from phase space considerations. Hence \g> A, 
though it is possible that |c:|*Ae~|c,|*A,. Under these 
circumstances \p,®A,, and only the b particle will occur 
in the K-meson beam, accounting for the observed 
single lifetime 1/A». The @ particle will decay near the 
point of production and predominantly into the K,, 
mode because |c,|*/|c2|* is large. In this case the Ky» 
decay curves would show a compound structure with a 
break occurring at a time ¢~{In(|¢,|?/|¢2|?) ]/Aq after 
production. (This mixed exponential behavior in the 
other decay modes would not be readily observable.) 
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The validity of the lifetime analysis depends upon the 
smallness of \/6E; here 6£ is the energy shift between 
the a and b levels which in this case comes predomi- 
nantly from the mass shift caused by the decay proc- 
esses. From the values of \ obtained below, a mass 
shift of ~10~ ev would suffice to satisfy this condition. 
Such an order of magnitude does not seem unreasonable 
though, of course, practically nothing is understood or 
known about this quantity. 

From the experimental lifetime 1/A,=1.210~* sec 
and the abundance ratios,* information on the values of 
ho, Ay, etc., may be obtained : 


(|c2|?/|c, 12)No =1.74X 10’ sec!, 
v,=0.33X 107 sec. 


h, =0.83X 107 sec", 
Uy =5.4X 107 sec, 


Here we have assumed that ue~pu, and ve~v, and have 
used the fact that |c,|*~1 for this case (see Appendix). 
Taking \g~10" sec! (as suggested by the lifetime) 
yields |¢2|?/|c,|?~2X10~*; thus the smallness of this 
parameter is verified. With these numbers one obtains 
Aa—Ao~ 10" sect? 

The value obtained for u, is in agreement with that 
to be expected from the universal axial vector coupling 
for u+v decays suggested by Bludman and Ruderman.” 
From the results obtained in the Appendix for the 
special form of H,, chosen there, the coupling constant 
£m appearing in H,, is given by 


46m | Co 1 
sn =—— ~ ~—gr’, (6) 
m \c\| 30 


where we have used 6m~10~ ev, and gr’~10-" is 
the usual Fermi weak decay constant. The axial vector 
coupling constant is also smaller than gr. It is con- 
ceivable that these two effects have a common origin. 

The assumption of parity conjugation invariance im- 
plies the existence of two A° particles of opposite parity, 
A, and A». From phase space considerations, one would 
expect A, and A, to have comparable partial lifetimes 
and hence A°® should show a compound decay curve. 
Presumably there should soon exist enough experi- 
mental data to clarify this point. It should be noted, 
however, that if the A,, say, decays through a scalar 
coupling while the A, decays through a ys coupling, 
then the partial lifetime of the A, will be ~200 times 
smaller than that of the A,. Under these circumstances, 
the situation will be similar to that of the 6 and 7 decays, 
though here it is the short lifetime that is being ob- 
served experimentally. 


® Smith, Heckman, and Barkas, University of California Radia- 
tion Laboratory Report UCRL-3289 (unpublished). 

*Some indication exists for the short K* lifetime in cloud- 
chamber work: Arnold, Balam, and Reynolds, Phys. Rev. 100, 
295 (1955) ; see also G. H. Trilling and R. B. Leighton, Phys. Rev. 
100, 1468 (1955). 

”S. A. Bludman and M. A. Ruderman, Phys. Rev. 101, 910 
(1956). 
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Case B: |c2|?/|c,|*&1 

This case requires a parity-mixing interaction some- 
what bigger than the weak interactions. In particular, 
as shown in the Appendix, |¢2|*&¥|c,|? holds provided 
that 4¢,,6m/m>>1. Under these circumstances the cri- 
teria for the validity of the lifetime analysis, \/5E~)/ 
&mm<1, is satisfied. The states y, and y, whose decays 
obey simple exponential laws are now given by 


Va=(8+7)/N2, Yo= (0—1)/N2. (7) 


It follows from Eq. (3) that Aa=As=4(Aet uot vetA, 
+u,+v,) so that only one lifetime exists. From the 
experimentally observed abundance ratios one finds in 
this case that 4,=1.7107 sec, As=3.510" sec, 
Mrt+pue= 10.8% 107 sec, and v,+-v9=0.7X 107 sec. 

The value of \¢ obtained here is considerably smaller 
than that expected from phase space considerations. 
Such a result would be compatible with the selection 
rule AT=+}4 discussed by Wentzel." If u,=yo, this 
rate is again in agreement with that obtained from the 
universal axial vector (and equivalent vector) inter- 
actions of Bludman and Ruderman.” 

It should be noted that in this case decay experi- 
ments on a beam that is not parity-polarized will yield 
the same results as would be obtained if there existed a 
single meson which decays without parity conservation. 


IV. DISCUSSION 


The considerations of this paper are subject to fur- 
ther experimental tests. For example, the validity of 
Case A depends strongly on the existence of a short- 
lived component for the charged K mesons; this matter 
will be clarified as more events are studied, particularly 
by means of bubble chambers. The experiments recently 
suggested by Lee and Yang’? may test the underlying 
assumptions of this investigation, namely, parity con- 
jugation and parity mixing. These experiments involve 
an asymmetry in the distribution of the decay products 
of hyperons with respect to directions occurring in the 
strong interactions in which the hyperons are produced. 
The possibility of observing an asymmetry which shows 
that parity is not conserved is independent of whether 
or not there are parity conjugate K particles. Similarly, 
the asymmetry involved in the experiment which would 
verify the existence of parity doublets may appear 
whether or not parity is conserved in the weak decays.” 

If parity mixing does exist, it may be of an environ- 
mental or intrinsic nature. At present it is somewhat 
difficult to see what environmental factors could cause 
sufficient parity mixing for particles of zero spin. On 
the other hand, if parity nonconservation is of an in- 
trinsic nature, it may be connected with the weak 
decay interactions themselves. 

4G. Wentzel, Phys. Rev. 101, 1215 (1956) 

2 However, if parity is not conserved, the time dependence of 
the angular distribution is different from that given by Lee and 


Yang. In particular, the asymmetry in question may still be 
observed even if 5m is larger than the level width. 
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APPENDIX 


We consider here the effects of the mixing Hamil- 
tonian H,, on the eigenstates of H/,. H, has two eigen- 
states |@) and |r) with energies we= (p’+ me’)! and w, 

(p?-+m,?)) representing the @ and r mesons. (We 
have included phenomenologically the mass shifts due 
to H, in our formulas.) The states of H,+H,, [ where 
H,, has matrix elements //, between |@) and |r) | can 
be represented by 


¥=Cy |0) +c: | 7). (A.1) 


The Schrédinger equation, (//,+-H,,)~= Ey, yields the 
equations 


E)+- colle, =0, 
E)+ oH 9=0. 


C, (we (A.2) 


Co(Wy 
The energy eigenvalues are then found to be 


Ea,o= 4 (wotwe) | (6w/2)*+ | Ho,\*}', (A.3) 


where dw=wy—w, is the energy shift due to H,, and 
the plus (minus) sign refers to the state ~a(W»). From 
Eq. (A.2), one easily sees that 


Spa Mgr 
cle Nahe foot (60/2)+| Hoel?) 


while the total energy shift between the two eigenstates 
of the system is 


5E= E,— Ey=[bu°+4| Ho,|?}). (A.5) 


For Hm weak, i.e., Ho<éw, (€2/Ci)a 
~H,9/5w while for Ho,>éw one gets (¢2/¢;)6=Hyo/ 
|7,9| (which is just a pure phase factor). 

The parity-mixing interaction H,, can be 
acterized in a simple way by assuming 


one obtains 


char- 


Ban jmuorogm | x( B(x) r(x) + #(x)O(~) |, (A.6) 


where 6(x) and r(x) are the 6 and r field operators, and 
fm is the coupling constant. A straightforward calcula- 
tion yields 


Ho,= (0| Hm| 7) =F8mmem, (wyw,)*. (A.7) 


For the situation where (¢2/c,)q is small, this gives 


(“) Hy 18mm 
J, bo 46m: 


to first order in 6m. 


6m = ma— My, 


(A.8) 


m= (mg+-m,) 
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Experiments with 315-Mev Polarized Protons: Proton-Proton and 
Proton-Neutron Scattering 


O, Cuamperain, E. Secret, R. D. Tarp, C. WieGANnp, AND T, YPSILANTIS 
Radiation Laboratory and Department of Physics, University of California, Berkeley, California 
(Received September 19, 1956) 


The polarization in elastic p-p and p-m scattering at 315 Mev has been measured as a function of the 
scattering angle. The maximum polarization observed in each of these interactions is approximately 40 
percent. A similar measurement of the polarization in p-p scattering at 276 Mev is also reported. Triple- 
scattering experiments have been performed to measure the depolarization D(@) and the rotation R(@) in the 
proton-proton interaction. These parameters have been measured for center-of-mass scattering angles 
ranging from 22 to 80 degrees. 

Expressions for the measured quantities in terms of 14-phase shifts of the proton-proton system for J <6 
and /<5 are included. Two of the phase shifts represent mixing between states of the same total angular 
momentum J, spin S, and parity. Five sets of phase shifts are reported which satisfy 36 measurements of 
total cross section, relative differential cross section, polarization, depolarization, rotation, and supple- 





mentary conditions imposed by the analysis of information from the reaction p+p—m*+d. 


I. INTRODUCTION 


HE study of the neutron-proton and proton- 

proton interaction at cyclotron energies ranging 
from 40 to 450 Mev has been the subject of extensive 
experimental effort in many laboratories during the past 
decade. In the experimental program carried on by 
Segré, Wiegand, Chamberlain, and collaborators since 
1949, the angular distribution and absolute cross sec- 
tions for p-p and n-p scattering at energies from 40 Mev 
to 345 Mev have been measured,’ The theoretical 
interpretation of these results has generally been at- 
tempted by the choice of specific combinations of central 
and tensor’ or central and spin-orbit’ Yukawa po- 
tentials, The well depth and range parameters, which 
characterize these potentials, were chosen so that reason- 
able agreement with the cross-section data was obtained. 
These potential models have been uniformly unsuc- 
cessful in predicting some of the more recent results of 
the double- and triple-scattering experiments. Such 
procedures were perhaps warranted in the past, but it 
now appears that with the more extensive experimental 
information available a more modest, but sounder, 
analysis can be made, This involves first the determi- 
nation of the scattering phase shifts, followed perhaps 
by their interpretation in terms of meson theory or a 
potential interaction between nucleons. A review article 
by Breit and Gluckstern® summarizes the experimental 
and theoretical situation prior to the discovery of 


! Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951) ; 
Hadley, Kelly, Leith, Segré, Wiegand, and York, Phys. Rev. 75, 
351 (1948); Kelly, Leith, Segré, and Wiegand, Phys. Rev. 79, 96 
(1950) ; Chamberlain, Pettengill, Segré, and Wiegand, Phys. Rev. 
93, 1424 (1954); 95, 1348 (1954); O. Chamberlain and J. D. 
Garrison, Phys. Rev. 95, 1349 (1954); David Fischer and Gerson 
Goldhaber, Phys. Rev. 95, 1350 (1954). 

* R. Christian and E. Hart, Phys. Rev. 77, 441 (1950). 

*R. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950). 

*R. Jastrow, Phys. Rev. 79, 389 (1950). 

*K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950) 

*G. Breit and R. L. Gluckstern, Annual Reviews of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, p. 365. 


polarization effects in high-energy proton-proton scat- 
tering by Oxley, Cartwright, and Rouvina.’ 

It may be shown that the information obtainable from 
high-energy measurements (E> 100 Mev) of the angular 
dependence of the differential cross section is insufficient 
for the determination of the scattering phase shifts in 
the nucleon-nucleon system. It then follows that addi- 
tional independent experimental measurements (e.g., 
double and triple scattering) are necessary to determine 
the phase shifts. Yang* and Wolfenstein? have shown 
that the highest-order spherical harmonic that may 
enter into the expression for the nucleon-nucleon differ- 
ential cross section is Zmex, Where Jmax is the maximum 
orbital angular momentum of a partial wave that is 
altered by the interaction. Thus the neutron-proton 
differential cross section J9(@) can be written as 


2lmax 


I)(0)= > AnY,°(cos8), (1) 


where @ is the center-of-mass scattering angle, Y ,°are the 
normalized Legendre polynomials, and the A,’s are 
arbitrary coefficients, which can be determined by ex- 
periment. Measurements of J(@) can therefore, in 
principle, fix (2lmax+1) such coefficients. In a phase- 
shift description of the n-p elastic scattering we must 
consider interactions in (4lmax+ 2) states, since only two 
interaction states are possible for /=0 (i.e., '\So, #S;), and 
four states (one singlet and three triplet) for all higher / 
values. We must therefore introduce at least (4lmnax+2) 
real phase shifts to describe the scattering. In addition, 
if / is not conserved (i.e., if tensor forces are present) we 
must introduce (lmax—1) real parameters (we assume 
linux >) that describe the mixing between states of the 
same total angular momentum J, spin 5, and parity.’ 


7 Oxley, Cartwright, and Rouvina, Phys. Rev. 93, 806 (1954). 

*C. N. Yang, Phys. Rev. 74, 764 (1948). 

*L. Wolfenstein, Phys. Rev. 75, 1664 (1949). 

J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 258 
(1952) 
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TABLE I. Summary of the experimental parameters obtainable from the angular distribution of the measurements. (/max>0.) 


Experiment 


r D R 


lenait’ sip 1 Stet Baath. 
baazt1 bmax ZAmaxt1 Umax! 


Thus, for a general phase-shift description of the scat- 
tering we must introduce a total of (S/max+ 1) unknown 
phase shifts. The determination of these from the 
(2max+ 1) experimental numbers (A,,) obtainable from 
the nuclear cross-section measurements alone is clearly 
impossible. 

Similar results follow for the proton-proton system 
even though the number of interaction states is reduced 
by a factor of approximately two because of the Pauli 
principle. Only one singlet state is allowed for even / and 
three triplet states for odd /, thus we find (2Jmax+1) 
states if Jinax is even and (2),,4,+2) states if lmax is odd. 
We must also introduce (linax—2)/2 mixing parameters 
into the phase-shift analysis if /,,.. iseven and (lingx— 1)/2 
if linax is Odd. This leads to Slmax/2 or (Sliax+3)/2 
parameters in the phase-shift description where the 
former value is applied if /max is even and the latter if 
linax is odd. Since we are considering the scattering of 
identical particles, the differential cross section must be 
symmetric about 6=2/2, and only the even spherical 
harmonics can enter into Eq. (1). This reduces the 
number of A,’s obtainable from the p-p cross-section 
measurements to (lmax+1). Consequently, we conclude 
that the determination of 5linax/2 or (Slnax+3)/2 phase 
shifts from the (/max+1) coefficients (A,) of the nu- 
clear cross section is impossible. 

If we extend these arguments to include the informa- 
tion available from the measurements of polarization 
P(6) and the triple-scattering parameters D(@), R(@), 
and A (@), first defined by Wolfenstein," the determina- 
tion of the scattering phase shifts becomes possible. 
The number of experimental parameters, analogous to 
the A,’s that could be determined from these measure- 
ments is summarized in Table I. In order to obtain 
with good accuracy the maximum number of parameters 
shown in Table I, the measurements should be carried 
out over the entire angular interval (0<@<~m) except 
in the cases where symmetry conditions apply. For 
example, in the p-p system we have: 


1o(0)=Io(w—8), (2) 
P(6)=—P(x—-98), (3) 


thus the measurements of the angular distribution of Jo 
and P need only be extended over the angular interval 
(0<0< 2/2). Since no such symmetry conditions apply 
to the triple-scattering parameters*® D, R, and A, it is 
desirable that the measurements be extended over the 


'L. Wolfenstein, Phys. Rev. 96, 1654 (1954). 


Phase shifts 


A Total 


y + 1 10) max + 3 
y) + 1 | + 4 


Slmaxt1 
(5/2)lmax + (3/2) 
(5/2)linax 


(Imax Odd) 


(Imax even) 


entire angular interval (0<@< mr). It will be noted from 
Table I that the number of experimental! parameters is, 
in all cases, greater than thé number of phase shifts 
needed to describe the scattering problem. Thus, a set 
of measurements of Jo, P, D, R, and A should over 
determine the nuclear phase shifts. It is necessary that 
the system be overdetermined if the number of different 
solutions is to be kept reasonably small, 


II. THEORETICAL 


In a previous publication by the present authors” 
(hereafter denoted as I) we have discussed polarization 
theory and experiments as applied to the scattering of 
polarized protons from complex nuclei, We assume that 
the reader is familiar with the content of the theoretical 
section in I. The main difference in what follows is due 
to the fact that the target has spin 4 rather than spin 
zero and to the operation of the Pauli principle in the 
case of identical particles, 

The internal cyclotron proton beam was scattered 
from Target 1 and acquired a polarization P; in the 
direction m, normal to the scattering plane. We recall 
that the vector P is identical to (a), where @ is a vector 
having as its components the Pauli spin matrices. This 
beam was subsequently scattered from an unpolarized 
liquid hydrogen or liquid deuterium target, The experi- 
ments described in this paper were designed to deter- 
mine the intensity and polarization state of the scattered 
beam as a function of the incident intensity and 
polarization. A measurement of the relative intensities 
of the scattered and incident beams suffices to determine 
the laboratory differential cross section /,(©,®), where 
© and # are laboratory polar and azimuthal scattering 
angles.“ In general, /;(©0,%) may depend upon the 

' Chamberlain, Segre, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 102, 1659 (1956). 

4 The laboratory scattering angles ©, ® refer to the second 
scattering. The subscript 2 will be omitted whenever the omission 
will cause no ambiguity. We choose our coordinate system such 
that the beam is moving in the +Z direction with the beam 
polarization vector P,; in the + Y direction so the usual definition 
of polar and azimuthal angles in a right-handed coordinate system 
lead to the relations =r cos@, x=r sin© cos®, y=r sin@ sin’. We 
note that with this convention @=0 and ®=~ correspond to left 
and right scatterings, respectively. The scattering angles 0, @ and 
differential cross section /,(0,p) in the center-of-mass system are 
related to the corresponding quantities in the laboratory system 
by the equations 


tan (0/2) =[1+ (£,/2M¢) } tan, 
[1+ (2,/2M¢e) sinto? 
4cos@( 1+ (£,/2M¢) ] 


where F, is the kinetic rm | of the incident protons in the 
laboratory system and Mc* is the proton rest energy 


¢=, 


1,(0,¢) = 1,(0,%), 
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polarization state of the incident beam. The polarization 
of the scattered beam (#), may be described in terms of 
its components in three mutually perpendicular direc- 
tions. Following Wolfenstein,* we consider an ortho- 
normal! set of unit vectors mz, 8, ky’ defined by 


no=k,Xky’/|k,Xk,’|, (4) 
So nXk,’, (5) 


where k, and k,’ are unit vectors in the incident and 
outgoing laboratory directions, respectively. It is con- 
venient to define P; as polarization obtained in the 
elastic scattering of an unpolarized proton beam from 
target i, where the direction of P; is normal to the 
scattering plane in question. Using this notation, 
Wolfenstein® has shown that 


1,(O)[1+P,-P» | 
1,(P)[14+ PP: cos®], (6) 


I 4(  ?) 


1,(@)[ Pot DP, cos# }, (7) 
1 @)9° 8» 1,(@)| A P,-k.+ RP, (no Xk») |, (8) 
I a)o- ky! 1y()| A’P, ky + R’P,: (my Xk») |, (9) 


where Jy, P:, D, A, R, A’, R’ are functions of the polar 
scattering angle and the energy E, of the incident 
beam."*:"* The parameter /o(@) is the differential scat- 
tering cross section for an incident unpolarized beam. 
The measurement of /9(@) by the usual single-scattering 
techniques is straightforward and need not be con- 
sidered in detail. We cite as reference the measurements 
of Io(@) for the p-p system at energies from 120 Mev to 
345 Mev by Chamberlain, Segré, and Wiegand.' The 
measurement of ?, requires only brief comment. If the 
beam incident upon the second target (hydrogen or 
deuterium) is polarized (i.e., P)#0), then a measure- 
ment of /,(0,@=0) and /,(@,&= 7) suffices to de- 
termine P?,(@). We define the asymmetry e2 in the 
second scattering by the equation: 


1 @)o°My 


1,(@,0) —1,(@,r) 
(10) 


€2 


“1,(0,0)+12(0,x) 


Combining (6) and (10), we find 


é2=P\P2; (11) 


thus a knowledge of the incident beam polarization, P, 
and a measurement of the asymmetry in scattering, 
eo(@), fixes the value P,(@). The determination of P; 
has previously been described in I. It entails the 
measurement of the asymmetry ¢;= 7? in a double 
elastic scattering of protons from beryllium, in which 
each scattering occurs at the same angle ©). 

The determination of the additional Wolfenstein 
parameters D, A, R, A’, and R’ requires a third scat- 


“The parameters Io, P:, D, A, R, A’, R should all have the 
subscript 2; however, we shall continue to omit this subscript 
whenever it causes no confusion 
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tering of the beam. Such a scattering from a third target 
would measure the projection of (@). in a direction n, 
normal to the third scattering plane. These parameters, 
however, are related by Eqs. (7), (8), and (9) to the 
various components of (@)2. The observed asymmetry, 
sn, in the third scattering process when all three 
scattering planes coincide is given by 


_T+)-hi(-) 


Ti+) +Ii(—) 


where /;(+) refers to scattering such that n; is parallel 
to +n». The differential cross section J;(@3,®;) after the 
third scattering may be generally written in the form 


13(O,P3) = I40(9)[1+()2- Pans], (13) 
where Jo is the elastic average differential scattering 
cross section from Target 3. Thus from (12) and (13) we 
find 


(12) 


(14) 


Combining (6), (7), and (14), we obtain, for the plane 
geometry used in these measurements (e.g., ®2=0 or 7), 


Cin= (o)o-n2P3. 


P,+DP, 
3, = = -P3, (15) 
1+P,P, 
where the positive (negative) sign is valid for a left 
(right) second scattering. From Eq. (15) we solve for D 
in terms of the experimentally measured quantities 
sn, €3°= PP, €2= Pi P2, and e,;= P\P,, and obtain 


Can : €2 
D=—(e+1)¥—. 
€3 ej 


(16) 


The component (@)»: 8: may be determined if the third 
scattering plane is perpendicular to the second. The 
asymmetry ¢;, in the third scattering under these 
conditions is given by 


_Ti(+)-h(-) 


e3,=— , (17) 
I3(+)+J3(—) 


where /;(+), in this case, refers to scattering such that 
n; is parallel to +8». Combining (13) and (17), we find 


(18) 


e3,= (a): 8oPs. 


The asymmetry é;, can be related to A and R through 
Eqs. (6), (8), and (18). We then obtain 


P,P {Any k.+Rn, , (n2 Xk.) | 
C3 = — ai, 


—_ (19) 
1 +P iP, CosP, 


The scalar product n,-k, is nonzero only if the polariza- 
tion vector of the beam that is incident upon the second 
target has a component in the direction of motion. The 
experiments reported in this paper were carried out with 
a polarized beam which had no longitudinal component 
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of polarization. Measurements on the parameter A (©) 
using such beams are clearly impossible, since n,-k,=0. 
Noting that n,- (m2 k,) =sin#, and solving Eq. (19) for 
R in terms of the experimentally measured asymmetries, 
we obtain 

C3, 1 +2 Cos, 


e3 


(20) 


sin®P», 


Our measurements were carried out at &.= 270°; thus 
Eq. (20) becomes 
R = — €3,/ €3. (21) 

An experiment to measure A was recently performed 
by Simmons in this laboratory. The method used and 
the results obtained are described in a recently published 
paper.'!® He utilized an auxiliary magnetic field in the 
direction s;, between the first and second scatterers, to 
rotate the direction of polarization of the incident beam. 
Owing to the anomalous proton magnetic moment, the 
average spin vector P, precessed about this field with an 
angular frequency larger than that of the proton motion 
and resulted in a beam for which mn-k,#0. 

The quantity (@),-k,’ in Eq. (9) represents the com- 
ponent of polarization in the direction of propagation of 
the twice scattered beam. This component may be most 
simply measured by the insertion of a magnet between 
the second and third scatterers with the magnetic field in 
the direction of my. The effect of such a field would be to 
convert the (@)»:k»’ component of the polarization to a 
component at right angles to the direction of motion and 
so allow the determination of R’ in a manner completely 
analogous to the measurement of R. The remaining 
parameter A’ is not independent, but is related to R, A, 
and R’ by the equation of Wolfenstein.’® Of the four 
independent triple-scattering parameters D, R, A, and 
R’, we have measured D and R, while Simmons'® has 
obtained a measure of A. The determination of R’ was 
not attempted. 

The parameter D may be interpreted as giving the 
extent to which the second scattering depolarizes an 
initially polarized beam. From Eqs. (6) to (9), when the 
first and second scattering planes coincide (i.e., mM» 
=cosP,= +1), we find that the components of (@)», in 
the directions 8, and k,’ are zero; thus we may write 

(o)2= nf (P2+DP,)/(1+PiP2) ]. (22) 


If the initial beam is completely polarized (i.e., P= 1), 


then Eq. (22) takes the form 
(23) 


(o)2= +n[ (D4 P»)/(1+P2) |, 


from which we see that if D=1, the beam after the 
second scattering remains completely polarized, thus no 
depolarization of the initial beam occurs in the scat- 


16 James Simmons, Phys. Rev. 104, 416 (1956) 

16 ],. Wolfenstein (private communication). The parameters A, 
R, A’, R’ are not all independent. The requirement that the 
scattering matrix be invariant under time reversal leads to the 
relation (A+R’)/(A’—R) =tan(6/2). See also reference 11. 
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tering. The limits on the magnitude of D may be 
obtained by application of the condition |(#).| <1 to 


Eq. (23), which leads to the inequalities 


~1+42|P2|<D<1. (24) 


The parameters R and R’ describe the rotation of the 
polarization vector in the plane of the second scattering. 
If the first and second scattering planes are perpendicu- 
lar (i.e., (my no) ky=sin®,= +1 and ny: n.= cos?,=0), 
the polarization (@), after the second scattering may be 
inferred from Eqs. (6) to (9) as 


(o)o= Pony P)(R8.+ R’k’»). (25) 
From Eq. (25) we note that the component of (@), 
normal to the scattering plane is ?, and is independent 
of the polarization of the incident beam. The effects due 
to the polarization of the incident beam are manifest in 
the scattering plane and may be characterized as a 
rotation and reduction in magnitude of the initial 
polarization vector P;. Equation (25) for a completely 
polarized initial beam, together with condition |(@).| <1, 
leads to the inequality 


(R?+R®)'< (1 (26) 


which restricts the magnitude of the polarization vector 
in the plane of the scattering. The interpretation of A 
and A’ as rotation parameters follows by identical 


arguments when ny: ky= 1. 


II]. EXPERIMENTAL TECHNIQUE 
A. Proton-Proton Elastic Scattering 


The polarization of the beam used for these measure- 
0.76+0.03, as described in I. The energy 
and rms energy spread of the beam, for this particular 
run, were 319+-5 Mev, and the beam current was 3X 10° 
protons/sec through a rectangular aperture 2 inches 


ments was P; 


high and 0.5 inch wide. 

We used as the second scatterer a liquid hydrogen 
target developed by Cook"? and subsequently modified 
by Garrison.'* The hydrogen container was a 5.6-inch- 
diameter cylindrical can with cylinder walls of 4-mil 
stainless steel. The space between the hydrogen-con- 
taining cylinder and a concentric 9-inch-diameter Dural 
cylinder was evacuated to provide insulation from the 
external environment. The 9-inch-diameter Dural cylin- 
der was constructed with two 5-mil Dural windows 
along the beam path. The energy lost by the beam, due 
to ionization, in traversing half of the target was 4 Mev; 
thus the average energy of the second scattering was 
315 Mev. A similar container which was not filled with 
liquid hydrogen was used for background subtractions. 

The protons scattered from the liquid hydrogen target 
were detected by a three-counter telescope as shown in 


9”) 


oe 


Instr 1006 (1951) 
D, Garrison, Phys. Rev 


17 Leslie Cook, Rev. Sci 
46(), Chamberlain and J 
(1956), 


103, 1860 


- 
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Fic. 1, Scale drawing of liquid hydrogen target 2 and counters used 
in measurements of polarization in p-p scattering 


Fig. 1. The counters were of standard construction, i.e., 
polystyrene plastic scintillator viewed by 1P21 photo- 
multiplier tubes. The first counter of the telescope was 1 
inch wide and 6 inches high, and served as the solid- 
angle defining counter. The distance from the center of 
the hydrogen target to the face of the first counter was 
37.5 inches, which corresponds to a solid angle of 
4.27X10~ steradian. Variable amounts of copper ab 
sorber were inserted between counters to determine the 
range of the scattered protons. The dimensions of 
counters 2 and 3 were 2.5 by 8 inches and 3 by 9 inches, 
respectively. The associated electronic circuits have 
been previously described in I. 

The angular resolution of the system varied with 
scattering angle ©, because of the non-negligible dimen- 
sions of the hydrogen target. Measurements were made 
at laboratory scattering angles ©, ranging from 10° to 
42.5°. At @,=10° the resolution function is approxi- 
mately Gaussian with standard deviation of 0.8°. This 
parameter increased with increasing ©, approximately 
as sin@, so that, at the largest laboratory angle in- 
vestigated (@,=42.5°), the resolution function had a 
standard deviation of 2.0°. 

The beam current incident upon the hydrogen target 
was monitored by a 2-inch-deep argon-filled ionization 
chamber which had been calibrated against a Faraday 
cup as described in reference 1. An absolute monitor, 
however, is not essential for the measurement of the 
polarization. The monitor need only be proportional to 
the beam current, since the measurement of relative 
cross sections for left and right scattering suffices to 
determine the asymmetry. 

The center line of the polarized beam in the experi- 
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mental area was determined by exposure of two x-ray 
films along the beam path. The scattering apparatus 
was aligned with respect to the center line, which was 
preserved in space with the aid of a surveyor’s transit. 
We estimate the angular errors arising from the align- 
ment procedure and other effects related to the appa- 
ratus to be 3X 10~* radian. 


B. Proton-Neutron Elastic Scattering 


The polarization in p-n scattering was measured by 
scattering the polarized proton beam from a liquid 
deuterium target. For a certain range of angles the 
scattered protons were detected in coincidence with the 
recoil neutron. The forward charge-exchange scattering 
was observed by detection of high-energy neutrons in 
the forward direction. (The various detection schemes 
used are discussed in detail later in this section.) The 
validity of this method rests upon the assumption that 
the observed polarization due to scattering from the 
bound neutron in deuterium is equivalent to the 
polarization in scattering from a free neutron. The 
symmetry between the neutron and the proton in 
deuterium allows a convenient test of this assumption. 
We simultaneously measured the polarization in p-p 
scattering from the bound proton in deuterium, and 
compared the results with the measurements of polariza- 
tion in p-p scattering from liquid hydrogen (described in 
the preceding section). The polarizations were found to 
be the same. We interpret this agreement as justification 
for the use of this method. 

Siegal, Hartzler, and Love" and Hillman and Stafford” 
have measured the polarization in n-p scattering at 350 
Mev and 98 Mev, respectively. These authors observed 
the asymmetry of the recoil protons when a polarized 
neutron beam was scattered from liquid hydrogen. Such 
a technique, although direct and easily interpretable, 
has some disadvantages because of the difficulties in 
obtaining highly polarized and intense neutron beams. 

In order to increase the polarized beam current 
available in the experimental area, we used a 2-inch- 
diameter collimator. The beam current so obtained was 
approximately 10° protons/sec. The beam polarization 
was P?,=0,69+-0.05, and the measured energy and rms 
energy spread was 315+12 Mev. We monitored the 
beam with an argon-filled ionization chamber as pre- 
viously described. 

The liquid deuterium target was constructed by 
Roscoe Byrns of this laboratory. A detailed description 
of a similar deuterium target has been given by Nagle.” 
The deuterium-containing cylinder was 8 inches in 
length and 4 inches in diameter, oriented so that the 
axis of the cylinder coincided with the beam line. Ends 
of the cylinder were of 4-mil brass and the cylinder walls 
were #y-inch brass. The proton beam, on entering or 


sd Sie gal, Hartzler, and Love, Phys. Rev. 101, 836 (1956). 
” EF. Hillman and G. H Stafford, Nuovo cimento 3, 633 (1956) 
™ [—. E. Nagle, Phys. Rev. 97, 480 (1955) 
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leaving the deuterium volume, traversed a 4-mil Dural 
and a 4-mil brass window. The energy loss in traversing 
half of the target was 5 Mev, thus the average scattering 
energy was 310 Mev. The liquid deuterium could be 
removed from the target cylinder whenever necessary 
for the study of the background scattering from the 
target walls. The scattering from the liquid deuterium 
was determined by subtraction of the target-empty 
scattering from the scattering when the target was filled. 

A scale drawing of the neutron counter and the 
geometrical arrangement of the apparatus is shown in 
Fig. 2. The neutron counter consisted of six counters 
(Nos. 1 through 6), each 3 by 3 by 0.25 inches, and three 
shield counters A;, Az, As with dimensions 5 by 4 by 
0.5, 10 by 4 by 0.5, and 10 by 4 by 0.5 inches, respect- 
ively. Signals from the three guard counters were com- 
bined to give a signal A. Slabs of polyethylene converter 
(or carbon of the same stopping power) could be inserted 
between counters A;, 1, 2, 3, and 4 as indicated in 
Fig. 2. Copper absorbers of the same stopping power as 
the polyethylene converter could be inserted between 
counters 4 and 5 or 5 and 6. 

Large-angle charge-exchange scattering gives rise toa 
low-energy proton at large angles with the conjugate 
high-energy neutron in the forward direction. In this 
case, a coincidence counting arrangement to detect both 
the neutron and the conjugate proton is unfeasible, as 
the proton has insufficient energy to leave the target. 
We therefore utilized the energy discrimination provided 
by the neutron counter to observe the polarization in 
this angular interval. For laboratory scattering angles 
©, between 7° and 33°, the detection scheme was such 
that only neutrons with energy greater than 112 Mev 
were counted by the neutron counter. The laboratory 
scattering angle ©, refers to the angle the neutron in the 
final state makes with the direction of the incident 
beam. The observed asymmetries, however, are given as 
a function of the angle ©, which refers to the angle the 
proton in the final state makes with the incident-beam 
direction. The relativistic kinematic relation between 
these angles is approximately 


Ey 
, sin(2), (27) 


Mc 


T 
0+4+0,=—-— 
4 


where £, is the average scattering energy (310 Mev) and 
M is the proton rest mass. The relativistic term in Eq. 
(27) reduces the included angle between neutron and 
proton at this energy, by a maximum of 5% from the 
nonrelativistic value 2/2. 

Signals from counters 1 through 6 could be added 
together in different ways depending upon the energy 
discrimination desired. Signals a, 6, and ¢ were obtained 
by adding the output signals from counters 1 and 4, 2 
and 5, and 3 and 6, respectively. A coincidence between 
signals a, b, and ¢ in anticoincidence with the guard 
signal A we interpret as a neutron of energy greater than 


POLARIZED PROTONS 


}—ION CHAMBER 


“ “ 


POLARIZED 
BEAM LINE 


~ LIQUID D, 
TARGET 2 


Re 


a 
at 
_ \ 
\e | 


COUNTER ‘Pp 


\ 


\\ 


COUNTER A, 

\ COUNTER Ay ’ 

COUNTER q -*% OUNTER 9’ 
\GD SS aieemtenaenl COPPER \ 

ot wr ABSORBER ae \ 


A, 





ye . POLYETHYLENE t 


COUNTERS CONVERTER \ 
I-6 & 


\ 








PPL NP ADIT A 


COPPER 
ABSORBER 
































IRON SHIELDING 


Fic. 2. Scale drawing of liquid deuterium cylinder and counters 
used in the measurement of polarization in p-m scattering. 


112 Mev. The combination of signals abcA (read abe not 
A) could occur when a neutron passed through A, with- 
out counting and subsequently suffered a charge-ex 
change scattering in one of the polyethylene slabs or in 
one of the counters 1 through 4. The proton resulting 
from such a collision must have sufficient energy to 
traverse a minimum of two polyethylene slabs (or 
copper of the same stopping power), and any three of 
the counters 1 through 6. The polyethylene slabs had 
stopping power equivalent to 5.7 g/cm? copper. Each of 
the counters 1 through 6 had stopping power equivalent 
to 1.0 g/cm? copper, thus the event abcA requires that 
the knock-on proton have a minimum range of 14.4 
g/cm* copper which corresponds to a kinetic energy of 
112 Mev. For the measurements in this angular interval, 
copper absorber in excess of that necessary to stop 
310-Mev protons was placed before counter A, in an 
attempt to eliminate the primary charge particle flux 
incident upon counter A,;. This minimized the number 
of spurious events due to protons from the deuterium 
target against which the anticoincidence circuit should 
discriminate. 

A second detection scheme was used for scattering 
angles ©, between 30° and 47°. In this angular region 
the conjugate protons have sufficient energy to leave the 
target system. A coincidence between the neutron signal 
and the signal from counter p placed at the conjugate 
angle © was required in this angular interval. Dimen- 
sions of the scintillator in counter p were 5.62 by 4.12 by 
0.5 inches. Energy discrimination in the neutron counter 
was not essential because the requirement of an addi- 
tional coincidence in counter p discriminated against the 
ambient neutron background. An increased efficiency of 
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the neutron counter was obtained by adding signals 
from counters 1, 3, and 5 to give signal d and 2, 4 and 6 
to give signal e. The minimum neutron energy necessary 
for the coincidence dep was approximately 75 Mev. In 
this angular interval the coincidence dep in anticoinci- 
dence with the guard signal A we interpreted as a p-n 
scattering event. An additional counter p’ was placed in 
front of counter A;. Coincidences pp’ correspond to 
proton-proton scattering from the bound proton in 
deuterium. The measurements of the coincidences depA 
and pp’ were carried out simultaneously. 

The remaining range of scattering angles ©, between 
47° and 79° were observed by using essentially the same 
detection scheme as outlined in the previous paragraph. 
A modification was made to further increase the neutron 
counter efficiency. Signals from counters 1 through 6 
were added to give signal f. The event {pA we interpret 
as a p-n scattering in this angular interval. 

Measurement of the absolute efficiency of the neutron 
detector for the determination of the polarization was 
unnecessary. No attempt was made to measure this 
parameter, 

The lineup procedure used was identical to that 
described for the proton-proton polarization measure- 
ments in the preceding section. 


C. Triple Scattering—Depolarization and Rotation 


of the Polarization Vector in p-p Scattering 


The objective of these experiments was to measure the 
change of the polarization state when a polarized proton 
beam was scattered from an unpolarized hydrogen 
target. Such a measurement requires three scattering 
processes. The first scattering produces the polarized 
proton beam that is subsequently scattered from liquid 
hydrogen (target 2). The polarization state of the pro- 
tons scattered from the second target through an angle 
(@»,%,) is determined by a measurement of the asym- 
metry in the third scattering. 

The polarized proton beam was incident upon the 
liquid hydrogen second target. A scattered beam was 
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Fic. 3, Scale drawing of triple-scattering apparatus and counters 
used in the measurement of the depolarization parameter D(@,). 
For the geometry shown, the second scattering occurs at &,=0°. 
Target 1, a one-inch beryllium target inside the cyclotron, is not 
shown in this figure. 
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defined by a coincidence between a pair of counters 
(called 1 and 2) at the angle (@»,%.) of interest. We 
measure a polarization component of the beam by 
scattering from a third target of carbon or beryllium 
through an angle (@;,4;). A typical arrangement of the 
counters and targets used in the measurement of the 
depolarization parameter D is shown in Fig. 3. A triple 
scattering event was defined by a coincidence between 
counters 1, 2, 3, and 4. With this system protons 
scattered directly from the hydrogen target into counters 
3 and 4 contributed only to the accidental events. 
Coincidences between counters 3 and 4 alone were 
approximately one thousand times as numerous as the 
coincidences 1-2-3-4; thus the discrimination provided 
by counters 1 and 2 was indispensable. In spite of the 
relatively high 3-4 coincidence rate the accidental 
1-2-3-4 coincidences were less than 10% of the total 
1-2-3-4 coincidence counting rate. 

The energy spread of the beam defined by 1-2 coinci- 
dences is determined by the angular resolution of the 
apparatus (see Fig. 3) and the energy spread of the 
incident polarized beam. The kinetic energy E» after the 
second scattering depends upon the incident energy EF; 
and the scattering angle ©». The relativistic relation 
between these quantities is 


EF 
E.=E, cos'@ / (14+ -- sint®s), (28) 
2Mc 


where Mc? is the proton rest energy. From Eq. (28) we 
note that the proton energy at the inner edge of Counter 
2 will be greater than the proton energy at the outer 
edge of this counter. The magnitude of the energy 
spread is given, to a good approximation, by 


AE,= FE, sin(2@2)A@s, (29) 
where AQ, is the angular width of counter 2. This 
correlation between energy and position across the face 
of counter 2 may induce false asymmetries in the third 
scattering if the absorber between counters 3 and 4 is 
excessive. 

The range of the twice scattered beam at angle 
(@»,4.) was determined by setting @;=0° and measuring 
the 1-2-3-4 coincidence rate as a function of the 
absorber between counters 3 and 4. The range curve 
obtained at a given scattering angle (@.,4.) was used as 
the basis for choice of the final absorber value between 
counters 3 and 4. In view of the large polarizations 
which have been observed in the elastic scattering of 
protons from complex nuclei, the absorber between 
counters 3 and 4 was adjusted so that highly inelastic 
scatterings from the third target would not be accepted. 
The absorber value so chosen was always substantially 
smaller than the mean range of the twice scattered 
beam. This precluded the possibility of false asymmetries 
arising from the energy correlation with position across 
the beam. 
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The beam profile of the twice scattered beam was 
observed by measuring the 1-2-3-4 coincidence rate as a 
function of the third scattering angle ©. With the 
absorber between counters 3 and 4 chosen as described 
in the previous paragraph the beam profile was sym- 
metric about @;=0° and is shown by curve A in Fig. 4. 
When the absorber between counters 3 and 4 was in- 
creased to a value near the mean range of the twice 
scattered beam the beam profile had its center of 
gravity shifted toward smaller ©, angles. An’example of 
such a beam profile is shown by curve B in Fig. 4. We 
verified, in all cases, that the beam profile at a given 
scattering angle (Q»2,4.) was symmetric about 0;=0°, 
thus eliminating the possibility of false asymmetries 
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Fic. 4. Beam profile of twice-scattered beam. Curve A was 
obtained when the absorber between counters 3 and 4 was chosen 


as described in the text. Curve B was obtained when the 3-4 
absorber was excessive. 


caused by a choice of the 3-4 absorber which was 
excessive. 

The analyzing angle ©, was chosen by extending the 
measurements of the beam profile to large scattering 
angles. A characteristic beam profile, plotted on a 
logarithmic scale, is shown in Fig. 5. In the angular 
interval between 4° and 8° the counting rate is an 
extremely rapidly varying function of scattering angle 
@; and depends mainly on multiple Coulomb scattering 
from the third target. At larger angles the counting rate 
decreases more slowly with a slope characteristic of 
nuclear elastic scattering from the carbon or beryllium 
third target. We chose the analyzing angle ©, outside 
the region of the Coulomb scattering and safely into the 
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Fic. 5. Beam profile of the twice scattered beam at 
(O=17°, d= 0°), 


region of the nuclear scattering. In all cases the ana- 
lyzing angle so chosen was inside the region of the first 
elastic scattering diffraction minimum, thus insuring 
that the scattering events observed were primarily 
elastic. 

Calibration of the analyzing power, e;= P,Ps, of the 
third scattering was accomplished by removing the 
hydrogen target from the beam and setting @,= @,=0° 
(i.e., all counters directly in the beam line), The 
polarized proton beam was degraded in energy by the 
insertion of a calculated amount of uranium absorber at 
the position of the second target. The uranium degrader 
served also to multiple scatter the degraded polarized 
beam so that coincidences between counters 1 and 2 
defined a beam with angular divergence similar to the 
divergence of the beam scattered from the liquid hydro 
gen target. The beam current entering the experimental 
area was reduced to approximately 10° protons/sec by 
reducing the cyclotron filament arc voltage. This method 
has the advantage that all the cyclotron parameters 
(magnetic field, etc.) which might have affected the 
polarization of the incident beam remained unchanged. 
With the degrader at the second target position a range 
curve of the beam, defined by coincidences between 
counters 1 and 2, was obtained by varying the absorber 
between counters 3 and 4 and counting the 1—2-3~4 
coincidences with the 1-2 coincidence rate as the beam 
monitor. Calibrations of the analyzing power were 
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TABLE II, Polarization in proton-proton elastic scattering 


at 


on = Pi Pa 


0.23240.015 
0.287 +-0.017 
0.2884-0.010 
0.2304-0.017 
0,1914-0.019 
0.108 40.019 


315 Mev. 


3.04A4-0.06 
3.6€04-0.07 
3.754+0.05 
3.68 40.07 
3.65 40.07 
3.704-0.07 


19(10°*" em*/sterad ) 


Pu 
0.305+0.023 
0.37840.027 
0.3794-0.020 
0.303 40.025 
0.251 40.027 
0.1424-0.025 


WIEGAND, AND YPSILANTIS 


Taste ITT. Polarization in 


0,217 40.022 
0.227 +0.009 
0,198+0.011 
0.168+0.013 
0.082+0.013 


0.21440.019 


roton-proton elastic scattering 





0.314+0.036 
0.324+0.041 
0.329+0.028 
0.295 +0.027 
0.251+0.027 
0.122+0.021 


~ 0.005 +0.016 


—0,0044-0.013 3.€0+0.07 


carried out after every measurement of ¢;, at a given 
angle (@,,4,). It was necessary that the range curve for 
the calibration measurement match as closely as possible 
the range curve of the beam scattered at angle (@2,4.) 
from the liquid hydrogen second target. To this end 
small adjustments were made on the thickness of the 
beam degrader until the two range curves were matched. 
The measurement of the analyzing power, e;, was made 
at the angle ©, of interest with the same absorber 
between counters 3 and 4 as was used in the measure- 
ments of és, at the given angle (@»,4.). A systematic 
error in the calibration would be introduced if the 
polarization of the incident proton beam were changed 
by the energy degradation process. Calculations carried 
out by Wolfenstein® indicate depolarization effects in the 
passage of charged particles through matter are negli- 
gible. This conclusion has been confirmed experi- 
mentally.” 


IV. EXPERIMENTAL RESULTS 
A. Proton-Proton Elastic Scattering 


The data obtained are summarized in Table II and 
the dependence of the polarization on center-of-mass 
scattering angle, @, is shown in Fig. 6. Measurements 
of the average differential cross section Jo=[{/(6,0) 

1(6,m) |/2 are also included. The errors given for en 
and /, are standard deviations due to counting statistics 











Fic. 6. Polarization in p-p elastic scattering at 315 Mev. The 
triangle points represent the polarization observed in p-p scat- 
tering from deuterium. The curve shown is from phase shift 
solution 4 of the text. 


® Heiberg, Kruse, Marshall, Marshall, and Solmitz, Phys. Rev. 
97, 250 (1955). 


0.029+-0.014 0.044+0.019 


only. As a consequence of the weak dependence of 
I)(@) upon © (i.e., 1o(@) « cos@), the systematic errors 
in the measurement of ey are completely negligible 
compared to the counting errors. Systematic effects in 
the measurements of J due to extrapolation of counter 
plateaus to zero bias, absolute calibration of ion cham- 
ber, and attenuation correction due to absorber in 
counter telescope lead to an estimated 10% systematic 
error to be superimposed upon the statistical errors 
given in Table II. The measurements of Jo(@) by 
Chamberlain, Segré, and Wiegand! are statistically 
more reliable and should be used in preference to the 
measurements of Jo(@) reported here. The cross section 
measurements shown in Table II were obtained as a by- 
product of the experiment which was primarily designed 
to measure the polarization. The value of Py was 
obtained from the corresponding value of en through the 
relation Py=ey/P;. The value of P;=0.76+0.03 in- 
cludes all known errors in beam calibration. In arriving 
at the errors for Pq quoted in Table II the 4% error 
arising from the measurement of P; has been included. 
In addition to the polarization measurements reported 
here, we have previously published some results of 


TABLE IV. Polarization in proton-neutron elastic scattering in 
deuterium at 310 Mev. 


0 Coincidence e Pr 


21.6 
32.3 
42.9 
53.4 
63.9 
74.2 
[82.3 
82.3 
90.6 
100.7 
109.9 
110.2 
116.1 
121.3 
130.8 
137.3 
147.7 
158.4 
164.9 


pA, 
pAi 
SpA 
SpA 
f pa 
SpA 
SpA 
depA 
depA 
depA 
abcA 
depA 
depA 
abcA 
abcA 
abcA 
abcA 
abcA 
ebcA 


0.319+0.056 

0.278+0.033 

0.263+0.025 

0.155+0.019 

0.109+0.021 
— 0.008 +-0.021 
—0.062+0.019 
— 0,087 +0.023 
~0.067 40.022 
—0.164+0.021 
—0.172+0.050 
—0.180+0.021 
—0.157+0.022 
—0.176+0.030 
—0.15340.027 
—0.1364-0.018 
~0.139+0.020 
—0.051+0.016 
—0.016+0.024 


0.462+0.081 

0.403 +0.048 

0.382+0.036 

0.225+0.028 

0.158+0.030 
-0.012+0.030 
—0.090+0,028 
—0.126+0.033 
—0.197+0.032 
~0.238+-0.030 
—0.249+-0.072 
—0.261+0.030 
~0.2282-0.032 
-0.255+-0.043 
—0.222+0.039 
~ 0.197 +0.026 
~ 0.202 40.029 
~0.074+-0.023 
~0.023+-0.035 
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Target 3 


2-in, C 
2-in. Be 
2-in. C 
2-in. Be 
2-in. Be 


315-MEV 


POLARIZED 


PROTONS 


TABLE V. Depolarization in proton-proton elastic scattering at 310 Mev 


Oo, 


12.7° 


12.8° 


ea=PiPs 


0.472+0.014 
0.490+0.014 
0.466+-0.014 
0.47140.012 
0.468+0.012 


¢in(@ =0) 


0.275+0.041 
0.349+-0.031 
0.357 40.043 
0.368+0.041 
0.321+4-0.029 


fin\@ @ a) 


0.135+-0.055 
0.155+0.034 
0.048 +0.055 
0.042 +-0.030 
0.100-+-0.033 


D (average) 


0.245+0.079 
0.299-+-0.055 
0.456-+0.081 
0.5334-0.000 
0.503 +-0.048 


l-in. Be 0.545+0.024 


earlier measurements of polarization in p-p scattering. 
At the time of publication of these results, the polariza- 
tion of the incident 280-Mev proton beam was unde- 
termined. Therefore only the measured asymmetries 
were reported. The polarization of this beam was 
subsequently determined to be P,=0.67+0.05. In 
Table III are listed the asymmetries and the derived 
value of the polarization at an average scattering energy 
of 276 Mev. The errors listed for the polarization in 
Table III include the error in the incident beam 
polarization. Similar measurements have been made at 
130 Mev by Dickson and Salter,™ at 170 Mev by Fischer 
and Baldwin,” at 310 Mev by Marshall, Marshall, and 
DeCarvalho,” at 415 Mev by Kane, Stallwood, Sutton, 
Fields, and Fox,” and at 439 Mev by DeCarvalho, 
Heiberg, Marshall, and Marshall.2* More recently, 
Taylor® has reported polarization measurements at 
142 Mev. 


B. Proton-Neutron Elastic Scattering 


The observed asymmetries in p-n scattering from 
deuterium are listed in Table IV along with the detec- 
tion schemes used at the various angles. The average 


$ 3%} {i 





60° 90° 120° 150° 180° 
4 


Fic. 7. Polarization in p-n elastic scattering at 310 Mev 
in deuterium. 


% Chamberlain, Segre, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954). 

* J. M. Dickson and D. C. Salter, Nature 173, 946 (1954). 

% T). Fischer and J. Baldwin, Phys. Rev. 100, 1445 (1955). 

2% Marshall, Marshall, and DeCarvalho, Phys. Rev. 93, 1431 
1954). 
' 27 Kane, Stallwood, Sutton, Fields, and Fox, Phys. Rev. 95, 1694 
(1954) 

2% De Carvalho, Heiberg, Marshall, and Marshall, Phys. Rev. 
94, 1796 (1954). 

A. E. Taylor, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, April 1956 (Interscience 
Publishers, Inc., New York, 1956). 


0.3154-0.026 0.472+0.063 


energy of the scattering was 310 Mev and the incident 
beam polarization was P?;=0.69+-0.05. Errors listed for 
p-n polarization are standard deviations due to counting 
statistics only. An additional 7% error arising from the 
uncertainty in the incident beam polarization should be 
superimposed on the counting statistics; however, the 
relative angular distribution of the polarization function 
is not affected by this error. The data of Table IV have 
been plotted in Fig. 7. A preliminary account of these 
measurements has been previously reported in this 
journal.” 


C. Depolarization in Proton-Proton 
Elastic Scattering 


The depolarization parameter D was determined at 
six laboratory angles ranging from 10.7° to 38.1° at an 
average energy of 310 Mev. The 
measurements are summarized in Table V and plotted 
as a function of the center-of-mass scattering angle in 
Fig. 8. The errors listed in Table V include the contribu 
tions from the errors in the measurements of e), és, és a8 
well as és,. At five of the six scattering angles 6, the 
measurements were made at y=0 and g= m and the 
values of D were obtained through the use of Eq. (16). 
Space limitations in the experimental area prevented the 
measurement of é3,(¢=7) at the sixth scattering angle 
6=80.5°. The values of D obtained at gy=0 and g=m 
were combined statistically and the resulting average 
value of D for the two measurements is listed in 


Table V. 


results of these 








40° - 60" 80° 
6 
Fic. 8. Depolarization in p-p elastic scattering at 310 Mev. The 
curve shown is from phase shift solution 4 of the text 
*” Chamberlain, Donaldson, Segre, Tripp, Wiegand, and Ypsi- 
lantis, Phys. Rev. 95, 850 (1954). 
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D. Rotation of the Polarization Vector 


Measurements of the rotation parameter R were 
obtained at six laboratory scattering angles ranging 
from 10.4° to 38.1° at an average energy of 310 Mev. 
The azimuthal angle of the second scattering was 
¢ = 39/2, which corresponds to the downward direction. 
The determination of R at g=2/2 was not attempted 
because of instrumental limitations. In Table VI are 
listed the pertinent experimental measurements of e¢, 
and ¢,, necessary for the evaluation of R according to 
Eq. (21). The errors in the determination of R include 
the contribution from the error in e; as well as e;,. In 
Fig. 9 the dependance of R on the center-of-mass 
scattering angle 6 is exhibited, ‘The initial results of both 
the D and RK measurements have been reported in a 
previous publication.” 


V. INTERPRETATION OF THE DATA 


In this and previous work,'® information on the p-p 
system at a laboratory scattering energy near 310 Mev 
has been accumulated, The measurements include the 
total cross section oi1, the differential cross section Jo, 
polarization P, and the triple scattering parameters D, 
R, and A. Following the treatment of Wolfenstein," we 
may express the observables in terms of the parameters 
of the M matrix: 


M = BS+C(@+e,)-n4+-4G(oe- Ko, K+o- Po, P)T 


+ 4H (a-Ko,-K—o- Po, P)T+Noe-no,-nT, (30) 


where @ and @, are the Pauli spin operators correspond- 
ing to the incident and target protons. In Eq. (30), K 
and P are unit vectors in the direction p’—p and p’+p, 
respectively, where p’ and p are the outgoing and inci- 
dent momenta in the center-of-mass system. The vector 
n is a unit vector normal to the scattering plane and 
T and S are the triplet and singlet projection operators. 
The parameters B, C, G, H, and N are complex scalar 
functions of the center-of-mass scattering angle 6 and 


BI 


6 


-- 


4 


4 
~ 


= 
a" oon 80° 


Fic. 9. Rotation of polarization vector in p-p elastic scattering 
at’310 Mev. The curve shown is from phase shift solution 4 of the 
text 


“ Ypsilantis, Wiegand, Tripp, Segre, and Chamberlain, Phys 
Rev. 98, 840 (1955). 
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the energy. Parity considerations show that B, H, and 
C/sin@ are even functions of cos@ and G and WN are 
odd functions of cos@. The scattering is completely 
described by the M matrix and the experimental 
observables are related explicitly to the parameters B, C, 
G, H, and N, by the following equations: 
Io=4| Bl?+2|C|?+4|G—N|? 
+3|N\?+4/H|*, 
IoP=2 ReC*N, 
Io0(1—D) =4|G—N—B|*+|H|?, 
IoR=}4 Rel (G—N)*(N+H)+B*(N—H) | 
cos(6/2)+Im[LC*(B+G—N) ] 
Xsin(6/2), 
pA = —} Rel (G—N)*(N+H)+ B*(N—-H) ] 
X sin (6/2)+Im[C*(B+G—N) | 
Xcos (6/2). 


(31) 


The connection between the observables and phase 
shifts for the p-p system has been obtained in an 


TABLE VI. Rotation of polarization vector in proton-proton elastic 
scattering at 310 Mev 


Cis(h@ @3n/2) R 
0,438 40,023 0.142 +0,060 0.324 +0139 
0.479 +0.017 0.080 +0,.0438 0.167 +0.080 
0.517 40,016 0,054 +0,037 0.104 +0,071 
0.491 40,017 0.141 40.025 0.287 +0.052 
0.520 40.023 —0.161 40.036 0.310 +-0.072 
0.501 40.024 —0.289+40.041 0.576 +-0.087 


Target 3 
1.5-in, ¢ 
1.75-in. ¢ 
1.5-in, ¢ 
1.5-in, ¢ 
1.5-in, C 
1.0-in, Be 


accompanying paper.” We may conveniently summa- 
rize the results of this analysis by writing the relations 
between the Wolfenstein parameters B, C, G, H, and N 
and the phase shifts. In the singlet state of two protons 
the spin angular momentum is zero and the total 
angular momentum j=1/, where / is the orbital angular 
momentum of a given partial wave. Similarly for triplet 
states j=/1 or 141. We denote singlet phase shifts as 
6, and the triplet phase shifts by 6,;. In this analysis we 
have considered the scattering in all states with 7<6 
and /<5, compatible with the Pauli principle; i.e., 
'So, *Po, *P1, *P2, 'Do, *Fo, *Fs, *F4, 'Ga, *Ha, *Hs, and *H¢. 
Since / is not known to be a constant of the motion, we 
must also allow for the possibility of mixing between 
states with the same spin, total angular momentum, and 
parity, these quantities being exact constants of the 
motion for our system. For the states under considera- 
tion, mixing may occur between */; and *F, states and 
also between */', and *H/, states. We utilize the analysis 
and notation of Blatt and Biedenharn” in which the 
mixing of two states of total angular momentum j is 
described by a parameter ¢;. Thus the mixing between 
*P, and *F, is described by ¢, and between *F, and *H, 
by e,. The significance of these parameters is more fully 
described in reference 32. In accord with the notation of 


~ Sta »p, Ypsilantis, and Metropolis, following paper, Phys. Rev. 
105, 302 (1957). 
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reference 32, we define the quantities 
a= e7 bi — grit 

ay = eF81i — erie, 

ai=4 sin(2e,;) (e?irt.4— e? 4i41,)), 


where 


t n 
©,=n1—no= > arc tan( ), (33) 


z=l x 


and n=e*/hv, where v is the laboratory velocity of the 
incident proton. 

The results of the phase shift analysis, including 
nonrelativistic Coulomb effects, are summarized in the 
following equations: 


1 
B= fc(0)+fe(r— 6) . ee 20a2+27a4 | 
1 


+-[60a2—270a, | cos’?0+315a, cos}, (34) 


sin 
“ {[16a19+ 2401 1— 40012— 400032 — 14er35 
64k 
+ 54a, + 54as, f 1 lass = 6Sase | + [ 200c32 
+70a33— 270034 aan 7560054 a 154a55 +-910 56 ] cos’0 
+- [1 134054 + 231a55 a 1365a¢ | cos‘)} ’ (35) 


H a { [16a40 _ 24a; +-8a42 _ Sage { 14a33— Oa44 
32ik 


+-6a54— 1las5+-5ase— (32y/6)a? + (484/5)a‘4 } 
+ [ 40a32 = 70033 + 300034 = S4as4 +- 1 54as5 140 a5, 
+ (80\/6)a2 — (456y/5)a‘ } cos’0+- [126054 


~231055-+105as¢+ (5044/5)a*] cos#}, (36) 


1 


1 
V = fc(0)—felx ) }- {[ 16cr19 + 2404; + 56a}2 
32ik 


— 136032 — 14033 — 18601344 2940544 1 lags 
+355ase+ (16,/6)a?— (244/5)a*] cosb 
+-[200c052 + 700r33-+ 2900134 — 13160054 
—154e55— 1610a59+ (56y/5)a* | cos’ 


+-[ 2016054 +-23 lass+ 1407 a6 ir 0s°6}, (37) 


1 
G—N= fc(6) —folr -6) + {[ 484) + 48a 
32ik 


+-32a39 - 308 a33 . 48a54 + 638a55 
+-700a56— (32/6)a? + (48/5 )a* | cosé 


a [420033 + 1 4034 t- 1 12ers, 


OV 


— 277 2a55—420a56— (11 2/5)a4 ] cos*é 


+[—882as4 +-2310a55 +46 2c56 | cos'9}. (38) 


MEV 


POLARIZED PROTONS 


TABLE VII. Summary of experimental data for phase 
shift analysis. 


Obsers @ (degrees) Experimental value Reference 


t0.70 mb a 
£0.19 mb b, « 
045 +-0.039 b, ¢ 
0.9714+0.032 b,c 
0.958+0.032 b, « 
1.013+0.041 b, « 
0 997+0.035 b, « 
1.008 +0.026 b, ¢ 
1.074+0.040 b, « 
1.031+40.031 b,c 
To/T (90° 23.4 1.098+0.033 b, « 
Io/To (90 18.6 1.024+0.078 d,e 
To/To (90 14.8 1.038-+-0.086 d,e 
To/To (90 11.3 0.935+0.108 d,e 
To/To (90 91 1.078+0.091 d,e 
P/sin0 cos6 0.613+0.108 
P/sin@ cosé 0.635+0.068 
P/sin@ cos6 53.4 0.633 40.052 
P/sin0 cosd 42.9 0.700+0.040 
P/sin0 cos0 32.3 0.837 +0.060 
P/sin0 cos 21.6 0.891 +0.067 
1—J) 80.5 0.528+0.063 
1—D 65.2 ().497 +-0.048 
1-—-D 52.0 0.467 +-0.060 
1-D 36.5 0.544+0.081 
1—D 25.8 0.701 +0.055 
1—D 23.0 0.7554-0.079 
t 
t 
{ 
t 


Frot @>20 
Io 90) 

Io/To (90”") 80.2 
To/To (90 
Io/To (90 
To/To (90 60.8 
To/To (90 52 4 


) 71.4 
) 
) 
) 
0/79 (90°) 44.8 
) 
) 
) 
) 
} 
} 


64.0 


To/To (90 36.0 
To/To (90 31.9 


76.2 
63.9 


R/cos (6/2) 80.1 0.75240,114 
R/cos(0/2) 70.9 
R/cos (6/2) 54.1 
R/cos(0/2) 41.8 
R/cos(6/2) 34.4 
R/cos(6/2) 22.3 
A /sin (0/2) 76.3 
A /sin (0/2) 

A /sin (6/2) 


0.381 40.088 
0.3224-0.058 
0.11140.076 
0.1754.0.084 
0.3304-0.142 
0.382+4-0.078 
0.0164-0.088 
1.542+4-0.363 


Se =| 


* See reference 1 

b Chamberlain, Segré, and Wiegand, Phys. Kev. 83, 923 (1951), 

*(), Chamberlain and J. D. Garrison, Ph Kev, 95, 1349 (1954), 

4 Chamberlain, Pettengill, Segré, and Wiegand, Phys, Rev, 93, 1424 
(1954); 95, 1348 (1954) 

¢ PD, Fischer and Gerson Goldhaber, Phys, Rey 

! This work 

« James Simmons, Phys. Rev, 104, 416 (1956 


95, 1350 (1954) 


At 310-Mev incident proton energy, the momentum 
of the proton in the center-of-mass system is p=hk 
where |k| =k=1.933K10" cm™. The nonrelativistic 
Coulomb scattering amplitude is denoted by fe(@), 
where 

n 
cos8) |}. (39) 


exp{—in log 4(1 


k(1—cos@) 


fc(8) 


The observables Jo, P, D, R, and A may now be 
expressed as a function of the phase shifts through the 
use of Eqs. (31), (34)-(38). In all, we have available 36 
measurements of the observables including 4 small-angle 
measurements of the differential cross section in the 
region where Coulomb interference effects are present. 
A summary of the experimental information is presented 
in Table VII. 

The calculation of phase shifts which fit the data 
proceeded along the lines of the meson-nucleon phase 
shift calculation done by Fermi, Metropolis, and Alei.* 


* Fermi, Metropolis, and Alei, Phys. Rev. 95, 1581 (1954) 
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Tase VIII. Phase shift solutions for which 22 <60. 


1( = 17,9) 


“Solution 
Phase, 


2( 21,7) 3(I = 23.8) 4(M = 24.5) 
~19 10.9425? 
14.2 +0.8° 
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Solution 


Phase 5 (90 = 34,2) 6( = 34.6) 7(M = 41.3) 8(M = 52.3) 


| 


N 
x 


11.942.1° 
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on 


A random set of phase shifts was chosen and the 


quantity 
Ai\? 
(") 


was minimized by varying the phase shifts 6. In Eq. 
(40), A, is the deviation of the calculated from the 
measured value of the ith observable and e, is the 
experimental error in the measurement. The bulk 
of the calculations were performed on the Los Alamos 
“MANIAC” electronic computer; however, the final 
phase of the work was completed on the Los Alamos 
“704”’ computer. A detailed discussion of the search 
procedures used to minimize Yt(6) is contained in 
the accompanying paper.” In all, 420 random sets of 
phase shifts were taken as starting points for the 
calculation and these led to only 19 different solutions. 
Each solution was obtained at least 5 times from 
different random sets of starting points; thus we feel 
that the phase shift space has been adequately explored. 
The validity of the 19 solutions obtained was estimated 
the value expected 
best four solutions 
and the next four 


36 
g(6) = >> (40) 


t—1 


by comparing the values of 91 with 
from statistical considerations. The 
have 91 values between 17 and 25 
solutions have 91 values between 34 and 53. The re- 
maining 11 solutions have 9N>62. If the true phase 
shifts for partial waves with />5 are indeed negligible 
and if the errors on the measurements are normally 


distributed, then the most probable value of IN(= Mo) 
at the relative minimum, which lies in the neighborhood 
of the true solution, is the difference between the number 
of observables and the number of phase shifts. For our 
case IWo=36—14= 22. The distribution law for the IN 
values is a Gaussian about 9M» with standard deviation 
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(2M); thus the probability that 14<9N <34 is 0.90. 
The probability that IN> 34 is approximately 0.05 and 
the probability that 9N>40 is approximately 0.01. 
Therefore, on the basis of statistical considerations we 
exclude from further considerations the 11 solutions 
with 9%>62. The remaining eight solutions are pre- 
sented in Table VIII along with their 91 values. The 
phase shifts listed include both Coulomb and nuclear 
effects. In the absence of nuclear forces they reduce to 
the Coulomb phase shifts @;. Caution should be exer- 
cised in the interpretation of the mixing parameter e¢; 
because the Blatt and Biedenharn definition of this 
parameter” (i.e., the formulation used here) does not 
give a good indication of the degree to which / is 
conserved, The value of ¢; depends upon the phases of 
the basis vectors in terms of which the S matrix is 
defined. A detailed discussion of this point is contained 
in the appendix of reference 32. 

The calculation of the errors in the phase shifts 
proceeded according to the method given by Anderson, 
Davidon, Glicksman, and Kruse.” Errors were not 
obtained for the G or H phase shifts or e,. It should be 
noted that the G and H phase shifts are uniformly 
small and may be taken as zero without appreciably 
altering the validity of the solution. These higher phase 
shifts were only inserted into the analysis in the last 
phase of the work in order to verify that the effect of 
higher waves was indeed negligible. 

The eight sets of phase shifts listed in Table VIII are 
subject to additional restrictions imposed by the uni- 
tarity and symmetry of the complete S matrix for the 
p-p system. In the reaction p+p—mt+d, we define 
transition amplitude phase angles relative to the pro- 
duction from an initial 'D, state of the two-proton 
system. These angles are ro and 7; for initial '\So and *P, 
states, respectively. According to Gell-Mann and 
Watson,” ro and 7, are related to the p-p phase shifts in 


*2 
-—~—4y 
~ 
80° 
Ten 


40° ; 120° 160° 


Fic. 10. The four possible sets of phase angles (0,71) which fit 
the experimental results in the reaction p+ p—>x*++-d. The numbers 
indicate the predictions of the eight sets of phase shifts listed in 
Table VIII. 

* Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 100, 
279 (1955). 


4M. Gell-Mann and K. M. Watson, Annual Reviews of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 
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the ‘So, *P;, and 'D, states by 
T9>= b9—bo+mnr, 
71= 811; —6be+ (n'+- s)r, 


(41) 


where mand w’ are integers. The measurement by Tripp*® 
on the p+ p->n*+d reaction at 340 Mev combined with 
the measurements by Crawford and Stevenson*® of the 
total and differential cross section for this reaction, 
using polarized and unpolarized incident proton beams, 
determine trigonometric functions of the phase angles 
ro and r;. Two values of ro are consistent with the 
measurements, and for each of these values two values 
of r; are admissible. This results in four combinations of 
ro and 7; which fit the experimental results. Each set of 
angles (79,71) corresponds to a point in a plot of ro versus 
7,. These are exhibited in Fig. 10 along with their errors. 
From each of the 8 solutions of Table VIII, values of ro 
and 7; may be calculated and these are also plotted in 
Fig. 10. It is seen that solutions 1, 2, 3, 4, and 6 are all 
compatible with the same combination of ro and 7, 
whereas solutions 5, 7, and 8 are compatible with none 
of these combinations and hence must be discarded. 
The values of the phase angles, ro and 7, which are 
compatible with our solutions 1, 2, 3, 4, and 6, require 
production of the m meson predominantly from an 
initial '‘D, state rather than from the 'So state. This 
provides additional evidence for the Fermi type (3,3) 
n-p interaction. 

The five solutions which fit all the presently available 
data have the following common features; (i) negative 
'So and positive 'D, phase shifts characteristic of a 
repulsive hard core surrounded by an attractive po- 
tential, (ii) negative *P» and *P; phases and positive 
‘P, phase shift which for weak interactions is charac- 
teristic of an L-S force; and (iii) small G and H phase 
shifts. A choice among these sets of phase shifts cannot 

%* R. Tripp, Phys. Rev. 102, 862 (1956) 


% F, S. Crawford, Jr. and M. L. Stevenson, Phys. Rev. 97, 1305 
(1955). 


MEV 


POLARIZED PROTONS 


TABLE IX. Polarization correlation at @=90°. 


Solution 


0.158 
0.711 
0.300 
0.490 
0.425 


be made with the presently available information; 
however, the measurement of the polarization correla- 
tion parameters'"” C,,,, and Cxp could resolve the ques- 
tion. The predictions of the five solutions for this 
parameter at 6=90° are collected in Table IX. The 
dispersion of the values is large, and thus a single 
measurement near 6=90° should suffice to distinguish 
between the solutions. 

The inclusion of the n-p cross section and polarization 
data into the phase shift analysis has not yet been 
attempted. A selection among the various solutions may 
conceivably be obtained by such an analysis if charge 
independence is assumed. Finally, it should be noted 
that the phase shift solutions obtained at this energy 
should join smoothly with solutions at lower energies. 
This condition may be valuable in any attempt to 
extend a particular one of the 310-Mev solutions into an 
energy region where the experimental information is not 
as extensive. 
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The results of a phase-shift analysis of proton-proton cross-section, polarization, and triple-scattering 
experiments at ~310 Mev are reported, From an extensive search five satisfactory solutions have been 
found. Three additional solutions that give fair fits to the data are also reported. 


1, INTRODUCTION 


HE difficulties encountered in_ field-theoretical 

attempts to understand nucleon-nucleon inter- 
actions have led to the less ambitious hope that a 
phenomenological potential model for these interactions 
could be found. Although there has been considerable 
effort along these lines,’ no appreciable success has been 
obtained except in restricted energy regions.’ Because 
of this failure to correlate the experimental facts by 
means of potential models, the value of information 
that may be obtained from a direct analysis of the data 
has become increasingly important. The importance 
derives both from the insight it provides for the con- 
struction of particular models and from the possibility 
of using the information in phenomenological treat- 
ments of more complex problems. 

A standard method of extracting information from 
results of scattering experiments is to find sets of phase 
shifts that reproduce the experimental data. This 
approach, which has been valuable in the study of 
pion-nucleon interactions,’ has also been used in the 
analysis of high-energy proton-proton experiments.‘ In 
the hundred-Mev region these efforts have been 
impaired, however, by limitations in the amount of 
experimental data that was available. These limitations 
imposed severe and unrealistic restrictions upon the 
number of phase shifts that could be considered.’ Now 
that p-p triple-scattering experiments have been per- 
formed the situation is considerably more favorable. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950); R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 
(1950); R. Christian and P. Noyes, Phys. Rev. 79, 85 (1950); 
K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950); L. J. B 
Goldfarb and D. Feldman, Phys. Rev. 88, 1099 (1952); and 
Don Swanson, Phys. Rev. 89, 740 (1953) 

7H. H. Hall and J. L. Powell, Phys 
Yovits, Smith, Hall, Benston, and Breit, Phys 
(1952); J. Shapiro and M. A. Preston, Can. J 
(1956) 

* Fermi, Metropolis, and Alei, Phys. Rev. 95, 1581 (1954) 

*R. M. Thaler and J. Bengston, Phys. Rev. 94, 679 (1954); 
A. Garren, Phys. Rey. 101, 419 (1956); C, A. Klein, Nuovo 
cimento 2, 581 (1955); E. Clementel and C. Villi, Nuovo cimento 
2, 1165 (1955); and S. Ohnuma and D. Feldman, Phys. Rev. 102, 
1641 (1956) 

* For a discussion the restrictions imposed by the requirement 
that the number of phase shifts be less than, or at worst equal to, 
the number of independent experimental quantities (see the 
introduction in reference 8), 


Rev. 90, 912 (1953); 
Rev. 85, 540 
Phys. 34, 451 


Whereas previously the phase shifts were effectively 
limited to S, P, and D waves,® it now is feasible to 
include also the F, G, and H waves. Such an analysis has 
been carried out with the aid of electronic computers, 
principally the MANIAC located at Los Alamos. The 
results are reported in this paper. 

The discussion begins in Sec. 2 with an account of 
the method by which the experimental data were 
treated. In Sec. 3 a discussion of equations that 
express the observed quantities in terms of phase shifts 
is given. Section 4 contains a description of the 
method by which solutions were found, and a discussion 
of the extent to which the search for solutions can be 
considered exhaustive. The accuracy to which the 
phase shifts are determined is also discussed in this 
section. The final section contains a discussion of the 
results, and comments concerning their interpretation. 


2. TREATMENT OF EXPERIMENTAL DATA 


The general theoretical foundation of the analysis is 
provided by the work of Wolfenstein,’ and the experi- 
mental details may be found in the accompanying ex- 
perimental papers.*® The purpose of this section is to 
discuss the manner in which these data were used. 

The general policy in the treatment of the data was 
to leave them in the form in which they were originally 
provided by the experiments. In keeping with this 
approach absolute values for the total cross section and 
the 90° (c.m.) differential cross section were used as 
input data, whereas at other angles the ratio of the 
differential cross section, Jo, to its 90° value was used. 
The observed polarization and triple-scattering param- 
eters P, D, R, and A at particular scattering angles 
were taken directly as input data, as opposed to 
previous analyses‘ in which, for example, JoP rather 
than P was used. Another way in which our treatment 
differs is that the differential cross section and polariza- 

* Thaler and Benston, Klein, and also Garren use S and P 
phase shifts. Ohnuma and Feldman include 'D and #/; and Villi 
and Clementel include these and also the *P,—*F, mixing param- 
eter. The inclusion of the #/’2, without */’; and */,, can be justified 
by arguing that the *P,—*/F, mixing causes the */; to behave 
like a P wave at low energies. Recently the effects of F waves 
and to some extent G and H waves has been investigated by Hull, 
Ehrman, Hatcher, and Durand, Phys. Rev. 103, 1047 (1956). 

7 Lincoln Wolfenstein, Phys. Rev. 96, 1654 (1954). 

* Chamberlain, Segrt, Tripp, Wiegand, and Ypsilantis, pre- 
ceding paper [Phys. Rev. 105, 288 (1957) }. 

* J. E. Simmons, Phys. Rev. 104, 416 (1956). 
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tion data are not first reduced to coefficients of a power 
series expansion in cos@ but the original measurements 
at particular scattering angles are used directly. One 
advantage of this is that, in general, better fits to the 
original data are obtained. In addition, the analysis of 
the errors in the phase shifts, arising from errors in the 
experimental data, is simplified because all experimental 
errors may be treated as independent. 

The values of the experimental quantities are col- 
lected in Table I. The experimental errors quoted there 
contain both the statistical and estimated systematic 
contributions. It will be noticed that four of the dif- 
ferential cross-section points at small angles are marked 
by asterisks. These data, obtained by Fischer and 
Goldhaber,”” extend into the region where Coulomb 
effects and higher partial waves are expected to become 
important and they were not used in the first part of 
the search program, but were introduced only at a 
later stage, as is discussed in Sec. 4. In addition the 
three A measurements were also introduced at a later 
stage, for this experiment had not yet been performed 
when the analysis was begun. 

It should be mentioned that the laboratory-system 
energy of the p-p collision in the polarization and 
triple-scattering experiments was about 310 Mev, 
whereas the cross-section measurements were made at 
the full beam energy of 340 Mev. In our analysis this 
difference was completely ignored and the cross-section 
data were treated as if the measurements has been 
made at 310 Mev. This procedure is at least partially 
justified by the observed insensitivity of the proton- 
proton differential cross section to variations of energy 
in this region. 

3. BASIC EQUATIONS 


The theory of polarization and triple-scattering ex- 
periments for the two-nucleon system has been de- 
veloped by Wolfenstein’ and by Wolfenstein and 
Ashkin." In their treatment the scattering is described 
by a matrix M, in spin space, defined by the equation 


fi(0,6)= > M ijaj. (3.1) 


The a; are the amplitudes of the various spin states in 
the incident plane wave and the /;(0,) are the scat- 
tering amplitudes for these states. Summation signs 
will be over repeated indices unless otherwise stated. 
The matrix elements M,; are functions of the center- 
of-mass scattering angles (0,6), and they completely 
describe the scattering. Using the formalism of Wolfen- 
stein and Ashkin, the quantities measured in the 
polarization and triple-scattering experiments may be 


J). Fischer and G. Goldhaber, Phys. Rev. 95, 1350 (1954). 
These four data were selected from their more numerous data on 
the basis of estimated systematic errors and consistency with the 
independent measurements of Chamberlain, Pettengill, Segré, and 
Wiegand, Phys. Rev. 95, 1348 (1954) 

1 L, Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
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TABLE I. The 36 experimental measurements used in this 
analysis are recorded. The asterisk denotes the Fischer-Goldhaber 
Coulomb interference data (see Sec. 2). The values predicted by 
a representative solution are also shown for comparison. 

Calculated 


vaiue 
(Solution 4) 


22.13 mb 
3 72 mb 
1.005 
1.004 
0.991 
0.985 
0.980 
1.000 
1.042 
1.061 
1.083 
1.072 
1.041 
1.010 
1.065 
0.527 
0.568 
0.649 
0.748 
0.848 
0.955 
0.529 
0.475 
0.488 
0.574 
0.723 
0.779 
0.579 
0.517 
0.251 
0.060 
0.004 
0.068 
0.386 
0.004 
1.414 


Experimental value 


22.24 +0.70 mb 
3.72 +0.19 mb 
1.045+0.039 
0.971+0.032 
0.958+0.032 
1.013+40.041 
0.997 40.035 
1.008 +-0.026 
1.074+0.040 
1.031+0.031 
1.098+-0.033 
1.024+0.078 
1.038 +-0.086 
0.935+0.108 
1.078+-0.091 
0.613+0.108 
0.635+0.068 
0.633 40.052 
0.7604+-0.040 
0.837 4-0.060 
0.891 40.067 
0.528+4-0.063 
0.497 +-0.048 
0.467 +0.060 
0.544+-0.081 
0.70140.055 
0.7554-0.079 
0.752+0.114 
0.381+-0.088 
0.3224-0.058 
0.111+0.076 
-0.175+0.084 
0.330+-0.142 
0.3824-0.078 
0.016+-0.088 
~1,542+4-0.363 


Designation*® 


>20° 

19(90°) 

r(80.2°) 
r(71.4°) 
7(64.0°) 
7(60.8°) 
7(52.4°) 
7(44.8°) 
7r(36.0") 
7(31.9°) 
r(23.4°) 


Frotal 


s(63.9°) 
s(53.4°) 
s(42.9°) 
s(32.3°) 
5(21.6°) 
1(80.5°) 
t(65.2°) 
t(52.0°) 
1(36.5°) 
1(25.8°) 
1(23.0°) 
u(80.1°) 
u(70.9°) 


0(76.3°) 
v(51.4°) 
v(25.4°) 


19(90°); s(x) @P(x)/sing cose; I(x) @1—D(x); 
; o(x) @A(x)/sin(x/2) 


@r(x)@lo(s 


m R(x)/cos(x/2) 
expressed in terms of the M,;;. These formulas are given 
in Table IT.!2-4 

The formulas for the observables in terms of phase 
shifts may now be obtained by expressing the M,,; in 
terms of the phase shifts. Since the phase shifts are 
related to the S matrix elements, one needs the relation 
between the § matrix and the M matrix. The S matrix 
may be expressed as the sum of the unit matrix and the 
R matrix, where the R matrix satisfies an equation 
which in the lsmym, representation is 


f'(lsmm,) => Rlsmym, ; I's’ mim) g(U's' mim). (3.2) 


The equations given in Table II were derived from the non- 
relativistic formalism of Wolfenstein and Ashkin. The two Pauli 
amplitudes appearing in this formalism may, however, be rein- 
terpreted as the two amplitudes that appear in the relativistic 
treatment of the problem. When triple-scattering experiments are 
considered, some modifications of the nonrelativistic formulas are 
introduced by this reinterpretation. For a discussion of this point 
see Henry P. Stapp, Phys. Rev. 103, 425 (1956) 

* Henry P. Stapp, University of California Radiation Labora- 
tory Report, UCRL-3098, August, 1955 (unpublished) 

4“ L. Wolfenstein, in Annual Reviews of Nuclear Science (Annual 
Reviews, Inc., Stanford), Vol. 6. We thank Professor Wolfenstein 
for having made available to us the manuscript of this paper. 





304 STAPP, 


Tani II. The expressions for the various experimental] param- 
eters as functions of the M matrix elements are given e sub- 
scripts 1,0, —1, s on the matrix elements refer to the three triplet 
states S,= +1, 0, —1 and to the singlet state respectively. The 
z axis is taken along the incident beam direction. The Mj; are 
functions of the usual polar and azimuthal center-of-mass scat- 
tering angles 6 and #. Since the left-hand sides of the above equa- 
tions are independent of @, the expressions on the right have, for 
simplicity, been evaluated at @=0. For a detailed derivation of 
these equations see reference 13. The yg of the polariza- 
tion correlation parameters C,, and Cxp upon the M matrix 
elements are also included for completeness. A discussion of 
these parameters may be found in references 13 and 14. 


To=4| Mis |*+-4|Mo0|*+-4| Mos|?+-4| Mio|? 
+4| Mor |?+-4| Mis |? 


oP = (v2/4) Reli(Mio— Mor) (Miu—MiitMo)*] 
D)=4|Mut+M, i—M,,|? 
+4|Mi:—Mis—Moo|*+4|Miot+Moi |? 


To(1 


ToR 


VIM 16 
—a={ Rel (ae (cosd— 1) 
cos(0/2) sind 


v2 M io VIM 1 
+ ( = M,,* | 
sind sind 


V2M 16 
= 4 Rel (orto ) 
sind 


X(MiutM, it+M,,)* 
vV1M 10 V1M 1 
-(—+ *) aa | 
sind 
ToCxe=(|Moi|*— | Mi0|*}/2 sind 
Io(1 —Can)=4(|Ma|*4 |Mut+-Mi.1|*). 


Jat a i+Ma)* 


IA 


sin (6/2) 


sind 


Here f'(lsmgm,) and g(lsmmm,) are defined by the fol- 
lowing equations ;'*'¢ 


V'"(0,or)~—r Y expl—i(kr—4nl) ] 
X g(lsmym,) V ™(0,0)x.", 
V*(0,o")—~r" Y expl+i(kr—4al) | 


x f'(lsmym,) V"(0,b)x.™. (3.3) 


The f’(lsmgm,) in these equations are connected tothe 
{(0,) appearing in Eq. (3.1). The latter are defined by 
the equation 


¥"°(0,6,7)—~r exp(ikr) f.™(0,0)x.™, 


where the f;(0,p) in the singlet-triplet representation 
have been written /,™(0,). From the definitions in 
Eqs. (3.1) to (3.4) and the familiar expansions of the 
incident plane wave into spherical harmonics,'* one 
obtains the relation” 


M 1j(0,0) = M sm,, sm: (0,0) 
Beem! => Vy"(0,6)M (lsmym,; s’m,’), 


% The symbol © represents equality in the limit r+, The 
v'»°(0,6,r) is the asymptotic incoming part of the wave function 
and ¥°(6,,r) is the asymptotic scattered wave. The VY; (6,4) 
are the spherical harmonics as defined by Blatt and Weisskopf 
(see reference 16) and x,” is the spin-state basis vector. The range 
of the potential is assumed finite; Coulomb effects will be included 
later. 

© J, Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952). 


(3.4) 


(3.5) 


YPSILANTIS, 


AND METROPOLIS 


where 


M (lsmym, ; s'm,’) 
= (ik) exp[— inal] > R(lsmom,; I’s'Om,’) 
Xexp[Finl’ [w(2/'+-1)}'. (3.6) 


The most convenient phase shifts are those related to 
the R matrix elements in the /sjm,; representation. 
These matrix elements are related to the matrix elements 
appearing in Eq. (3.6) by means of the Clebsch-Gordan 
coefficients'* C,,( jms; mmm,) according to the equation 


R(lsmym, ; l's'mi'm,')=>' Cu jm;; mmm.) 
X R(ls jmj; U's! i'm) Cve(j'ms ; mim), 


(3.7) 


where the prime on the summation symbol indicates 
no sum on J, s, I’, and s’. The convenience of the J, s, 7, 
m, representation derives from the fact that the total 
momentum j, its z component m;, and the spin angular 
momentum s are constants of the motion,!’ and the R 
matrix therefore contains no off-diagonal elements in 
these indices. Furthermore the invariance of R with 
respect to spatial rotations implies that the R matrix 
elements are independent of m;. The nonzero R matrix 
elements R(/sjm,;;l's'j’m;') may therefore be abbre- 
viated as 
R(l0lm;; 101m ;) == Ri, 
RU jm; 11 jm;) = Rij, 
R(j+1, 1, J, M3; 7F¥A, 1, j, mj) =Ryi=Ri, 


(3.8) 


where the equality of R,/ and R_/ is a consequence of 
the symmetry of the S matrix. Using some properties of 
the Clebsch-Gordan coefficients Eqs. (3.6) to (3.8) 
combine to give 


M (1000,00) = (ik) [wr (214-1) }!Ri, 
M (1,1, m,’—m,, m,; 1, m,’) 


41 


= (ik) { ¥ [(21+-1) }}Cu(j, m,’; m.’—m,, m,) 


j=l—1 


XCrlj, mi’; 0m.)Riy— X [x(2l'-+1)}) 


j=lt1>1 


XCu(j, m,’; ms! — my, m)Cri( jms’; Om,)R}, (3.9) 
where I! = 2j—/=/4+2= j+1. The M (/smmm,,s'm,’) that 
are not of the forms given in Eq. (3.9) are identically 
zeTO. 

The matrix elements given in Eq. (3.9) refer specifi- 
cally to the case of two distinguishable nucleons. When 
the nucleons are identical the antisymmetrized M 
matrix, M*= (1—7\S)M, should be used in place of M." 
Here T and S are the spin- and space-exchange opera- 
tors. This replacement takes into account the antisym- 
metry of the wave function and also the fact that the 


17 The spin is constant in the p-p system because of conser- 
vation of parity and the antisymmetry of the wave function, For 
the n-p system it will be constant if isotopic spin is conserved, 
which is assumed here. 
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particles are indistinguishable. Explicit formulas for the 
M matrix elements may be obtained by evaluating the 
Clebsch-Gordan coefficients in Eq. (3.9). These for- 
mulas, specialized to the proton-proton system, are 
given in Table III. The Coulomb effects are also 
included there. 

The Coulomb part of the interaction has been treated 
in the nonrelativistic approximation. In this approxi- 
mation the equations above continue to be valid 
provided the quantity (kr) appearing in Eqs. (3.3) and 
(3.4) is replaced by (kr—nIn2kr). Here n=e?/hv 
(1378), where @ is the laboratory velocity of the 
incident proton divided by the velocity of light. The S 
matrix defined in this way gives the scattering due to 
the combined nuclear and Coulomb effects, and in the 
limit of no nuclear potential it becomes the pure 
Coulomb-scattering matrix S,=R,+1. 

Owing to the singular nature of the Coulomb con- 
tributions, it is convenient to express the R matrix in 
the form 

R=S-1 
= (S—S,)+(S.—1) 
=a+R,,. 


(3.10) 


The matrix a=S—S, may presumably be analyzed in 
terms of partial waves, since S differs from S, only, by 
nuclear effects, and these are expected to vanish for 
large J. The contribution of R,, on the other hand, is not 
analyzed into partial waves but is treated exactly and 
contributes the Coulomb scattering amplitude, 


c(6) =——————{exp| —in In}(1—cos6) }}. 
fo(= terol —in nh (co) } 


(3.11) 


The expressions for the M ;; that are given in Table III 
are functions of f¢(@) and the matrix elements of a. 

The matrix elements of a can be expressed in terms 
of phase shifts. Owing to the unitarity condition the 
diagonal elements S;=R,+1 and S;;=Rij+1 for l= 7 
are pure phase factors. Consequently the corresponding 
matrix elements of a may be expressed 


a= eit ie 


a= et bu aa eri 


(3.12) 
for /=j, 
where 


1 
?,;=n1—no= >, arctan(n/x). (3.13) 


z~l 


The matrix elements of a between the states with 
l= j+1 may be expressed, following Blatt and Bieden- 
harn,!* by 


1 j4:1, j= COS*€ 674 #1,-+- sin? 74/414 — ePh%i41, 
al=4 sin2e;(eiF14 — @? 4411), 


18 J. M. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 (1952) 
and Revs. Modern Phys. 24, 258 (1952). 


(3.14) 
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TABLE III. The antisymmetrized M matrix elements for the 
p-p system are expressed as functions of the Coulomb scattering 
amplitude fc(@) and the matrix elements of a. The amplitude 
fc(@) is defined in Eq. (3.11), and the expressions for the matrix 
elements of a in terms of phase shifts are given in Eqs, (3.12) 
through (3.15). The az; for <0 and the a/ for j <0 are defined 
to be zero. The Py"(@) are the associated Legendre polynomials, 
p=hk is the center-of-mass momentum. 


+t 
M (0,6) =fo(0) +fo(n—0) +2(ik)* Z Puo( 2 )ps 


M (0,6) =fc(0) — fo(w—0) +2(ik)" Z Pi(6) 
oddl 


1+2 +1 i—1 
x (—) H( Jeu +( > Jeu i 
4 4 4 
—4C(l +1) (1+-2) }a!*! HI (l—1)1 Pa! , 


M oo(0,o) = fo (0) - So(x- 0) +-2(ik)™ z P,(0) 
oddl 


I+1 l 
x (- =) t (;)eu it4L(l+-1) (i+-2) alt 
2 2 


+4 (1-1) (L) Pra! ) 


v2 (14-2 
Mo (0p) =2(ik)'e* ZX PO) — (— Joi 
odd! 4 \I+1 
v2 / 2l+-1 v2 /l—1 
t ( - Jou ( Jews 1 
4 \l(i+1) 4\ 1 
v2 /1+-2\¢ v2 
} ( Ja 
4\l+1 4 
f v2 
M \0(0,6) =2(ik)“e"** YJ P/O) ( ae ( 
odd! | 4 
v2 /1+2\ 
t ( Jan 
4\l+1 


1 
M, 1(0,h) = 2 (ik) l¢ ab z reo)|( Jur 
4(1+1) 


oddl | 


2i+1 1 
-(. aa f ( je i 
4 (1+-1) 4l 


—4f (+1) 4-2) Pra! af (1-1) a! | 


M.1-:(6) =M11(0, —¢), 
M_1:(0,6)=M, (0, ~), 


Ma (0,4) i 
M \o(6,) = 


Mv1(0, ~¢), 
M 108, >). 


An alternative expression for these matrix elements, 
which is useful in the analysis of Coulomb contributions 
and the interpretation of the results, is 

tj, j= COS2E,; Exp (2id 541, ;) —exp(2i*;,1), 


bie é 3,15) 
ai =i sin2e; expli(dj41, p+ j-1, ») |. 


The phase shifts appearing in this second definition, Eq. 
(3.15), will be called bar phase shifts in distinction to 
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the Blatt and Biedenharn (BB) phase shifts defined by 
Eq. (3.14). The bar phase shifts for the states that do 
not involve mixing are the same as the BB phase shifts 
defined in Eq. (3.12). 

The phase shifts defined by Eqs. (3.13) to (3.15) 
include both Coulomb and nuclear contributions. If 
there were no nuclear effects these phase shifts would 
become just the pure Coulomb phase shifts &; When 
both nuclear and Coulomb forces are present, it is 
useful for some purposes to remove the Coulomb con- 
tributions from the phase shifts and consider only the 
nuclear part. Such a separation is possible, however, 
only if special assumptions are used. If, for instance, 
the Coulomb force can be assumed to act only outside 
the region about the origin in which the nuclear effects 
occur, and if the WKB approximation is valid in this 
outside region, then the bar phase shifts that would be 
obtained if the Coulomb potential removed 
(leaving the nuclear potential unchanged) are given by 


were 


the equations 


5, b,- ?,, 51)" bij ?), é é. (3.16) 
The phase shifts 6” and @* defined by these equations 
will be called the nuclear bar phase shifts. The equations 
for the nuclear Blatt and Biedenharn phase shifts 
derived from the same set of assumptions are consider- 
ably more complicated than Eqs. (3.16). They may 
be derived from Eq. (3.16), and the equations that 
relate the BB phase shifts to the bar phase shifts. These 
relations are given in the appendix, where it is also 
shown that for weak potentials the bar phase shifts are 
proportional to the matrix elements of the potential. 


Consequently they become small in the limit of weak 


potentials, and will—for special types of potentials 
obey corresponding interval rules. These properties are 
not shared by the BB parameters. For convenience 
both the nuclear bar phase shifts and the original (non- 
nuclear) BB phase shifts are reported in the table of 
results. 

One point concerning the relativistic Coulomb con 
tributions should be mentioned. As stated above, the 
treatment of the Coulomb effects is nonrelativistic. 
However, the relativistic corrections are not completely 
neglected. Although the exact relativistic form of the 
Coulomb interaction is not known, Garren‘ has calcu 
lated the lowest-order field-theoretical relativistic cor- 
rections and finds that they do not contain the singular 
factor (1—cos@)~' which characterizes the nonrela- 
tivistic term. If the relativistic effects are indeed non 
singular they need not be separated for special treat- 
ment, as was the nonrelativistic term, but may be 
combined with the nuclear effects in the term that is 
expanded in partial waves. The nuclear phase shifts 
would then contain not only nuclear effects, and the 
remnants of the nonrelativistic Coulomb effects that 
arise from the approximations made when the Coulomb 
contributions were subtracted, but also the contribu- 
tions from the relativistic Coulomb corrections. 
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4. SEARCH PROGRAM 


The formulas collected in Tables II and ITI allow the 
various observables to be expressed in terms of the 
phase shifts. These functions will be denoted by y,(6), 
where m denotes the particular observable. The corre- 
sponding experimental values will be denoted by yn. 
Following the method used by Fermi,’ a search was 
made for phase shifts which minimized the expression 


n(6)— n . 
m(a)=¥(° ns ix 


En 


where e, is the experimental error in the measurement 
of yn. The procedures were quite similar to those used 
by Fermi. Both the grid method (in which only one 
phase shift is changed at a time) and the gradient 
method’ were used. The gradient method was replaced 
in the later stages by a new search method devised by 
Davidon.” The search program consists of taking a 
large number of random sets of phase shifts and using 
various combinations of the above searching procedures 
to obtain from each random set of phase shifts a cor- 
responding solution. These solutions are sets of phase 
shifts such that an increment of + (1/64)° in any phase 
shift gives a larger value of 91U(6). 

The work was divided into three stages. In the first 
stage the results of the A experiments and the Coulomb 
interference measurements were not included in the 
data, and the theoretical forms included neither 
Coulomb effects nor the contributions of G and H 
waves. The number of random starting sets of phase 
shifts used in this stage was 360. The corresponding 
solutions were grouped into 34 tight clusters whose 
members were the same in all phase shifts to within 
approximately 0.2°. The various clusters evidently cor- 
respond to different relative minima. Of the 34 minima 
all but two were obtained three or more times. Of the 
two, one was obtained twice and the other only once. 
The A data, which were not available at the beginning 
of the analysis, were then incorporated and the 34 
minima were used as the starting points for the second 
phase of the search program. Two independent search 
procedures (grid and Davidon) were used independently 
to obtain solutions from the 34 starting points. The 
solutions obtained from a particular starting point by 
means of the two procedures were not the same in all 
cases, but from each procedure alone we obtained from 
the 34 starting points just 19 different final solutions, 
and these 19 solutions were the same for the two pro- 
cedures, Each of these 19 solutions was obtained from 
at least five of the original 360 random starting points 
(even if only the grid search or only the Davidon search 
from the 34 intermediate minima is considered). Of 
these 19 solutions the best seven are significantly 
superior to the remaining twelve. The search was there- 


# William C. Davidon, Bull. Am. Phys. Soc. Ser. I, 1, 51 
(1956). 
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TABLE IV. The eight best solutions obtained after the introduction of the Coulomb effects, the G and H wave contributions, and the 
Fischer-Goldhaber Coulomb interference data. The values of 24 are recorded. The column headed “BB” are the Blatt and Biedenharn 
phase shifts defined by Eqs. (3.10) through (3.14) of the text. They are the total phase shifts and include both Coulomb and nuclear 
effects. In the absence of nuclear forces they reduce to the Coulomb phase shifts 4). In the column headed “Nuclear bar” are the values 
of twice the nuclear bar phase shifts defined in Eqs. (3.15) and (3.16). In the absence of nuclear forces these phase shifts reduce to zero 


Solution 2 (NM =21,7) 
Nuclear bar BB 


Solution 1 (90 =17.9) 
Nuclear bar BB 


—20.2+5.0° ~39.0+3,9° 
27.6+1.4° 8.7+41.2° 
4.6° 2.6° 
—27.444.3° —72.143.8° 
—52.0+2.6° —23.442.0° 
—8.842.1° —6.542.1° 0.5+0.7° 
0.2° 3.0° —2.7° 0.1° 
2.6° Sy yh ig 5.5” 
32.241.9° 33.641.9° 37.642.1° 
1.6+2.0° 3.842.0° —1.0+2.3° 


—20,2+5.0° 
25.7+1.4° 
2.0° 
—28.6+4.3° 
—53.342.6° 


5.2” 


—39.0+3.9° 
10.6+1,2° 


—70.843.8° 
—22.2+2.0° 
2.8+0.7° 


46,3-4+1.5° 
—6.0-41.8° 


Solution 4 (QU «24.5 
Nuclear bar BB 


Solution 3 (Nl =23,.8) 
Nuclear bar BB 
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—19411° —7.54+4.1° 
6.34+1.0° 9.9+1.0° 
2.9° 


Solution 5 (SN = 34.2) 
Nuclear bar BB 


94.44-3.7° 
3.64+0.9° 


94.44-3.7° 


—18.6+1.7° 
5.0-+1.5° 
4.2° 

—3,0° 
Solution 6 
Nuclear bar 


—0.5+4.6° 
25.7+1.2° 


(IN = 34,6) 


—46.24+3.1° 

10.2+1.5° 
4.2° 
—87,5° 


a | 


BB Nuclear bar 


—0.5+4.6° 
27.741.2° 


Solution 7 (91 
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$1.1° 
Solution 8 (91% 52.3) 
Nuclear bar 


$7.245.1° 
9.5+1.6° 


1.8+0.9° 

5.8° 
75.0+3.7° 

9.9+1.8° 


—2.1° 0.6° 
—129.443.8° 
—26.8+1.8° 
6.142.2° 
—3,9° —1.0° 
0.6° 35° 
16.3+1.0° 
—4.24+1.4° 
—0.4+1.2° 
6.540.5° 
44° 5.4° 
2.6° 73.8° 


8.4° 
76.243.7° 
11.2+1.8° 
—7.541.5° —5.2+1.5° 
—0.9° 2.0° 
1.2° 4.0° 
13.4+1.0° 15.6+0.7° 
—29.8+2.0° —28.5+2.1° 
6.7+0.6° 18.1+3.8° 
2.8+0.5° 8.7+0.5° 
23° 15” 
—3.6° —90.8° 


fore continued until these seven had been obtained five 
additional times from new random points, the A data 
now being included. All the solutions obtained from the 
60 new random points were included among the 19 
solutions previously found, 

For the third and final stage of the search program, 
the Coulomb effects and the contribution of G and H 
waves were introduced into the theoretical forms and 
the data were augmented by including measurements 
for which @ was less than 20°. For these angles the 
Coulomb effects and higher partial waves would be 
expected to become important. The work was shifted 
from the MANIAC to the IBM 704 to accommodate the 
increased complexity of the problem. No large-scale 
search was attempted. The 19 MANIAC solutions, 
suitably adjusted to account for the inclusion of 
Coulomb effects, were used as starting points for both 
the grid and the Davidon search procedures. The two 
procedures led to the same final solutions in all but 
four cases. Except in these four cases the final solution 
did not differ significantly from the corresponding 
starting points, the differences being of the order of 3° 
or less in all phase shifts. From the seven best MANIAC 
solutions eight final solutions were obtained (in one 
case the grid and Davidon procedures led to different 


—128.24+3.8° 
—25.5+1.8° 
8.4+2.2° 


17.5+1.0° 
—1.9+1.3° 
—2.1+6.2° 
10.8+0.5° 


0.6° 
134.0+6.7° 
18.9+-2.2° 


20.14:2,2' 
—14.9+1,5° 1 


12.64 
3.4° 
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solutions). These eight solutions, which are significantly 
better than the other solutions obtained, are recorded 
in Table IV. The errors quoted in the results were 
derived from the error matrix. The treatment of errors 
is the same as was used by Anderson, Davidon, Glicks- 
man, and Kruse,” and the method is adequately 
described in their paper. The error matrices were com 
puted for the MANIAC solutions and have not been 
recalculated for the final ‘704” solutions. For this 
reason errors for the G and H phase shifts are not given. 


5. DISCUSSION 


The comparison of the values of the experimental 
quantities predicted by the five best solutions to the 
measured values are shown in Figs. 1 through 5. Except 
for the two small-angle points in the R experiment, the 
fit of all these solutions is good. 

The solutions may also be evaluated by comparing the 
values of 9M with the value expected from statistical 
considerations. If the true phase shifts for partial waves 
higher than H waves were really zero, and if the errors 
are statistical, then the most probable value of 0 
at that relative minimum which lies in the neighborhood 


® Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 100, 


279 (1955). 
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SOLUTION 
a EE 
roy ae 60 80 

8 (deg) 

Fic. 1. Differential scattering cross section as a function of 
center-of-mass scattering angle, 0, as predicted by phase shift 
solution 3. Nearly identical curves are obtained for solutions 1, 
2, 4, and 6. Experimental values are shown for comparison. 


of the true solution is the difference between the number 
of observables and the number of phase shifts. This is 
36—14=22. There is a 90% chance that 9M will be 
larger than ~14 and smaller than ~34, The probability 
that I0>34 is ~5% and the probability that it is 
greater than 40 is ~1%. The values of 9M for the 
solutions listed are given in Table IV. The four best 
solutions are seen to have 9M in the range 17 < 9M < 24, 
and the four fair solutions have 9M in the range 34 < 9M 
<53. The solutions not listed have 9N> 62. 

It is natural to see to what extent the phase shifts 
corresponding to the same / value obey the interval 
rules for L-S and the tensor forces. If the potential 
were due to a sum of central and L-S forces, then in 
the Born approximation we would have 

b;0— O01 b32— 433 
o=——=}, py=———_=}. (5.1) 
b— 5 


Only Solutions 2 and 4 satisfy these relations even 
approximately. Solution 4 gives p,;=0.60+0.08 and 
ps=0.704-0.32, in close agreement with the interval 


ae 


“~, 
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Fic. 2. Plot of P/sin@ cos@ vs @ for solutions 1, 2, 3, 4, and 6. 
Experimental values are shown for comparison. 
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#) 80 6 (deg ) 120 
Fria, 3. Plot of D vs 6 for solutions 1, 2, 3, 4, and 6. Experimental 
values are shown for comparison. 


rule; and Solution 2 gives p;»=0.80+0.08 and ps=0.33 
+0.53 in fair agreement. However, the mixing param- 
eters, which would be zero if only central and L-S 
forces were present, are rather large in the 7=2 states 
for both Solutions 2 and 4. A large mixing parameter 
would indicate the presence of a tensor force. The 
interval rules that would obtain if only tensor and 
central forces were present are 


p=—5/2, ps —27/20, 


but neither of these relations is satisfied even approxi- 
mately by any of the solutions. 

The failure of the simple interval rules seems to 
indicate that either the spin-dependent forces must 
contain important contributions of more than one type 
or that the forces are sufficiently strong to invalidate 
the Born approximation results even in sign and order 
of magnitude. The latter possibility is being studied by 
Gammel and Thaler, who are investigating the possi- 
bility that the tensor force is strong enough to cause 
the *Po phase shift to change sign. The 310-Mev data 
can be satisfactorily explained in this way, but it is 
not known whether an energy- and charge-independent 
potential can be found. 


(5.2) 











Fic. 4. Plot of R vs 6 for solutions 1, 2, 3, 4, and 6. Experimental 
values are shown for comparison. 
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Fic. 5. Plot of A vs 6 for solutions 1, 2, 3, 4, and 6. Experimental 
values are shown for comparison. 


Additional restrictions on the p-p phase shifts may 
be obtained from a study of the reaction p+ p — r+.” 
The analysis of this reaction, which is given in reference 
8, shows Solutions 5, 7, and 8 to be unsatisfactory. The 
remaining five solutions are therefore preferred. There 
are several characteristics common to the five good 
solutions. All have negative 'S» phase shifts and positive 
'D, and ‘Gy phase shifts. This suggests that in the 
singlet state there is a repulsive hard core surrounded 
by an attractive potential. In the triplet states the *Po 
and *P, phase shifts are negative, whereas the *P2 phase 
shifts are large and positive. This suggests that L-S 
forces are more important than the tensor forces unless 
the tensor forces are very strong. Indeed it had been 
concluded previously by Gammel and Thaler, on the 
basis of an extensive machine analysis of the solutions 
reported in an earlier (unpublished) version of the 
present work, that combinations of central and tensor 
forces alone could not produce any of the reported 
sets of phase shifts unless potentials strong enough to 
produce resonances were used. Similar conclusions have 
also been reached by Wolfenstein” from a direct analysis 
of the experiments near 90°. 

The present analysis has been restricted to the 
Berkeley p-p experiments near 300 Mev. It is to be 
expected that the extension to lower energies and, with 
the assumption of charge independence, to the n-p 
system would provide a means of selecting from among 
the solutions that have been obtained. The use of dis- 
persion relations to select from among the possible 
solutions—a method which has been very useful in the 
case of pion-nucleon phase shifts—has not been possible 
because the extension of dispersion relations to p-p 
interactions has, as yet, not been achieved. 
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APPENDIX. SUBTRACTION OF COULOMB EFFECTS 


For those partial waves in which the angular mo- 
mentum is a constant, nuclear phase shifts may be 
defined by 

5% =6:—%, 


by" = bn - ?), (A. 1 ) 


where the #; are defined in Eq. (3.13). Under the con- 
dition that the Coulomb interaction can be considered 
confined to a region outside the nuclear region and that 
the WKB approximation is valid in this outside region, 
the 5% defined by Eq. (A.1) are the phase shifts that 
would be obtained from the pure nuclear interaction 
alone. The same result may also be obtained for the 
case where mixing occurs if the nuclear phase shifts 
are defined in terms of a nuclear S matrix Sy, which is 
related to the S§ matrix by the matrix equation 


Sy=[exp(— i) ]SLexp(—i#)], (A.2) 


where ® is the diagonal matrix whose elements are ®y. 
The nuclear S matrix, Sy, may be expressed in terms 
of nuclear phase shifts by means of the same equations 
as were used to express the S matrix in terms of the 
original (total) phase shifts. By using Eq. (A.2) the 
relations between the nuclear and total phase shifts 
may then be derived. The expressions for the Blatt 
and Biedenharn nuclear phase shifts in terms of the 
Blatt and Biedenharn total phase shifts are quite 
complicated for those phase shifts which involve mixing. 
An alternative method of defining phase shifts in the 
coupled case is to write the S matrix in the form 


S= (expid) (exp2ié) (expid), (A.3) 


where 6 is the diagonal matrix with elements 6), and 
é@ is a symmetric matrix with zeros on the diagonal, For 
the two-by-two case this gives 
1 were 
cos2é, 


exp (16 ;-1, s) 0) cos2é; 
(S)=( ae , 
0 exp (16541, 4) i sin2é; 


exp (16 j-1, ;) 0) 
x( } (A.4) 
0 exp (id 441, 1) 


The conversion between nuclear phase shifts and total 
phase shifts is simple when the bar phase shifts are 
used, One finds 


6 j41% 6441, 5—P ja, a ej. (A.5) 
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To obtain the nuclear Blatt and Biedenharn phase 

shifts, one may use Eqs. (A.5) together with the equa- 

tions connecting the Blatt and Biedenharn phase shifts 
to the barred phase shifts. These equations are: 

bj41, Tj, j 

sin (4, WF ge bi, 1,4) 

sin (6, Lowe 5 j41, 9) 


bist.) t b; 1,4» 
(A.6) 


tan2é,;/tan2e,, 
sin 2é ;/sin2e;. 


The mixing parameter é,; has a simple interpretation. It 
gives the proportions into which an incoming beam in 
one channel (partial wave) divides between the two 
outgoing channels, It measures therefore the degree to 
which / is not conserved, Equations (A.6) show that e; 
does not give a good indication of the degree to which 1 
is conserved, since it becomes large when the phase 
shifts 6,; become small in comparison to @. Furthermore, 
the parameter ¢; depends upon the phases of the basis 
vectors in terms of which the S matrix is defined.” Its 
value is, therefore, a reflection more of the mathe- 
matical conventions than of the actual physics. 

Another set of parameters that have been used to 
describe the scattering in the coupled states are the 
real parameters xj41,;, ¥j, defined by writing the 
asymptotic forms of two independent solutions to the 
coupled equations in the form™ 


Uj1, (NF i a(n) +a j1, Gylr), 
W541, (NHI Girl), 
uj, i (No~yGyalr), 


(A.7) 


Ujy1, { (NOP jar) +4541, Gialr). 


Here r-'F(r) and r'G,(r) are the regular and irregular 
solutions of the Coulomb radial partial-wave equations'® 
and the r-';(r) are the radial wave functions in the 17 
channel. The fact that y,; is the same for the two solu- 


* J. L. McHale and R. L. Thaler, Phys. Rev. 98, 273 (1955) 
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tions is a consequence of the Wronskian condition. A 
chief advantage of these parameters is that in the Born 
approximation they have the simple forms™ 


% j41, j= — (j+1, j| V\j+1, yD; 
y= —(j-1, j|V|j+1, 9) 
where V is the potential in units of the center-of-mass 


energy of the system. The matrix elements are defined 
as 


(j|V\Uj)= f d(kr) J QF (1) ¥ jx™4(66)V 
0 


KV jus"! (0)Fr(r). (A.9) 


They are independent of m; if V is invariant under 
rotations. These parameters are related to the Blatt 
and Biedenharn phases shifts by the equations*® 


a“ ¢1= COS" tand sr, j+sin*e tand 41, j, 

yy= 4 sin2e(tand;_1— tand;,1). (A.10) 
The reciprocal equations are 

tan2e;= 2y j/ (x5. 1, j7~ Xj41, j)5 
tand j41, j= Ax; 1, jt% 541, j 

FL (a j—1, j— % 541, 5)? + (2y,)? }}. 

For small phases shifts, where the sines and tangents 
of 5;41,; may be replaced by their arguments, one finds 


from a comparison of Eqs. (A.6) and (A.11) the cor- 
respondence 


(A.11) 


(A.12) 


Vi €j,  %jar,5 > 941, 5. 


The barred phase shifts, like the x and y, are therefore 
proportional to the matrix elements for weak inter- 
actions. 


™ Roy Thaler (private communication). 
% John Gammel (private communication). 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 1 JANUARY 1, 1987 


Calculation of Phenomenological Nucleon-Nucleon Potentials* 


J. L. Gamue., R. S. CuristiaAn, AND R. M. THALER 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 


(Received August 27, 1956) 


An attempt to find a phenomenological nucleon-nucleon potential is described. The class of charge and 
velocity independent potentials with central and tensor parts of Yukawa shape with a hard core is con 
sidered. The depths, ranges, and core radii of such potentials with general spin and parity dependence are 
adjusted to fit experimental data. No potential of this type is found which fits all of the data 


I. INTRODUCTION 


LARGE amount of new experimental data! on 

nucleon-nucleon scattering has become available 
recently. These new data and the availability of high- 
speed computing machinery make possible a more 
complete examination of the classic problem of finding 
a charge- and velocity-independent phenomenological 
nucleon-nucleon potential. 

The experimental data referred to in the following 
are the data on the bound state of the deuteron and 
the nucleon-nucleon scattering data in the energy 
range Eig, <340 Mev. 

A specific shape is assumed for the potentials. A 
systematic procedure for fitting certain data is pre- 
sented. This procedure uniquely determines the pa- 
rameters which characterize the potentials. 

The potentials so determined do not fit all of the 
experimental data. However, it is anticipated that these 
potentials will serve as a reasonable starting point for 
other calculations. For example, the even-parity po- 
tentials found in this work have already proved useful 
in the calculation of some properties of heavy nuclei 
using the method of Brueckner.’ 

Feshbach and Schwinger*® have examined the effect 
of a tensor force in the two-nucleon problem. They 
considered the bound state of the deuteron and the 
low-energy triplet scattering in order to determine the 
parameters which characterize the triplet even-parity 
potential. In their work, they assumed a potential of 
Yukawa shape without a core. The present investigation 
extends this work to higher energies for both n-p and 
p-p scattering in order to determine the parameters 
characterizing the other parts of the potential. However, 
previous work‘ seems to indicate that potentials of 


’ 


* Work performed under the auspices of the U. 
Energy Commission. 

1 For summaries of nucleon-nucleon scattering data, see for 
example, Wilmot N. Hess, University of California Radiation 
Laboratory UCRL-4639, 1956 (unpublished). Stapp, Ypsilantis, 
and Metropolis, preceding paper Phys. Rev. 105, 302 (1957) ] 
have a summary of the recent Berkeley polarization experiments 
at 310 Mev. Other polarization data are summarized in a review 
by D. Feldman, Proceedings of the Sixth Annual Rochester Con- 
ference on High Energy Nuclear Physics (Interscience Publishers, 
Inc., New York, 1956). An expanded version of this review will 
be published by Feldman. 

?K. Brueckner (private communication). 
3H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951). 
‘R. S. Christian, Repts. Progr. in Phys. 15, 68 (1952). 


S. Atomic 


this form are not adequate to fit the data; in particular, 
it appears that the high-energy p-p data suggest the 
presence of a repulsive core in the interaction.® The 
high-energy n-p total cross sections are likewise most 
readily explained by the inclusion of a repulsive core. 
Meson theories likewise indicate such cores.® 

For these reasons the work in this paper has been 
carried out with potentials of the Yukawa shape as 
used by Feshbach and Schwinger with the addition of 
a hard core.’ 

This choice of a specific shape is a serious limitation, 
Neglect of possible spin orbit terms in the potential 
may also be a serious limitation. 


II. FORM OF THE POTENTIALS 


The potentials considered in this paper are all of the 
form 
V(r) = @, r<Tro 


(1) 
V(r) =Velr) +V ir) Sia, 


r> To, 


where Sj. is the tensor operator.* The potentials are 
assumed to have a Yukawa shape; that is, 
V.(r) 
V.(r) 


he= 1/r., Me 


V.exp(—r/r.)/(r/re), 


r/r.)/(r/10), 


V exp/( 


1 a 


The five parameters V,, 7, Vi, r:, and ro depend on 
the spin and parity (V;=0 for S=0). We assume that 
the radius of the hard core is independent of parity, 
but not necessarily the spin. The reason for this 
assumption is that the odd-parity scattering does not 
depend sensitively on the radius of a small hard core 
unless the potential is very singular. Thus the calcu- 
lation depends on fourteen parameters. 

These are systematically determined by requiring 
that the potentials fit certain experimental quantities 
exactly. There are two bases for the choice of these 
experimental quantities. 


®R. Jastrow, Phys. Rev. $1, 165 (1951) 

* Maurice M. Lévy, Phys. Rev. 84, 441 (1951); Solomon 
Gartenhaus, Phys. Rev. 100, 900 (1955); K. Brueckner and K 
Watson, Phys. Rev. 92, 1023 (1953); M. Taketani, Progr. Theoret 
Phys. (Japan) 7, 35 (1952) 

7 The inclusion of a hard core means that the potential is taken 
to be infinite and repulsive for distances less than the core radius 


§ J. Ashkin and Ta-You Wu, Phys. Rev. 73, 973 (1948). 
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Tasty I. Triplet even-parity potentials which fit the binding 
energy of the deuteron, the quadrupole moment of the deuteron, 
and the zero-energy n-p triplet scattering length. 


Identifi- 7," 7," 
cation (10°" ‘V,* ao 'V,* ao 
number com) %*/%* (Mev) cm) (Mev) cm) %D 


15 0 1.022 28.28 1,460 33.81 1493 3.57 
16 1.922 61.09 LANL i228 62.135 3.55 


1.216 
0.8696 
0.8475 


37.07 
115.4 
146.8 


1.244 4.55 
1.671 3.41 
2.421 2.34 


12 0.1 1,022 
13 1.922 
14 2.857 


62.00 
24.90 
8.982 


5.40 
3.98 
2.78 


105.0 
39.72 
14.31 


1.062 
1.424 
2.019 


9 2 1.022 
1.922 
11 2.857 


47.74 
198.0 
278.2 


1.039 
0.7407 
0.7067 


6.05 
4.50 
3.45 


1.022 
1.922 
2.857 


65.10 
338.5 
595.7 


0.9217 
0.0494 
0.5714 


162.0 
59. & 
26.0 


0.9423 
1.248 
1.633 


6.56 
5.32 
4.10 
3.77 


0.8312 
1.039 
1.361 
1.568 


1.022 
1.922 659.3 
2.857 1308 
40 2640 


257.0 

110.6 
44.79 
30.00 


100.7 0.8130 


0.5405 
0.4762 
0.3921 


40 6395 0.3405 45 1.362 4.19 


Some (such as the binding energy of the deuteron) 
are known so well experimentally that it seems unneces- 
sary to consider the effect of fitting a slightly different 
value. 

Some are chosen to keep the discussion systematic 
and within bounds. For example, we have chosen to 
require that our potentials fit the value of the p-p 
differential cross section at 90° in the center-of-mass 
system as a function of energy. This quantity is not 
known with so great precision as the binding energy of 
the deuteron. Nevertheless, we have settled on some 
values and fit them exactly. 

The accurately known data come from low-energy 
experiments (£i4,<20 Mev) and thus help determine 
the potentials for even-parity states. Choices of the 
second kind are made from high-energy data (90 Mev 
and over). 


Ill. LOW-ENERGY DATA AND THE 
EVEN-PARITY POTENTIALS 
A. The Triplet Even-Parity Potential 
This is the potential for the ground state of the 
deuteron, The potential is adjusted to fit 


Taste IT, Singlet even-parity potentials which fit the zero energy 
n-p and p-p scattering length and effective range. 


1Ver(p-p) 
(Mev) 


° 1Vet(n-p) 
(Mev) 


Ive lye 
(10° cm) (10 em™') 


0.1 0.97 
0.2 11 
0.3 1.26 
0.4 1.45 
0.5 1.7 
0.6 20 
O.8 3.0 
0.9 3.28 


77.24 
128.8 
227.4 
425.5 
896.6 

2078 
23 207 
55 317 


78.90 
131.7 
232.5 
434.8 
914.6 

2117 
23 590 
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(1) the binding energy of the deuteron (2.228 Mev). 
(2) the electric quadrupole moment of the deuteron 
(2.74 10"? cm). 


Recent calculations’ suggest that field-theory cor- 
rections to this quantity are not important. 

The percent D state is calculated but not used to 
reduce the number of parameters. It lies within the 
limits 2-7°% for all potentials that we have considered. 
A recent evaluation” of various contributions to the 
magnetic moment of the deuteron gives (3+1)%, for 
the percent D state. An upper bound of 4% for the 
percent D state requires the same thing in terms of 
potentials as other limits we find in the problem (see 
Fig. 4) and so agrees with them. 


(3) The *S n-p scattering length (5.38 10-" cm). 


These experimental quantities reduce the number of 
parameters required to describe the triplet even-parity 
potential to two. These were taken to be ro and *7,*+/#r,*. 

A table of triplet even-parity potentials satisfying 
these conditions is shown in Table I. 


B. The Singlet Even-Parity Potential 


Since there is no tensor force in the singlet potentials, 
only three parameters are needed to describe the 
singlet even-parity potential. This number is reduced 
to one by the following conditions: 


(4) The 'S n-p scattering length is 23.68 10~" cm. 
(5) The 'S n-p and p-p effective range is 2.7 10~-" 
cm. 


We have calculated both the p-p and n-p effective 
range, and have not found a potential for which they 
are not equal (taking into account the slight difference 
in depth of n-p and p-p potentials due to electro- 
magnetic effects; see immediately below). Thus the 
assumption that the n-p 'S effective range, which is 
not known with great accuracy from the low-energy 
total cross section measurements, is the same as the 
more precisely known p-p 'S effective range appears 
justified. 

We have taken the p-p scattering length to be 
7.66X10-" cm." A potential which makes the singlet 
n-p scattering length 23.68 X 10~" cm will not make the 
p-p scattering length 7.66X10~-" cm. Presumably, the 
p-p potential has to be slightly less deep; the difference 
is presumed to be due to electromagnetic effects.” In 
calculating p-p angular distributions, we have used the 
p-p depths; in calculating n-p angular distributions, 
the n-p depths. 


J. Bernstein and A. Klein, Phys. Rev 99, 966 (1955) 

M Suguwara, Phys. Rev. 99, 1601 (1955). 

J, Jackson and J. Blatt, Revs. Modern Phys. 22, 77 (1950). 
This is the value for small singlet shape-dependent parameter. 
Yukawa potentials with hard cores give small shape-dependent 
parameters. 

2 Julian Schwinger, Phys. Rev. 78, 135 (1950). This has not 
been proved when a core is present in the potential. 
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Fic. 1. '¢,(0,E,'70) vs @ for E=32 and 340 Mev and the singlet even-parity potentials of Table IT. 


We chose '7) to be the parameter describing the 
singlet even-parity potential. A table of singlet even- 


parity potentials satisfying these conditions is shown 
in Table II. 


IV. HIGH-ENERGY p-p DATA 


The first high-energy data we consider is the p-p 
differential cross section at 90° in the center-of-mass 
system as a function of energy. We call this quantity 
o,(90°,E). 

In the following, 'c,(90°,E;'r9) is the contribution of 
the singlet even-parity potential whose core size is 'ro 
(these potentials are given in Table II) to o,(90°,£). 
The difference between our adopted experimental values 
of o,(90°,E) and '¢,(90°,£;'79) is given in Table III." 

Plots of '¢,(0,E;'ro) for E=32 and 340 Mev are 
shown in Fig. 1. 

Let *¢,(90°,E;*75) be the contribution of the triplet 
odd-parity potential to o,(90°,£). It is necessary to 
find some triplet odd-parity potential for which 


99 (90° E3479) =0,(90°,E) —'0,(90°, E370). (3) 


We shall show that this can be done only for '%)>=0.5 
x 10-" cm. 


48 This difference must be positive. For core sizes '"79>0.5K10~¥ 
cm, this difference is negative for EF = 340 Mev and such core sizes 
must be ruled out. '¢,(0,F;'ro) for any @ must be less than the 
experimental value. When we look at = 30° we see that '75=0.1 
X10~-" cm is ruled out by the 32-Mev p-p data. In order to keep 
op(0,340 Mev) flat down to 6<10°, it would be best to choose 
Iyg=(0).2 or 0.310" cm. Plots of '¢,(0,E;'%9) for E=32 and 340 
Mev are shown in Fig. 1. From such arguments, it appears that 
0.2 <'¥9<0.5X 10-4 cm, independently of what is assumed about 
the triplet odd-parity states 


The reason for choosing to fit ¢,(90°,#) as a function 
of energy is the following. *¢,(90°,340 Mev;'ro) is inde- 
pendent (approximately) of the central part of the 
triplet odd-parity potential." Thus, adjusting the triplet 
odd-parity tensor potential in such a way that Eq. (3) 
is satisfied for E= 340 Mev determines *V,~ as a func- 
tion of *u;~. This function obviously depends on '¥o 
which appears on the right hand side of Eq. (3). It 
also depends on *7o but not sensitively, because a small 
hard core has little effect in odd parity states. 

We assume that *V;~ is negative. The reason for 
this is the following. The minimum in o,(0,£)(the n-p 
differential cross section at energy /) occurs at 6= 80° 
for E=90 Mev. A potential with no odd-parity part 
(a Serber potential) puts the minimum in o,(6,£) at 
6=90° for all energies. Adding a negative *V;~ to a 
Serber potential shifts the minimum towards 80°; a 


TABLE III. The difference between the experimental values 
of a,(90°,E) and '¢,(90°,F;'75) for various energies and singlet 
core sizes. 


Ive ap(90° 2) ~—'e,(90°,F;'re) in mb 
(10°" cm) 18,3 32 95 147 240 


0.1 0.60 1.90 3.00 3.17 3.00 
0.2 1.56 2.81 3.50 3.0 3.09 
0.3 2.23 3.48 4.00 3.72 3.44 
0.4 2.80 4.06 4.20 3.58 2.79 
0.5 3.11 4.42 4.30 3.38 1.80 
0.6 3.55 4.82 4.42 2.64 0.50 


440 Mev 


3.54 
3,74 
3.14 
2.49 
1.40 
0.30 


“In Born approximation (for which the scattering amplitudes 
are strictly linear in the potentials), ‘7,(90°,F;'r») is independent 
of *V,~ at any energy 
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Fic. 2. %4¢ vs ‘vo for various "ro. The straight lines are obtained 
by satisfying Eq. (3) for E=32 and 340 Mev with triplet odd- 
parity potentials having no central part 


positive *V,~ shifts the minimum toward 100°, Also, a 
negative *V ~~ is in agreement with potentials calculated 
from meson theory.® 

If *V,.-=0, and if Eq. (3) is also satisfied for B= 32 
Mey, only one value of *u;~ is possible for each *r) and 
'y). Figure 2 shows these values of *u,;~ as a function of 
'y) for various “ro. Table IV shows triplet odd-parity 
potentials having no central part which satisfy Eq. (3) 
for E= 32 and 340 Mev. 

When *V.~ is not zero, it is possible to use other 
values of *4,;~ than the ones read from Fig. 2. For given 
‘yy 4u [which determine the value of *V;~ since Eq 
340 Mev | and several values 
so that Eq. (3) is satisfied 


(3) must be satisfied at # 
of 84", we determine *V, 
for E= 32 Mey 

We find that it is not possible to get far away from 
the curve in Fig. 2. The reason for this is that *V, 
increases away from the curve, and *s,(40°,32 Mev;'ro) 


%” 40 $0 60 
6 (OEGREES) 


Fic. 3. 7, (0,32 Mev) in mb calculated from two of the triplet 
odd-parity potentials of Table VI and the singlet even-parity 
potential of Table II whose core size is 0.5X10~" cm. The open 
squares represent experimental data, This figure illustrates that 
even though a potential may predict the 32-Mev cross section 
at 90° correctly, it may nevertheless give a bad fit to the 32-Mev 
angular distribution. 


CHRISTIAN, 


AND THALER 

increases much more rapidly than *¢,(90°,32 Mev;*r0) 
with increasing *V-~. With even a small *V,~ the 
angular distribution at E=32 Mev will not fit the 
experimental angular distribution for any '%. This is 
illustrated in Fig. 3. 

Triplet odd-parity potentials which satisfy Eq. (3) 
for E= 32 and 340 Mev for various *79 and 'ro are given 
in Table V. 

Finally, Eq. (3) must also be satisfied for B= 147 
Mev. The values of *¢,(90°,147 Mev;*r)) calculated 
from the potentials of Table V are also shown in 
Table V. Comparing these with the values of 
4 ,(90°,147 Mev) —'o,(90°,147 Mev;'ro) given in Table 
III, we see that Eq. (3) is satisfied only for 'r9>=0.5 
«10~-" cm. 

Thus we have now determined the singlet even- 
parity potential. Acceptable triplet odd-parity po- 
tentials are given in Table VI. 


TaBLe IV. Triplet odd-parity potentials which have no central 
part and which satisfy Eq. (3) for E=32 and E=340 Mev. 


iro v6 Suit Vi 
(10° cm) (10-4 em) (10 em™) (Mev) 


0.1 0.1 2.0 — 296 
0.2 2.0 — 320 
0.4 2.13 — 500 


— 200 
— 220 
— 300 


0.1 1.72 
0.2 1.74 
0.4 1.80 


0.1 1.45 —125 
0.4 1.60 205 


0.1 1.24 78 
0.4 1.34 11.5 


0.1 0.98 ~ 40 
0.4 1.05 — 50 
0.5 1.12 57.5 


0.1 0.65 10 
0.4 0.72 - 15 


V. HIGH-ENERGY n-p TOTAL CROSS SECTIONS, THE 
TRIPLET SHAPE-DEPENDENT PARAMETER 
AND THE PERCENT D STATE 


Let o,(total,Z) be the m-p total cross section at 
energy E. Let 'o,*(total,£;0.5 10~" cm) be the contri- 
bution of the singlet even parity potential (+ denotes 
even parity; — denotes odd parity) determined in the 
foregoing paragraphs to o,(total,£). Let *o,*(total,£; 
*y,+/%+ 89) be the contribution of the potentials of 
Table I to o,(total,Z). We must have 


4¢,,+ (total, £;'7,+/*7,,5r0) 


(4 
<o,(total,Z)—'o,(total,£;0.5 10~-" cm), } 


because odd-parity potentials also contribute to 
o,(total,#). 
Values of the right-hand side of Eq. (4) are given in 


Table VII. Table VII also has values of the left-hand 
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TABLE V. Triplet odd-parity potentials which satisfy Eq. (3) 
for E=32 and E=340 Mev. In the last column, the left-hand 
side of Eq. (3) is given for E=147 Mey. An asterisk in the last 
column indicates that the 32-Mev angular distribution calculated 
from this potential and any of the singlet even-parity potentials 
in Table II is very bad. (See Fig. 3.) 


579 4s 
(410-14 ao 
cm) em™!) 


0.4 1.9 


2.4 
2.0 


" NIN wWh— de 


- & 
> 
_-* 


side of Eq. (4) calculated from the potentials of 
Table I. 

Figure 4 is prepared (in part) from Table VII. The 
line marked 40 Mey (for example) is determined in the 
following way. Each potential in Table I is character- 
ized by two parameters *ro and °,+/*¢,+ and so corre- 
sponds to a point in Fig. 4 whose coordinates are "ro 
and *r;+/*r;+. If this point lies above the line marked 
E=40 Mev, this potential satisfies Eq. (4) for E=40 
Mev. For E=156 Mev, the acceptable region is above 
and to the right of the curve. 


TABLE VI. Triplet odd-parity potentials which satisfy Eq. (3) 
for E=32, 147, and 340 Mev. It is possible to satisfy Eq. (3) 
only for 'yo=0.5X10~" cm. The last column contains values of 
o,(0,90 Mev) calculated by combining these triplet odd-parity 
potentials with the singlet even-parity potential whose core is 
0.5X 10-8 cm and triplet even-parity potentials number 7 from 
Table I for *75=0.4X10~" cm, and number 8 for #r5=0.5 10°" 
cm. ¢,(0,90 Mev) is not sensitive to the singlet odd-parity 
potential 


an(0, 
90 Me\ 
(mb 
17 
16 
15.2 
14.8 
13.8 
11.8 
10.6 
15.2 
13.3 
9.2 


"ro 
(10°44 
cm) 


0.4 
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TABLE VII. Values of *¢,,*(total,/) for the potentials of Table 
‘a, (total, £;0.5 10-8 cm). See Eq 


I compared to o,(total,Z) 


(4). 


E (Mev) 
on(total,F£ 
lon (total, F 
em) 
Difference 


mb) 


0.5 


mb 


<10°" 


Identification No 


14 
11 
3 
6 
13 
10 
2 
5 
12 
9 
1 
4 


An analysis'’® of the 
shows that the triplet shape-dependent parameter 
defined by Blatt and Jackson) cannot be positive. 
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19.66 
484 


79.8 
404.2 


408.5 
403.2 
399.7 
405.6 
401.8 
399.4 
397.5 
401.3 
399.4 
398.3 
397.0 


40 
220 


26.3 
193.7 
*(total,? 


215.5 
196.2 
187.5 
179.8 
197.3 
189.6 
181.1 
175.2 
191.8 


179.8 
174.5 


. "/" . 
. 
ws 


90 
80 


4.94 
75.05 


in mb 


85.2 
78.1 
72.0 
66.6 
83.8 
76.8 
70.6 
66.1 
82.9 
76.3 
71.4 
67.3 


low-energy n-p and p-p data 


(@P 
The 





Limitations on the triplet even-parity potentials of 


Table I. The cross-hatched region represents the most acceptable 
Most of the potentials of Table I fall outside this 


potentials 
region 


Potentials lying above the curve marked *P=0 have 


negative shape-dependent parameters as required by the low 
energy data. Potentials lying below the curve marked 4% D give 
less than 4% 


FE =40 Mev. 


D state for the deuteron 
the curve marked 40 Mev (for example) satisfy Eq 


Potentials lying above 


(4) for 


6 This analysis was done in the following way. The contribution 


of the singlet even-parity potential with 'ry>=0.5% 10°" cm, the 
least contribution of any of the triplet odd-parity potentials in 
Table VI, and the least contribution of the states for 1>2 
calculated from the triplet even parity potentials of Table I to 
o,(total,/) were subtracted from experimental values of o,,(total,Z) 
in the energy range F <20 Mev. The difference was taken to be 
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Fic. 5, Final fit to the p-p angular distributions 
for a number of energies. 


acceptable region is above the curve marked *?=O in 
Fig. 4. This curve may be thought of as the low-energy 
limit of the family of curves marked 156, 90, and 40 
Mev. 

If we accept four percent as an upper limit for the 
percent D state, the acceptable region is below the 
curve marked 4%, D. 

The different definitions of the boundaries of the 
acceptable region agree very well and limit the accept- 
able triplet even-parity potentials to the region roughly 
described by *%9>0.3X 10~" cm and *7,+/*7,+> 3.0 and 
described more accurately by Fig. 4. Acceptable triplet 
even-parity potentials are given in Table VIII. 


TABLE VIII. Triplet even-parity potentials which fall in 
the acceptable region in Fig. 4. 


Identifi a) 
cation (1074 
number cm) 


‘V,* t,* sV,* ty,* 
(Mev) (10° em) (Mev) (10° cm) 


0.5714 26.00 
0.4762 44.79 
0.3921 30.00 
0.3405 45.00 


"%,* /*7e* 


1.633 
1.361 
1.568 
1.362 


595.7 
1308 
20640 
6395 


3 0.3 2.857 
6 0.4 2.857 
7 0.4 4.0 
8 0.5 4.0 


the 4S; contribution to ¢,(total,Z). This *S; contribution was 
analyzed in terms of an effective-range expansion assuming that 
the triplet scattering length is 5.38 10~“ cm. The resulting *P 
was negative. Omitting the estimated triplet contributions for 
10 requires an even more negative *P. 
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Fic. 6. Final fit to the m-p angular distributions 
for a number of energies. 


VI. n-p ANGULAR DISTRIBUTION AT E=90 Mev 


We take a triplet even-parity potential from Table 
VIII and combine it with one of the triplet odd-parity 
potentials of Table VI (the assumption, made at the 
outset, that the triplet even-parity potential and the 
triplet odd-parity potential have the same core size 
now serves to limit the possible number of combinations) 
and the singlet even-parity potential decided on at the 
end of Sec. IV. With these potentials and 'V>-=0, 
we calculate o,,(0,90 Mev). 

We see that o,(180°;90 Mev) is not nearly large 
enough. This means that we are going to have to take 
'V =~ negative. [A sufficiently positive 'V-~ would also 
increase o,(180°,90 Mev), but it would also increase 
a,(0°,90 Mev) and o,(total,Z) in a way which would 
make it difficult to fit experimental data.] Meson 
theory calculations® also suggest a repulsive 'V,~. 
Experience shows this additional singlet odd-parity 
potential will not change o,(0°,90 Mev) by more than 


TaBLe IX. Triplet odd-parity potentials which give the experi- 
mental value of ¢,(0,90 Mev) when combined with the singlet 
even-parity potential whose core size is 0.5X10~" cm, and 
triplet even-parity potential number 7 of Table VIII for *75=0.4 
X10-" cm and number 8 for *79=0.5 10™¥ cm. 


Ve 


"ye 
(Mev) (10% em") 


A) we 
(10-4 cm) (10% cm! 


0.4 1.06 —47 1.5 


0.5 1.12 — 57.5 1.5 
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Fic. 7. Final fit to the n-p polarizations for E=95 and E=310 Mev. 


0.2 mb; 0.2 mb is within the accuracy to which 
a,(0°,90 Mev) is known, and is zero for our purposes. 

For fixed even-parity potentials, 7,(0°,90 Mev) 
depends mostly on *u;~. This is illustrated in Table VI 
for the triplet even parity potentials number 7 and 
8 of Table I. Fitting the experimental value of 
on(0°,90 Mev) (13.5 mb) determines 4u;- and so elimi- 
nates some of the triplet odd-parity potentials of Table 
VI. Remaining acceptable triplet odd-parity potentials 
are given in Table IX. 

Fitting the experimental value of o,(180°,90 Mev) 
(13.5 mb) determines 'V =~ as a function of 'u,~. [Be- 
cause we have assumed that the singlet even- and 
odd-parity potentials have the same core size, we must 
take 'v9=0.5X10-" cm in fitting o,(180°,90 Mev). | 
The function depends on what *7o is used. Sample 
acceptable singlet odd-parity potentials are given in 
Table X for *%9=0.5X 10~" cm. 

VII. n-p ANGULAR DISTRIBUTIONS 
AT LOW ENERGIES 


The experimental value (1.09)'® of the ratio 
on(180°,F)/o,(90°,E) at E=19.66 Mev then deter- 


TABLE X. Singlet odd-parity potentials which give correct] 
the experimental value of ¢,(180°,90 Mev) when combined with 
the singlet even parity potential whose core size is 'yo>=0.5X 10-4 
cm, the triplet even parity potential number 8 from Tabie VIII, 
and the triplet odd parity potential in Table IX whose core 


size is 0.5X10~% cm. In the last columns, the values of 
o,(180°,19.66 Mev)/o,(90°,19.66 Mev) calculated with these 
potentials are compared with the experimental value 1.09.* 


on(180°,19.66 Mev)/ 
'ro ‘ue™ Ve an(90°,19.66 Mev) 
(10-4 cm) (104 cm™') (Mev) cale 


0.5 0.6 — 23.2 1.15 
1.0 113.0 1.096 


exptl 


1.09 


* See reference 16. 


J, E. Perry, Jr., Los 
communication). 


Alamos Scientific Laboratory (private 


mines 'u;-. The values of o,(180°,2)/o,(90°,E) calcu- 
lated with the potentials of Table X are compared 
with experimental value in Table X. The range of the 
odd-parity singlet potential must be long, but is not 
very well determined. 


VIII. FINAL FIT TO THE DATA 


The potential thus determined which appears to 
give the best over-all fit to all the data is characterized 
by the following parameters: 

89) = '¥g= 0.5000 10-" cm, 


914.6 Mev for n-p 
896.6 Mev for p-p, 


ly + =().5880 10~" cm, 
sV .“ =+150.0 Mev, 
4 “—) = (0.6667 KX 10~" cm, 
sV ,-) = — 57.50 Mev, 
0.8930 10-" cm, 
— 113.0 Mev, 
1.000 10-" cm, 
6395 Mev, 
0.3405 K 10- cm, 
45.00 Mev, 
1.362 10~" cm, 


1p + 


by ) 
IV, ! d= 

ly ( iF 
sy! +) 


( 
ve" 


4 V , +) 


By (+ j 


This potential gives 4.19%, for the percent D state. 

In Figs. 5-8 are illustrated the n-p and p-p angular 
distributions and polarizations calculated from this 
potential. The phase shifts calculated from this po- 
tential are given in Tables XI through XIII. It is seen 
that reasonably good fits are obtained to the proton 
scattering data, except at the highest energy (340 Mev). 
Likewise, the neutron-proton scattering data appears 
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G\OEGREES) 


Fic. 8. Final fit to the p-p polarization for 
E=310 and E=170 Mev 


to fit the data rather well except at high energies. It is 
seen that at 90 Mev the calculated n-p angular distri 
bution shaped than the data indicate. 
Generally, the fit obtained may be said to reproduce 
the data accurately at low energies and qualitatively 


is more “V” 


at high energies. 

The calculated n-p polarizations agree with the 
experimental n-p polarization even at the highest 
energies. This gives weight to the view that potentials 
of the form we have used correctly describe the triplet 
even-parity interaction even at high energies. 

There is a qualitative discrepancy between the calcu 
lated and experimental values of the high-energy p-p 
polarization data. Potentials of the sort discussed above 
give the opposite sign of the polarization than that 
determined experimentally. This difficulty casts doubt 
upon the qualitative correctness of the triplet odd 
parity potentials 


CHRISTIAN, 


AND THALER 


TaBLe XI. Singlet phase shifts. These are twice the Blatt- 
Biedenharn phase shifts as used by Stapp et al., in radians. 


E (Mev) So iP; IDs ify Gs ls 
0.00225 
0.0114 
0.0259 
0.0460 
0.0693 
0.0945 
0.1230 
0.1526 
0.1812 
0.2106 
0.2722 
0.3271 
0.3833 
04333 
0.4768 
0.5220 
0.5587 
0.5887 
0.6214 
0.6495 


0.0881 

0.1796 
0.2550 
0.3178 
0.3715 
0.4165 
0.4566 
0.4935 
0.5255 
0.5536 
0.6072 
0.6522 
0.6919 
0.7323 
0.7646 
0.7970 
0.8321 

0.8603 
0.8865 
0.9186 


10 2.038 

20 1.768 

30 1.552 

40 1.373 

50 1.217 

60 1.079 

70 0.9586 
80 0.8432 
90 0.7381 
100 0.6411 
120 0.4678 
140 0.3087 
160 0.1674 
180 0.0383 
200 0.0861 
220 0.1982 
240 0.3019 
260 0.4058 
280 0.5033 
300 0.5905 


0.0176 
0.0256 
0.0340 
0.0439 
0.0532 
0.0609 
0.0693 
0.0878 
0.1008 
0.1167 
0.1304 
0.1396 
0.1537 
0.1651 
0.1709 
0.1812 
0.1935 


0.0102 
0.0146 
0.0179 
0.0252 
0.0278 
~0.0322 
0.0401 
0.0426 
0.0450 
0.0532 
0.0585 


0.0136 
0.0172 
0.0261 
0.0321 
0.0381 
0.0497 
0.0570 
0.0627 
0.0748 
0.0860 


The singlet even-parity potential for 'ry>=0.4« 10~" 
cm gives correctly the ‘So, ‘Ds, and 'G, phase shifts 
which Stapp et al.” found for the first and third solutions 
to their analysis of the 310-Mev p-p data. Thus it 
seems that potentials of the form we have used cor- 
rectly describe the singlet even-parity interaction, even 
at high energies. 

The triplet P phase shifts shown in Table XII for 
E= 300 Mev are not remotely similar to the triplet P 
phase shifts of any of the first four solutions of Stapp 
ef al.'” For all energies, the triplet P phase shifts shown 
in Table XII are not similar to the Feshbach-Lomon'* 
triplet P phase shifts. Finally, Phillips" in a phase shift 
analysis of the 95-Mev n-p and p-p data found even- 
parity phase shifts quite similar to those shown in 
Tables XI and XIII for E=90 Mev, but triplet P 


TABLE XII. Triplet odd-parity phase shifts. These are twice the Blatt-Biedenharn phase shifts as used by Stapp ef al., in radians 


E (Mev ‘Po 


0.2096 
0.4785 
0.7047 
0.8716 


Py 


0.0411 
0.0856 
0.1225 
0.1537 


Ps a 


0.0367 
0.0800 
0.1331 
0.1743 


2e(2) Fs 


0.2470 
0.3889 
().4687 
0.5398 


Ps Hs 


2«(4 


Hs 


He 


0.5946 


-0.0110 


0.9899 
1.071 
1.124 
1.158 
1.180 
1.189 
1.186 
1,169 
1.136 
1.100 
1.061 
1.014 
0.9702 
0.9271 
0.8773 
0.8290 


0.1807 
0.2030 
0.2241 
0.2441 
0.2613 
0.2768 
0.3100 
0.3382 
0.3665 
0.3969 
0.4214 
0.4494 
0.4800 
0.5043 
0.5299 
0.5615 


0.2089 
0.2385 
0.2612 
0.2793 
0).2947 
0.3063 
0.3179 
0.3258 
0.3242 
0.3205 
0.3179 
0.3085 
0.3020 
0.2998 
0.2924 
0.2851 


0.0106 
0.0139 
0.0251 
0.0373 
0.0471 
0.0640 
0.0863 


0.6420 
0.6864 
0.7317 
0.7731 
0.8129 
0.8983 
().9878 


1.080 
1.184 
1.288 
1,395 
1.511 
1.619 
1.721 
1.824 


~0).0145 
—0.0194 
—0.0236 
—().0264 
~(0),0300 
—0,0390 
0.0431 
0.0508 
0.0563 
0.0582 
0.0654 
0.0699 
0.0694 
0.0742 
0.0807 


0.0142 
0.0184 
0.0240 
0.0306 
0.0366 
0.0473 
0.0617 
0.0719 
0.0844 
0.0981 
0.1061 
0.1174 
0.1309 
0.1379 
0.1447 


‘7 Stapp, Ypsilantis, and Metropolis, preceding paper [Phys. Rev. 105, 302 (1957) ]. 
‘© H. Feshbach and F. Lomon, Phys. Rey. 102, 891 (1956) 


“RR. J. N. Phillips, Atomic Energy Research Establishment, Harwell, Berkshire, England (unpublished) 


0.9176 
0.9452 
0.9292 
0.9345 
0.9563 
0.9453 
0.9379 
0.9554 


0.0118 
0.0118 
0.0135 
0.0187 
0.0185 
0.0184 
0.0240 
0.0268 


0.0103 
0.0157 
0.0186 
0.0198 
0.0260 
0.0304 
0.0307 
0.0347 
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TABLE XIII. Triplet even-parity phase shifts. These are twice the Blatt-Biedenharn phase shifts as used by Stapp ef al., in radians, 


E (Mev) 4S) Di 2e(1) Dy 1D, Ga 2«(3) G4 ss OT) 


10 3.578 —0.0424 ee 0.0400 ee vee 0.6710 
20 2.996 —0.1162 0.0095 0.1208 — 0.0374 0.0131 1.219 tee 
30 2.637 —0.1875 0.0275 0.2061 -().0642 0.0256 1.344 0.0131 tee 
40 2.373 —0.2498 0.0424 0.2886 —().0894 0.0408 1.452 0.0240 0.0142 
50 2.160 —0.3038 0.0545 0.3651 —0,.1137 0.0568 1.544 0.0353 -0.0224 
00 1.981 —0.3515 0.0636 0.4364 —0,1343 0.0722 1.616 0.0480 0.0308 
70 1.826 —0.3916 0.0704 0.5051 —0,1508 0.0881 1.687 0.0016 0.0384 
80 1.686 —0.4256 0.0752 0.5695 —0.1651 0.1031 1.757 0.0739 0.0473 
90 1,560 —0).4564 0.0782 0.6297 —0,1782 0.1167 1.820 0.0856 0.0571 
100 1.446 — 0.4835 0.0797 0.6886 —0,1891 0.1318 1.876 0.0983 0.0645 
120 1.242 —0.5232 0.0786 0.8013 ~(),2039 0.1640 1.993 0.1227 0.0800 
140 1.060 —(0).5544 0.0724 0.9025 0.2180 0.1935 2.098 0.1425 0.0961 
160 0.9009 —0.5754 0.0617 1.001 0.2251 0.2289 2.192 0.1655 0.1078 
180 0.7542 —0.5862 0.0461 1.088 — 0.2320 0.2637 2.284 0.1831 0.1212 
200 0.6176 —0.5966 0.0252 1.169 0.2398 0.2971 2.362 0.1998 0.1326 
220 0.4966 —(0).5983 — 0.0020 1,247 0.2408 0.3369 2.434 0.2203 ee 
240 0.3821 —().5939 —0.0369 1.311 —().2439 0.3735 2.501 0.2348 
260 0.2707 —0,5930 — 0.0818 1.370 0.2502 0.4065 2.558 0.2477 
280 0.1713 -0.5885 —0.1399 1.428 -0.2503 0.4452 2.608 0.2662 
300 0.0821 —0.5775 —0.2157 1.473 —().2486 0.4828 2.656 0.2820 


phase shifts similar to those of Feshbach and Lomon. _ triplet odd-parity interaction, then it must contain a 
Wolfenstein” concluded from his study of the 310-Mev _ strong spin-orbit term. It seems certain, therefore, that 
p-p data that if Born’s approximation is valid for the — the triplet odd-parity interaction cannot be understood 


*® L. Wolfenstein, Bull. Am Phys. Soc. Ser. II, 1, 36 (1956). in terms of the simple potentials we have used. 
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It is shown that the ghost problem in the Lee model cannot be circumvented by using a renormalized 
integral equation as a basis instead of the Hamiltonian formulation. This equation (the Low equation) 
possesses no solutions for coupling constants larger than the critical value, and an infinite family of solutions 
for coupling constants smaller than the critical value. The Low equation for the Lee model is also mathe- 
matically equivalent to an exact integral equation for the boson propagator in relativistic field theory, 
and permits one therefore to describe the properties of possible ghosts in a relativistic theory in terms of 
already known properties of Lee-model ghosts. There exists an interesting symmetry between this integral 
equation and its solution, both of which have the form of dispersion relations. The excellent experimental 
tests of quantum electrodynamics provide no evidence that the theory is free of the ghost problem. 


I, INTRODUCTION 


HE question whether renormalized relativistic 

field theories are meaningful, i.e., whether they 
possess any exact solutions,’ has not been definitely 
answered, The question has been answered for the Lee 
model’—namely, that with a cutoff, a solution exists 
only for coupling constants smaller than some critical 
value, and that in the absence of a cutoff, no solution 
exists’ (except, of course, for uncoupled fields). The 
question has also in effect been answered in the fixed- 
source, one-meson approximation of the Low equation*~® 
for the charged and neutral scalar theories’—namely, 
that with a cutoff, solutions exist only for coupling 
constants smaller than a critical value. 

Lehmann, Symanzik, and Zimmermann® have been 
able to show that solutions to an exact equation of 
relativistic field theory exist only if a certain integral 
is smaller than one. Landau’ and others" have argued 
that in quantum electrodynamics this integral is greater 
than one (in fact divergent). This conclusion follows at 
once also from reference 8 if Landau’s approximation,® 
l=.) is made. 

If, in either a properly relativistic theory or any of 
the approximate or model theories mentioned above, 


* Supported by the U. S. State Department through a Fulbright 
research grant. 

t Work performed while the author was on leave at the Max 
Planck Institute for Physics, Géttingen, Germany. 

! This means solutions within the usual rules of quantum theory 

Hermitian Hamiltonian, positive-definite metric in the Hilbert 
space, unitary S matrix, 

*T. D. Lee, Phys. Rev. 95, 1329 (1954). An analogous model 
with essentially similar properties has also been introduced and 
treated by S. Mochida, Progr. Theoret. Phys. Japan 14, 407 
(1955). 

*G. Kiallén and W. Pauli, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No, 7 (1955). 

‘F, Low, Phys. Rev. 97, 1392 (1955) 

®G. C. Wick, Revs. Modern Phys, 27, 339 (1955). 

*G. Chew and F. Low, Phys. Rev. 101, 1570 (1956). 

7 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). 

§ Lehmann, Symanzik, and Zimmermann, Nuovo cimento 2, 425 
(1955). 

*L. Landau, in Niels Bohr and the Development of Physics, 
edited by W. Pauli (Pergamon: Press, London, 1955). 

” See various works cited in reference 9; see also J. C. Taylor, 
Proc. Roy. Soc. (London) A234, 296 (1956) 


no “normal” solution exists, it is possible to obtain an 
“abnormal” solution by the introduction of a ghost 
state" of negative norm, and mass less than the normal 
particle mass. Except for its negative norm, the ghost 
has properties of a normal bound state. The normal and 
abnormal solutions can be made to join continuously 
at the critical value of the coupling constant, if any. 
Alternatively, one may ask what change in the theory 
is required in order that the normal solution may be 
extended continuously into a region of coupling constant 
values beyond the critical value. The answer is that it 
is necessary to introduce an indefinite metric and a 
ghost state. Heisenberg has also shown” that in his 
nonlinear field theory” it is necessary to introduce 
either ghosts or an artificial cutoff. 

We consider first in this paper the definition of the 
Lee model in terms only of renormalized quantities, 
independent of the Hamiltonian. It is found that this 
formulation possesses either an infinity of solutions 
(coupling constant less than critical value) or no 
solutions at all (coupling constant greater than critical 
value). In this non-Hamiltonian formulation, the 
Killén-Pauli® ghost state may be introduced to extend 
the solutions, but no additional ghosts enter. An im- 
portant mathematical equivalence between an equation 
of the Lee model and an equation of relativistic theories 
is then demonstrated. This equivalence makes it pos- 
sible to describe characteristics of possible ghosts in 
relativistic theories (in particular quantum electro- 
dynamics) in terms of already known properties of Lee 
model ghosts. Finally, it is shown that quantum elec- 
trodynamics may contain ghosts without affecting the 
excellent agreement obtained between theory and 
experiment. 

In the following, when we say that a theory “contains 
ghosts,”” we mean that it possesses no exact normal 
solutions,’ but that a pseudo-solution may be found by 
a power series iteration method, and that the equations 


" W. Pauli, remarks at Pisa conference, 1955 (unpublished). 

2 W. Heisenberg, Z. Physik 144, 1 (1956). 

8 Heisenberg, Kortel, and Mitter, Z. Naturforsch. Al0, 425 
(1955), and other references cited there. 
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GHOST 


satisfied by the pseudo-solution are not the original 
equations from which it was obtained, but equations 
modified to contain a ghost of negative norm. 


Notation 


For references of multiple authorship which must be 
cited several times, we use the following abbreviations: 
LSZ I, Lehmann, Symanzik, and Zimmermann"; LSZ 
II, Lehmann, Symanzik, and Zimmermann’; CDD, 
Castillejo, Dalitz, and Dyson.’ 


Il, LEE MODEL 


The mathematical structure of the Lee model has 
been discussed most fully by Killén and Pauli,’ whose 
notation we follow, and also discussed by other 
authors.?!5'6 We omit here a discussion of its funda- 
mentals. The fields of an N particle (fixed fermion of 
mass m) and a @ particle (scalar meson of mass yp) 
are not renormalized. The field of a V particle (fixed 
fermion of renormalized mass m) and the coupling 
constant are renormalized through 


g=g0N, pv=N-Yro. (1) 


Two important functions are the cut-off function, 
F(w), and the eigenvalue function, 4,(z). The former 
is defined by 


F(w)=7f?(w) (w’—p?)'0(w—y), (2) 


where f*(w) is the usual cut-off function (unity if no 
cutoff); for notational convenience, the square root 
factor, the @ function, and the coupling constant, 
y= g"/4r’, are included in F(w). F(w) is positive. The 
eigenvalue function is defined in the complex z plane 
cut along the real axis from + y to ~, by 


” F(w)dw 
hy(z)=2) 1 f = ‘| (3) 
WW (W—-Z 


u 


As a shorthand, the limit of 4,(z) as z approaches the 
real axis from above will be designated by h,(x+-1e). 
The subscript LZ designates Lee model, as we shall later 
generalize to h(z) without subscript. 

Embracing now the notation of CDD, we call the 
quantity in square brackets in (3), H(z), ie., 


H,(%)=2"h,(z). (4) 
Some of the important properties of 4, (2) or H,(z) are: 


(1) hy(x+1e) and H,;(x+ ie) possess neither zeros nor 
poles for a2 yu. 

(2) Im H(z) is positive in the upper half-plane, 
negative in the lower half-plane. 

(3) hy (0)=0. 

(4) If the integral <1, H(z) possesses no zeros. If 

“Lehmann, Symanzik, and Zimmermann, Nuovo cimento I, 
205 (1955) 


15S. Weinberg, Phys. Rev. 102, 285 (1956). 
16 Y. Munataka, Progr. Theoret. Phys. Japan 13, 455 (1955). 
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I> 1, H(z) possesses one zero on the negative real axis, 
H1(—\)=h,(—A)=0. J is defined by 


r= f w*F (w)dw. (5) 


“ 


(5) Hr’ (x)>0 for «<u. 

The work of Killén and Pauli shows that the Schré- 
dinger equation with Hermitian Hamiltonian possesses 
solutions only for <1. The renormalization constants 


are then 
N?=1—T, (6) 


bm (1—/) f w' F(w)dw. (7) 


” 


The function 4,(z) then has the following physical sig- 
nificance. (a) The mass m added to the zeros of h1(2) 
give the eigenvalues of the Hamiltonian for states 
which are mixtures of one bare V particle and one @-, 
one N particle. (b) The renormalized V-particle 
propagator is defined in terms of h,(z) by (except for a 
multiplicative constant) 

[hi (po—m+ie) }". (8) 


(c) The S-matrix element for the scattering of @ par- 
ticles by N particles is 


Sv’ (p) 


F(w)5(w’ ~—w) 
S(k,k’) =63(k—k’) —i (9) 


2 (w? — py?) hy (wt ie) 


In case /, Eq. (5) is greater than 1, a solution may 
be obtained by introducing an indefinite metric, defined 
by setting the norm of the bare V-particle state equal 
to —1, and the norm of the N-particle and 6-particle 
states equal to +1. The solution so obtained is con- 
tinous with that obtained for J <1, i.e., Eqs. (6) to (9) 
remain valid. The fact that N?<0 means that the 
Hamiltonian is non-Hermitian, This has two unpleasant 
physical consequences: the S matrix is nonunitary,* 
and some eigenvalues of the Hamiltonian may not be 
real,'® 

In the normal power series method of finding a 
solution (as carried out originally by Lee’), the value 
I=1 does not show itself as critical and one obtains 
formally Eq. (8) for any value of 7. The power series 
solution for the renormalized propagator is a geometric 
series 
m+ém-+ie)"[1+a+a+ >> ], 


Sv’ = (po (10) 


where (setting x= po—m) 


(1—T) f (w—x—ie)'F (w)dw 
" 
a(x) , 


«—(1—/) f wF (w)des 


(11) 
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a quantity whose magnitude, for either />1 or J<1, 
may take on values greater or less than unity according 
to the value of x. In particular, for any J, there exists 
an e>0 such that a(e)>1; and a(0)=1. Therefore the 
power series (10) is always formally divergent in the 
neighborhood of x=0 (po=m). 

The function h,(z) defined by (3) satisfies in par- 
ticular the following two equations: 


vtmtt f F (w) | hi(w+ie) |*dw 
° +{[hki'(—dv) JP"); (12) 
F (01) dea’ 


2) | bles! +-ie)|? 


| 


. | 
lL (2+-a)hz!(—a)}" 


(13) 


The third terms on the right of (12) and (13), enclosed 
in curly brackets, are to be omitted if 7<1. Equation 
(12) is derived in reference 3, where it is explicitly 
demonstrated that, for J/>1, the negative third term 
is larger in magnitude than the sum of the first two, 
and hence causes the right side of (12) to be negative. 
Equation (13) may be derived by a similar contour 
integrational method,'’ starting with 


=f 
2ri 


For z=w-+-in, the left side of (13) is the V-particle 
propagator, and the three terms on the right are the 
contributions to this propagator of (a) bare V particle, 
(b) N particle plus @ particle, and (c) ghost state, in 
case [> 1. 

The Low equation‘ to lowest order (one intermediate 
meson) is an exact equation for the Lee model, since the 
approximations of the equation—no recoil of heavy 
fermion, and zero or one meson in the intermediate 
state—are exact features of the Lee model. In the 
notation of Wick,’ the Low equation for the Lee model 
is 


F (2’)d2’ 
(2’— z)h,(2’) 


* R,*(n)R,(n) 
Riga sip ature. 


n E,—mM—we—in 


(14) 


where 
R,(n)=(n|V,|V), 
| V)= physical \-particle state, (15) 
|n)=any state including one heavy fermion, 
and V, is the coefficient in the interaction Hamiltonian 
of the destruction operator for a @ particle of momentum 
p. R,(n) vanishes except for states of no mesons 
[R,(V)] or states of one meson [R,(q) ]. Working for 
the moment in a finite volume 2, we assume the value 


17 W. Pauli (unpublished). 


W. FORD 
of the vertex part, 


R,(V) = —gf(w) (200). (16) 


Ry(q) = 8 f?(w) (262) v7 (w), (17) 


where w,=w,=w. Then Eq. (14) becomes (again in 
infinite volume), 


1 p* F(w’)|r(w’) |? 
(ws) =-— f che od 


wo 4, w—w-in 


We write 


(18) 


Equations (14) and (18) of course include the assump- 
tions of a definite metric and no ghost states. Com- 
parison of (18) and (13) shows at once that, for 7<1, 
a solution is 


r(w) =[hp(wt+im) f°. (19) 


There are in fact, for 7<1, a multiple infinity of other 
solutions to (18), and for J>1, no solutions. These 
points will be discussed in Sec. IV. 

Equation (14) may be generalized to permit an 
indefinite metric if (a) each term on the right of (14) 
is multiplied by the norm of the state |), and (b) the 
definition (15) includes the metric operator’ 9:R,(n) 
=(n\nV,|N). Then a ghost contributes a negative 
term, ~—(w+A)™, to the right of (18), which will be 
exactly the third term of (13) provided, in analogy 
with (16), it is assumed 


Ry(V_») = —gf(w)[ 2 hx’(—d) | F4. 


It should be mentioned that the LSZ I formulation 
of field theory leads for the Lee model also to the Eq. 
(18).'® The set of coupled integral equations (equation 
system A) in reference 15 reduces to uncoupled sets of 
equations, and in particular the equation for the time 
ordered product of two V-particle operators (the V-par- 
ticle propagator) can be reduced to Eq. (18). This is 
not surprising, since Eqs. (8) and (9) both show essen- 
tially the same simple dependence on h;(w+ie). (The 
Low equation can be derived more generally, but less 
directly, from the LSZ I equations."’) 


Ill. LEHMANN-SYMANZIK-ZIMMERMANN EQUATION 
FOR BOSON PROPAGATOR 

In LSZ II, an integral equation is derived which is 
related to the boson propagator of a relativistic field 
theory. It will here be shown that this equation is 
mathematically equivalent to Eq. (18) and therefore 
that some mathematical features of a relativistic field 
theory, especially those relating to ghosts, can be 
simply discussed in terms of already known properties 
of the Lee-model ghosts. 

These authors begin from the spectral representation 
for the renormalized boson propagator, 


1 a(d*)d (A?) 
1 J Nie 


—m? 
18 Lehmann, Symanzik, and Zimmermann (unpublished). 
” K. Nishijima (unpublished). 


Ar’(—1?)= (20) 
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where m is the boson mass, and a(\*) is a positive 
function. They then derive the important relation, 


a (A?) = | Ar’(—d*) [°G (A), (21) 


where the significant properties of G(\*) are 


G(A*) 2 G2(d*) 20, (22) 


and G contains only positive frequency parts [see 
below Eq. (26) for definition of G,]. If we make the 
following notational changes (where M is the fermion 
mass) : 
nu =4M"*—m'>0, 

(23) 


w’ =)\?—m'’, 
F(a’) =G(d’), 


w=r—m’, 
S(w) =Ap’(—#), 
then Eqs. (20) and (21) combine to give 


$(w)=-— (24) 


we Mm 


1 f F (w’) | 5(w’) | 2d’ 
w’—w—te 


identical in form to the Lee model Eq. (18), with the 
important difference that the “cut-off function,” F(w’), 
is here unknown but not arbitrary.” Nevertheless, it is 
evident that, if the integral 7, Eq. (5), is assumed to 
be smaller than unity,” then a solution of (24) is 


$(w) =[ht(wt+in) }’, 


where hy, is still defined by (3), but now in terms of the 
“natural” or “built-in” cut-off function, /, of the 
relativistic theory. A more general solution of (24) was 
in effect” given in LSZ II, but will be included in the 
next section as one of a still more general class of solu- 
tions. Since J < 1 is a necessary condition for the solution 
(25), and because of the condition (22), J2<1 is also a 
necessary condition for the solution, where 


(25) 


® 


b= f Ww *Fe(w)dw, 


” 


(26) 


and F;(w) is the two-nucleon approximation to F(w), 
defined more exactly in reference 8. In particular, for a 
pseudoscalar meson theory with nucleon mass M, 
LSZ II give the result 


ge fwtm ! 
Pale) 2(—) (orn) 900-0), 2 


89? \ wtp 

in close analogy to the Lee-model cut-off function (2). 
Here w and yu are defined by (23). The function f(w) is 
defined as the ratio of the renormalized vertex function 
for free-particle momenta to the zero-order vertex 
function, i.e., 


f(—(pi-— f2)?— m*) = T's (pi, Po) / eve. (28) 


” Our F(w) differs by a factor 27 from the F(A) in LSZ II, but 
our integral / is identical to the quantity / in that reference. 

21 LSZ II considered in fact an equation arrived at by taking 
the absolute square of both sides of (24), but knowing the 
imaginary part of s(w) from (24) allows this solution to be readily 
converted to the solution of (24). 


IN 
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Evidently in order that the solution (25) exist, f(w) 
must approach zero as w becomes infinite. 

If 7<1, and if (25) is taken as the solution of (24), 


then the boson renormalization constants Z; is given by® 


Z;=1-—I, (29) 
in analogy with Eq. (6) for the Lee model. 

Equation (24) may readily be generalized to include 
possible bound states in the theory, provided the 
masses of the bound states are greater than the meson 


mass, as follows: 


, (30) 


1 ® F(w’)| 5(w’) | *dw’ a, 
PANS Fe 


w - w’ —w—ie é (w—Ax)Ax 


with 

a;>0,0<A\i<u. (31) 
It is the purpose of the rest of this paper to discuss 
general solutions of Eq. (30) and modifications required 
when (30) has no solution. The results will apply equally 
to the bosons of a relativistic theory or the V particles 
of the Lee model. 


IV. SOLUTIONS OF EQ. (30) 


The methods of CDD applied to the Low equation’ 
may be taken over directly to find the general solution 
of Eq. (30). We follow the notation of CDD and define 


H (w+ ie) =[ (w+ ie)s(w) P". (32) 


It is more convenient to discuss first a generalization 
of Eq. (30) to complex argument: 


1 “4 F (w)dw Z ag 
H(z) (w—z)w*|H(w+ie)|? & (2—dAy)Ag 


a 


This equation reduces to (30) as z is allowed to approach 
the real axis from above, and H(w-+-ie) is shorthand for 
this limit. Equation (33) defines a meromorphic function 
H(z) in the z plane cut along the real axis from u to #. 
In case there are no bound states (all aj=0), H(z) 
= /1,(z), Eq. (4), is clearly a solution, provided J <1. 
In exact analogy to the conditions given by CDD, the 
significant properties of H(z) are: 


A. H(2*)=H*(z) in the cut plane. 
B. H(z) is regular at z=0, H(0)=1. 
C. H(z) vanishes only on the real axis, at the points 


D. 2H(z)—>@ for |z|—+@ in any direction other than 
the positive real axis. 

E. Im H(w+ie)=2F(w)/w, wy, except at points 
where s(w) =0 [ by Eq. (32) ]. Im H(w)=0, w<y, except 
at points where | 7(w)| =. 

F. Im H(z) is positive in the upper half-plane, 
negative in the lower half-plane. 
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Solutions of (33) are then given by 


” F(w)dw Ry 
H(z)=1 taf — +> , 


(34) 


w(w—z) *& wi(wi—z) 


where the constants Ry, w; are positive or zero (and not 
all arbitrary), (A term Az on the right of the corre- 
sponding expression in CDD is here excluded by the 
condition C.) Consider first the case of no bound states. 
The w, are then an arbitrary sequence of positive 
numbers, with w; <y, all other w;>y. The set of numbers 
R, must then be chosen such that H(x) has no zeros for 
O<x<yp, and such that }°(Rj/w?) and >>(Rj/w,) are 
both finite. Moreover, the condition that H(x) have no 
zeros on the negative real axis will be satisfied if and 
only if the limit as «+ —« of H(x) is positive. Since 
H(—#)=1—I—S(Rj/w,), this imposes the condition, 


1<1-¥(Ri/w)). (35) 


If condition (35) is satisfied, the vast multiplicity of 
solutions (34) is possible. If condition (35) is not satis- 
fied, there is no solution. Since the choice R;=0, all i, 
is possible for no bound states, the weakest possible 
condition is 7<1. Any other choice of constants 
imposes a stronger condition on the integral J. 

The solution given in LSZ II is essentially (34) with 
the sum on the right being only the single term 
R\2/w;(w;—2). This limitation comes about in their 
work from the assumption that s(w) #0 for w>y, which 
causes the first half of the condition E to be valid for 
all w>, and excludes the singularities in H(w+-1e) 
which arise in the solution (34) at the points w,;>y. If 
all R;=0, H(z) = H,(z). 

With bound states, the form (34) is still correct, with 


0 < wy <Ay <2 <Ae <* Wn <An Ong <M <ony2, (36) 


and with R,#0 for 1<i<n, but with R; possibly zero 
for i2n. The constants must be chosen such that the 
n conditions C on the derivatives H’(A,) are satisfied. 
The condition (35) still holds, except that the right 
side must be less than unity. Therefore bound states 
only make the condition for a solution more stringent, 
and /<1 remains a necessary condition for any solu- 
tion, with or without bound states. Note that with the 
more general solution, (29) is replaced by 


Z,=1-I1-¥ (Rw). 


If Eq. (35) is satisfied, it may be very easily verified 
explicitly that (34) is a solution of (33) by considering 
the contour integral 


(37) 


, 


1 f dz 
2ri Yo (2—2')2'H(2’) 


about the closed path in the cut plane illustrated in 
in Appendix I of reference 3. 

An interesting symmetry between Eq. (33) and its 
solution (34) may be seen by the following change of 


W. FORD 


notation: Set 
p(2) =F(z)/| H(z) |? 


[see Eq. (21)], where F(z) is analytically continued off 
the real axis. Then (33) may be written 


p(z) | 
= |1 


= ad ’ (38) 
F(z) . 


f plwtiec\dw az |? 
w(w—-z)  & A(Ai—2) 
and (34) may be written 


F(z) 


(39) 


f F (w+te)dw Riz 
Zz 
w*(w—z) 


p(z) M « wi(w,—2)| 
Equation (38) is essentially the equation considered in 
LSZ II. A similar pair of equations (without the sum 
terms on the right) has recently been studied by Killén.” 
He regarded the simplified form of (39) as an integral 
equation for F(z), and showed that the simplified form 
of (38) is a solution. Aspects of the symmetry between 
(38) and (39) are discussed in the Appendix. 


Power Series Solution 


Equation (33) without bound states may be solved 
by an iteration procedure, if [#/(z)}~ is expanded as 
a power series in the coupling constant [which in 
(33) is buried as a linear factor in F(w) |. The result is 
a geometric series, 


[H,(2)}4=14 01) +e) +> 3 
* F(w)dw 
oj=—sf 


» w(w—z) 


(40) 
(41) 


where the subscript p denotes power series solution. 
Equation (40) may be summed formally to give H(z) 
=H,(z), although a definite statement about the con- 
vergence of (40) can be made only in the limit of large 
|z|, when g(z)—/. In this limit, therefore, the sum is 
convergent only for J <1, and it is already known that 
the formal sum of the power series is a solution only for 
T¢ 1. 

There appears to be no strong physical ground for 
excluding the general solution (34). One may at least 
note, however, that in the Lee model, the Hamiltonian 
approach leads to only a single solution, namely the 
simplest, H(z), for any J. Mathematically, the limita- 
tion to this single solution would follow if it could be 
proved that J=1. 

Note added in proof-—R. Haag (to be published) has 
recently advanced physical arguments, based on scat- 
tering theory, against the inclusion of terms with w,;> 4 
in the solution to the Low equation. For the Lee 
model, our Eq. (33) is either a scattering or a propa- 
gator equation, and Haag’s arguments apply to its 

#2 G. Kiallén (unpublished). Kallén’s notation is related to 
ours as follows: II(w)=p(w)/w; II*(w)=F(w)/w; M(w)—M(0) 
=ReI'(w+ie), see Eq. (Al); II*(w)—II*(0)=Re @(w+ie), see 
Eq. (A2). 
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solution. In the relativistic case, Eq. (33) is only a 
propagator equation and it is not yet clear whether 
Haag’s arguments apply. CDD had already noted for 
the Low equation that the extra terms in the general 
solution correspond to “virtual bound states” and that 
the phase shift advances by 2% between successive j. 


V. GHOST STATES 


The solid ground under modern field theory is the 
close agreement between experiment and theoretical 
results derived from the first few terms of a power series 
solution to the equations of the theory. This agreement 
does not imply that the theory taken as a whole has 
any mathematical sense. The experience with approxi- 
mate solutions and with nonrelativistic models, and the 
arguments of Landau’ and others" suggest that indeed 
the whole theory may be without meaning in the strict 
mathematical sense. In the present context, this means 
that the integral J may be greater than unity and Eq. 
(33) may therefore possess no solution. 

It is therefore of interest to investigate the conse- 
quences of the assumption that />1. In particular one 
may ask, for />1, if the power series “solution” of (33) 
does not in fact satisfy (33), what equation does it 
satisfy? We may be somewhat more general, and write 
down the equation analogous to (33) which is satisfied 
by (34) if 7>1. It is, 


F (w)dw 


1 wo 
=1-sf ees. 
H(z) wp (w—2)w*| H(wtie) |? 


; az Az 
+> evisacneiee eens : (42) 
i (2—Ay)Ay ho(z+Ao) 


as is readily verified by the contour integration method 
mentioned under Eq. (37). The constants do and Xo are 
positive, H(— do) =0, ao=[_H’(—do) |". On the negative 
real axis, H’(x)>0, and, for J>1, H(x) possesses 
exactly one zero on the negative real axis, at x= —o. 
The last term on the right of (42), contributed by the 
“ghost state,” is superficially like the bound state terms 
with 0<A,;<y, but with the important difference of the 
negative sign. This at once implies an indefinite metric 
in the Hilbert space. It has been shown” that a positive 
definite metric implies that the spectral function o(?) 
in (20) is positive. However, the last term in (42) implies 
that o contains a delta-function term with negative 
sign and shows that the metric cannot be positive- 
definite. The ghost state has negative norm. Similar 
remarks apply to the Low equation for the Lee model, 
discussed at the end of Sec. I1; and Eq. (42) is analogous 
to Eq. (13). 

We wish to discuss now the contribution of the 
ghost term in (42) in the weak coupling limit (y—0). 
This requires the assumption that F(w)~yw for large 


% Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row- 
Peterson and Company, Evanston, 1955), Vol. 1, p. 388. 
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w, or that the integral J is divergent, for otherwise / 
would become smaller than unity for sufficiently small 
coupling constant, and the ghost disappear. In this 
limit, it follows from Eq. (34) and from the definition 


of ao and Xo that 


(Ao/ao)v+c, AcXuexp{(1—Tr)/ay}, (43) 


where a is a constant of order unity, the constant c is 
defined by 

c=Xo Lil (a; Ao) *R; |, (44) 
and Jr is a constant less than unity (zero for the 
simplest solution) defined by Eq. (A2). We assume that 
Tr is not close to unity, ie., that [(1—/x)/ay] >1. 
Then, for |z|<“Ao, the ghost term in (42) is given 
approximately by 


4 


- (45) 
Ao(Ao+z2) 


ez (x/u)(y+c)"! exp{ —(1—Tx)/ay}. 


This term vanishes for small y faster than any power 
of y, explaining the fact that the power series expansion 
of the solution to (42) satisfies Eq. (33) termwise 
without the ghost term. The exponential behavior of 
(45) also means that in quantum electrodynamics, the 
ghost contribution is so extremely small that even the 
excellent experimental verifications of the theory so far 
provide no evidence that the theory does not fail in 
this way. 

On the basis of the mathematical equivalence between 
“real” field theories and the Lee model discussed above, 
one may conclude that possible boson ghosts in a 
relativistic field theory and the ghosts of the Lee model 
have essentially identical properties, e.g. : 


(a) There is at most one boson ghost. 

(b) The mass of the ghost is less than the normal 
particle mass, and, for sufficiently weak coupling, 
negative. 

(c) The norm of the ghost state is negative; the 
existence of the ghost implies an indefinite metric in the 
Hilbert space. 

(d) The contribution of the ghost term to the integral 
equation (42) is proportional to exp(—y~') for small +. 


VI. PHYSICAL REMARKS 


If ghosts exist in a relativistic field theory, they may 
be regarded in either of two ways. (1) Ghost states 
exist in nature, representing bound states, but we do 
not know yet how to reinterpret physically such un- 
pleasant consequences of ghosts as negative norms and 
nonunitary S matrices. (2) Ghost states are devoid of 
physical meaning, and are only a way of demonstrating 
the basic failure of renormalized local field theory. The 
latter point of view is evidently a more attractive one, 
but may raise very fundamental problems. 

If it turns out that present field theories contain an 
“automatic” or “built-in” cutoff, then the ghost 
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problem does not arise, and the present theory is essen- 
tially complete, being independent at ordinary energies 
of what happens within extremely small distances or at 
extremely great momenta. In particular, therefore, 
general relativity will likely play no important role in 
microscopic theory. If, on the other hand, as now seems 
likely, field theory does not contain a “built-in” cutoff, 
but possesses the failure represented by the ghost state, 
then very fundamental new concepts of the small- 
distance behavior of the theory may be required in 
order to eliminate this failure. 

Various authors’”*** have already suggested the 
possible eventual role which general relativity may 
play in field theory. In the present context, this con- 
clusion follows from the form of the integral J. This 
integral is at worst logarithmically divergent. For 
coupling small compared to unity, the integral J can 
be greater than 1 only due to the contributions of 
extremely great momenta. With artificial cutoff, P, the 
Landau approximation for J in quantum electro- 
dynamics is 

I= (1/3) (e/he) \n(P?/m?). (46) 
Thus a correction to the theory is required only at 
distances of order In(ro/(h/mc)) = —137, in order to 
make / less than one and eliminate the ghost. This 
logarithm, as pointed out by Weisskopf,” is of the same 
order as that obtained by setting ro equal to the gravi- 
tational radius of the electron, 6.8 10~°* cm, suggesting 
the possibility that general relativity must be taken 
into account in an eventual microscopic theory. As 
remarked by Feynman,” one will be surprised if the 
theory does not fail at such incredibly small distances. 
Fascinating considerations of the classical electrody- 
namic and gravitational theory of the sub-elementary- 
particle world have been given by Wheeler and col- 
laborators.” If ghosts exist in quantum electrodynamics, 
one will have the new and anomalous situation of a 
theory known to give excellent agreement with experi- 
ment at moderate energies, but also known to be 
mathematically meaningless. In the meson theory, with 
larger coupling constant, one may have more hope of 
finding experimental failures of the theory as well. 

It should also be noticed that a number of “proofs” 
in field theory rest on the assumption that field theory 
in fact possesses exact normal solutions.’ If this is not 
true, and a ghost state is required in order to yield a 
solution, these proofs break down. We mention several 
examples. 

(a) The Low equation and the equation system of 
LSZ I both are derived using a sum over intermediate 
states. If the theory contains a ghost, these equations 
acquire an extra term. (b) The proof that the renor- 
malization constants Z,; satisfy 0< Z;<1 is based on 


“V. Weisskopf, Phys. Rev. 56, 72 (1939). 

% J. A. Wheeler, Phys. Rev. 97, 511 (1955), and other work to 
be published. 

* R. P. Feynman, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956]. 
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the assumption of a definite metric. If the theory 
contains a boson ghost, for example, this condition for 
Z; is replaced by Z;<0 [see Eq. (A22)]. Killén’s 
proof” that Z,=0 also fails in this case. (c) Dispersion 
relations in field theory”? contain an assumption of a 
definite metric, and would acquire extra terms from 
ghost states. 

It may be suggested that, even if present field 
theories break down because of the ghost problem, 
certain general integral relationships, notably dispersion 
relations, might nevertheless remain valid, being inde- 
pendent of specific assumptions about interaction. This 
hope seems questionable. The source of the ghost dif- 
ficulty is the assumed point interaction of fields. But in 
the general integral relationships employed so far, the 
same assumptions which cause the trouble—locality 
and microscopic causality—are built in. For example, in 
the Lee model, as shown above, the Hamiltonian 
approach and the Low equation approach fail in the 
same way, in spite of the greater generality of the latter. 


VII. ACKNOWLEDGMENTS 


I have profited during the course of this work from 
conversations with R. Haag, J. Harris, K. Nishijima, 
W. Zimmermann, and other members and guests of the 
Max Planck Institute in Géttingen. Especially I wish 
to thank Professor W. Heisenberg for the hospitality of 
his institute and for his interest in this work. I am 
indebted to the U. S. State Department for a Fulbright 
grant. 


APPENDIX. INTEGRAL EQUATION WITH 
AND WITHOUT GHOSTS 

The integral equation discussed in the text and its 
solution are given by Eqs. (38) and (39) in a form which 
displays the symmetry of equation and solution. We 
introduce the following simplified notation, and then 
discuss further in this appendix the properties of these 
equations. 


* p(w)dw 
I'(z) -+f ———; 
» wo (w—z) 


” F(w)dw 


w* (w—2) 


, & wi(wi—z) J 
: J w?F (w)dw; I,= ¥(a/n) 


5 





[,= f w*p(w)dw; 


a 


Tr=Lis (Ri/wi) 
J 


7 F (w)dw n |=( yu )I 
Jr= am 8 J.™= anual 
‘ ‘J w? (w—p) ts Ai \u—Ag 


we 


(a) du . .(A3) 
* plw if B 
imal gt mA) 


" M. L. Goldberger, Phys. Rev. 99, 979 (1955). 
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The quantities in (A1) are the functions appearing in 

Eqs. (38) and (39). The quantities in (A2) and (A3) 

are constants whose values determine the properties of 

the solution. Jp is what was called in the text simply J. 
Equation (38) becomes 


p (x) 


=|1—1(x)—a(x)|?, 
F(x) 


(A4) 
with the properties, a; 20, 0<A;<y, and, by conven- 
tion, 0<A,<+++A, <u. Equation (A4) has, asa solution, 
F(x) 
p(x) 


[1+6(x) +R (x) |?, (AS) 


with0O <wy <A, <we<+ + + San <An < (Wasi) <M <wWaye 
<wnt3'**, and O< R;<a,, subject to the following con- 
ditions, or with the following consequences: 


(1) Solution if and only if 


In particular, therefore, a necessary condition for any 
solution is Jp <1. 
(2) 0< Z3<1, with 
Z3:= —Ip—Ir= (1+1,+J.)" - 


(3) Ri>O, for i<n. R,+0, 
i>n+1, and 


(A7) 


by convention, for 


Rav 
Jars) < —£1-Ip—Tr’, (A8) 


be Wn+l 


where the primes on Jz and Jz designate the omission 
of the n+1 term in the sums. Thus R,4; may be zero. 


(Rags/@npi)=1—Tep—Tr’— (140,410). (A9) 
Ry41=0 implies 


Ji» Jarl <0, 


(4) 

Jep—Inrt+120. (A10) 

Ry4i #0 implies 
J,~Je~t30, Jr—Jat1<0 


-n-+1 is a solution of 


(A11) 
(5) w; for i< 


1—I'(w,;) —a(w,) (A12) 


aj; F(w)dw 
(6) = |—1 +H, [f - 
w*(w—),) 


, 
2 ny 
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R; * p(w)dw 
ae. {1 toe| f . 
Ww; * w*(w—w,)? 


ob 


(7) 


LS (A14) 


1 
5 | 
i Aj (Aya) 
Now we may consider (AS) as an integral equation for 
F(x), and examine its solution, 


p(x) Ax 


F(x) 


We limit consideration to (Ao) <O0<w,;<A;<:: 
<An ‘u, although a more general solution 
onan contain terms with A;>yu. The constants a,20. 
At first we suppose R,,;=0. Then the conditions on or 
consequences of the solution (A15) are: 

(1) Solution if and only if 


i —I'(x)—a(x)+ 


Ao(Ao+*) 


‘Wr 


. < (Ways) * 


do 


ho(u | Xo) 


ado ) 
Ao(u t+Ao) 


(1+Jr 


J,—Jat 


Q) 0<(1-s44.- 


Jry*s. (A17) 


(3) ay>O, for O<i<n. ao is either zero or 


a2 Ao(1 } Bi (A18) 


In either case, 


(ao/Xo) = (1+ +1.) + (Pp +Ir- 1) (A19) 


(4) ao=0 implies 


Ivpt+In—-1<0, 0<2Z;<1, (A20) 


where Z; is defined by (A7). a9#0 implies 


Ip+Ir—-1>0, [,4+]a+1—(a0/r0) <0 = (A21) 


and 
Zi = 1 _ Ip 


(5) dX; is a solution of 


-Ie=[14+1,4+Te— (ao/do) /' <0. (A22) 


14+-4(\,)+R(A,) =0. (A23) 


(6) and (7); same as previous 7 and 6, (A14) and (A13), 

In case R,4140 in (AS), the 
(A15) are changed only as follows. The solution exists 
only for the left side of (A16)>1, instead of <1. The 
expressions equated in (A17) are negative instead of 
between 0 and 1. 


above conditions on 
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Phase Space Calculations*t 


G. E. A. Fiarnot 
Columbia University, New York, New York 
(Received April 19, 1956) 


A new approach is used for the calculation of volumes in phase space, using the saddle point approximation 
to solve the integrals. Thermodynamic concepts of temperature, free energy, and entropy are used. Results 
are compared with the nonrelativistic, extreme relativistic, and Fermi approximations. Applications are 
made to several systems expected (by the Gell-Mann and Pais scheme) to result from collisions usually 
produced in laboratory. A rough empirical method of calculation is also given. 


I. INTRODUCTION 


[* processes involving elementary-particle reactions, 
where the matrix elements are unknown, some in- 
formation can nevertheless be obtained by using the 
statistical model introduced by Fermi.' For this model, 
the values of the phase space volume are needed. Up to 
been used for these 
volume in the non- 


now, several approaches have 
calculations. Fermi' gives the 
relativistic approximation without or with momentum 
conservation (this last case is referred to here as the 
N.R. approximation); and, for processes in which 
nucleons and pions result, he treats the pions as extreme 
relativistic and the nucleons as nonrelativistic, and con- 
siders that only the nucleons satisfy the condition of 
momentum conservation (this approach is referred to 
here as the F approximation). Lepore and Stuart? do the 
calculations for the extreme relativistic case with mo- 
mentum conservation’ (referred to here as the E.R. 
approximation). Christian and Yang‘ make calculations 
of momentum distribution of pions for multiple meson 
production, where the phase space volume is calculated 
by numerical integration. 

In this paper a different approach is used. The 
particles are treated relativistically and the momentum 
conservation is shared by all particles. The approxima- 
tion method used is to solve the integrals by the saddle 
point method. This corresponds to Fowler’s statistical 
mechanics approach and is roughly equivalent to 
Stirling’s approximation. In this way, thermodynamical 
quantities such as temperature, entropy, and free energy 
will be defined for the system. The results improve as the 
number of particles increases, Comparison of this calcu 
lation with the two extremes of energy approximations 
(N.R. and E.R.) and with all values of energies when 
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only two particles come out (this case can be solved 
exactly), permits the introduction of a semiempirical 
correction for the case of a small number of particles 
resulting. 

This paper is designed to facilitate these phase-space 
calculations, and, therefore, the formulas are prepared 
for numerical evaluations. Thus, decimal logarithms 
(log) are used throughout, except in the derivations of 
the formulas in Sec. IT where natural logarithms (In) are 
used, Several tables and numerical examples are given. 

In Sec. VII the phase-space volumes are given as a 
function of the total kinetic energy of several systems of 
particles. Sections V through X are self-sufficient, in 
order that readers, not interested in mathematical 
derivations, can go directly to these sections, Every- 
where the pion mass is taken as the unit of mass and 
c=1. 

The related problem of momentum distribution for 
one of the particles coming out is treated in Sec. VI. 


II. DERIVATION OF FORMULAS— A 


If angular momentum conservation is disregarded the 
momentum space volume per unit energy range, in the 
c.m, system, i 


aon f neo" fae 
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+0 
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where ¢ is a small positive quantity. 
The last integral can be evaluated,’ giving: 


2am jr 
[j= | asm, (\?—o*) 4] 
N—o? 
2H, [—m (97) *] 
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m(X—o? )! 


where c= 1 and the H’s are Hankel functions. 
The o integration in (1), 


tw +e 
f de {I; 1-2" f o*da exp(>_; InJ,), 
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TABLE I. Values of the functions a(x) and d(x). 


a a 


1.400 1,233 
1.397 1.213 
1.396 1.205 
1.392 1,201 
1.380 1,199 
1.364 1.198 
1.341 1.197 
1.298 1.197 
1.259 1.197 





can then be performed by the saddle point method, 
which is given by the condition: 


>; 9 InI,/do=0. 
The logarithmic derivative of J; is proportional to a, 


so this condition is satisfied by o=0. The o integration 
becomes, after evaluation: 


(2)! exp{> ; InJ;— 4 In & j(— 4 InJ,/d0")} 0. 


If this last expression is substituted in the ) integral 
in (1), it finally becomes, after the substitution 1\=(: 


dOw(W,0)/dW = — (29)-*!* f dg exp{8W—BF}, (3) 


where the function F is defined by 


—BF={> ;|nJj;—3 ln j(— 8? InJ;/40*)} 0, rms. (4) 


The @ integration in (3) can likewise be evaluated by 
saddle point, given by the condition 0(8W —BF)/d6=0, 
or 

W = 0(BF)/d8=F+BdF/ap. (5) 

This relation gives the total energy W as a function of 
the variables F and @ and permits the identification of 8 
as the inverse temperature 1/k7, with & the Boltzmann 
constant and F the free energy. The quantity k6(W — F) 
= § is then the entropy. 

The evaluation of (3) gives: 


dQ y(W,0)/dW = (29)~*e5/*(#PS/ Rds). (6) 
To evaluate this expression the following functions 


are defined: 


a’ (m ,8) =m 8+ 3 InB+(Inl; |,~0, vamp 

— $In(1+m,8), (7) 
b’ (mB) = —B*(.d? InJ ;/ 0 |,~0, nnp— (1+m,p), (8) 
where the prime is here used to denote the represented 
quantity multiplied by the natural logarithm of 10; 
a’=a |n10, for example, and D’’= D(In10)?. This device 
facilitates the use of natural logarithms in this section, 
but expresses the final results with decimal logarithms 
and exponentials of 10, which are more adequate for 
numerical computation. All the tabulated quantities are 
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TABLE II. Values of the function (8m) for masses of 
several particles. 


Q Zz A N K , “ 


1.303 1.303 1.303 1.303 1.303 1.303 
1.278 1.281 1.288 1.300 1.302 1.303 
1.238 1.244 1.256 1.286 1.302 1.302 
1.174 1.181 1.199 1.253 1.302 1.302 
1.050 1.061 1.090 1.172 1.273 1,284 
0.934 0.947 0.973 1.081 1.224 1.249 
0.828 0.838 0.864 0.965 1.161 1,182 
0.733 0.738 0.752 0.825 1.029 1,072 
0.695 0.698 0.707 0.748 0.913 0.955 
0.674 0.677 0.681 0.705 0.812 0.847 
0.659 0.661 0.662 0.673 0.725 0.743 
0.656 0.656 0.657 0.662 0.690 0.701 
0.654 0.654 0.654 0.657 0.671 0.678 
0.653 0.653 0.653 0.655 0.660 0.661 
0.651 0.651 0.652 0.653 0.655 0.656 
0.651 0.651 0.651 0.652 0.654 0.654 
0.651 0.651 0.651 0.651 0.652 0.653 
0.651 0.651 0.651 0.651 0.651 0.651 


1.303 
1.274 
1.231 
1.163 
1.033 
0.919 
0.814 
0.726 
0.691 
0.671 
0.658 
0.656 
0.654 
0.652 
0.651 
0.651 
0.651 
0.651 


those without primes, being simply related to the 
quantities used in this section, 
Substituting (2) in (7) and (8), these become: 


In{ 2x? (m8)*[ 1H o (im) 
— 2H, (imsB)/m 8} +m 8—}ln(1+m,6), 


a’(m,) 
(9) 
| —Hy"(im,B) 2 


b’ (m8) =3—mjB+m,6 (10) 


| HH, (im,B) mp)" 
whose numerical values are given in column 1 of Table I 
and the w column of Table IT. These functions, as they 
are bounded and have little variation, are very adequate 
for tabulation purposes. Results for a(mj@) and b(m,@) 
with other values of m,; can then be obtained by inter 
polation. Those of 6(m,3), corresponding to the particle 
masses given in Table V, are tabulated in the other 
columns of Table II. 
Then the new functions: 


(11) 
b’(mB)+-14+-m,8, (12) 


A’ (m8) = a’ (m3)+ 3 In(1+m,p), 


B' (m8) 


are defined and evaluated, the results being given in 
Tables IV and VI for the related functions A and B, 
Also the bounded function 


d”"(X)=4{(b'(X)+1 P+ X[20'(X)—3]) (13) 


is tabulated in Table I, column 2 to facilitate the 
calculation of the function 


D!’ (mB) = d"’ (mB) + 15m 8/2, (14) 


which is tabulated in Table III for the set of masses 
given in Table V. 

When (9) and (12) are substituted in (4), the latter 
becomes: 


— BF = 5° ja’ (mB) —3 \n(mp)—mB+4 |In(1+-m,,)) 
+3 InB— § In(d; B’(mB))+3 >; Inmy, 
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Tasre III 


a 


G. £. 


. Values of the function D(6m) for masses of 
several particles. 


N 


A. 





4.523 
4.503 
4.554 
4.579 
5.039 
6.113 
4.564 
16,46 
20.85 
56.74 
137.5 
272.2 
M415 
1349 
2696 
5390 
13470 


& 
& 
os 


4.523 
4.007 
4.574 
4.554 
4.774 
5.400 
7.101 
12.57 
21.00 
40.97 
98.06 
193.2 
383.6 
954.5 
1907 
3811 
9523 


Salalatalat- alata 
SEEsE 
> 4 


SBe 


11291 1417 


Se te Sin 
SSSS=SSE58 


WNP S SOS S iv 
= = = 
= 


1078 


which, substituted in (5), gives for the kinetic energy: 


BE=B(W—; m;)= 1; b'(mp)—9 
+>; D’ (m,B)/> ; B’(m;p), 


and the expression (24) follows. 

The entropy will then be given by: 
S/k=BE+>. ; A' (mB) —}\n >; B’(ms8)— 3(N—1) Inf, 
and with the definition (25) of the function x, (5) 
becomes : 


dOw(W,0)/dW 


= (2r)~*(loge)§a-* 4 10*(0S/kdp8*)-4. (15) 


The last term of this expression can be calculated by 
observing, from the definition of S, that 
10S OE 
k op? 0p 
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parameter £ so that the curves intersect at the point of 
interest. If, as an approximation, we consider that they 
have the same tangent at this point, or, what is the 
same, that the parameter £ has a slow variation, then 


6*(0/08)E~ (N—1)B?(0/dB)[b'(B)/B), (17) 


(a function of f) is, on using (16), the inverse of the 
function b(x) of the argument BE loge/(N—1). 
If we define the functions 


$(N,8) = log{ (loge) §s-*4+4(N —1)-4}, 
(given in Table VII) and 


YL BE loge/(N—1)] 
=} log{ — f(a /OB)b'(B)/B)}+log4x 


(given in Table VIII), then the logarithm of expression 
(15) becomes the expression (26) without the last term. 

The small variation of the function y gives us confi- 
dence in the above approximation, as both sides of (17) 
have the same limits for 8-0 or B=. 


III. CORRECTION OF THE SADDLE POINT 
APPROXIMATION 


The saddle point approximation method gives good 
results for large N. For small N some discrepancy is to 
be expected. To check the error, it is possible to compare 
the saddle point approximation for all N with the N.R. 
and E.R. approximations and, in the critical case N = 2, 
to compare the saddle point approximation with the 
exact calculation. 

N.R. case—To get this approximation, the Hankel 
functions must be replaced by their asymptotic ex- 
pansions® when §—>, and the formula worked out. The 
relation between temperature and energy becomes 


The exact calculation of 0/08 from (24) will give 
quite an elaborate expression for numerical evaluation, 
but this can be approximated if the quantity € is defined 


by 


BE~}(N—1) as expected, and the volume 


tum space is 
j 


IT mi 


(an) x-0 | - 
dw N 


EaNni2 6/2 


B=t8, and BE=(N—1)b'(§). (16) 
dO 


The functions BE and (N—1)b’(8) have curves of _ 


similar shape, and the above relation (16) adjusts the 
mM; 


TABLE IV. Values of the function B(8m) for masses of 


N 


, C 
(3N/2—5/2)! 


in momen- 


(18) 


-R.y 


several particles. 


A 


Particles 
N 


which agrees with the direct calculation on the N.R. 


TABLE V. Masses of the particles as used in this paper. 





1.737 
1.750 
1.747 
1.754 
1,842 
2.074 
2.658 
4.638 
8.063 
14.97 
35.75 
70.40 
139.7 
347.7 
604.2 
1387 
3467 


1,737 
1.751 
1.748 
1.750 
1.816 
1,992 
2.467 
4.109 
6.987 
12.81 
30.32 
59.55 
118.0 
293.4 
585.6 
1170 


min Mev 


1329 
1195 
1115 
6.73 938 
3.54 495 
1 139.5 
0.76 106 


m/s, 


9.52 
8.57 
7.98 


Particles 





- 
~ 


ra ~z=PrM 


5G. N. Watson, Bessels Functions (Cambridge University 
Press, New York, 1952), p. 198, Eqs. (5), (6). 
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limit except for the correction factor: 
we P(ZN— ) 


3N—3 
Cxa.= (= +) 
3N—5 r,(3V a 


where I',(N+1) is Stirling’s approximation (m/e)"(2man)! 
for the gamma function I'(m+1). The correction Cy_p. 
approaches one for large N and for small N has the 
values: 

N 2 3 4 5 6 7 
Cyr 0.957 1.014 1.013 1.011 1.009 1,008 


These are quite good approximations, even for 
small NV. 

E.R. case—In this approximation (8-0), the Hankel 
functions are substituted for by means of the expres- 


sions®: 
« 2(v)— —_, 

im) (2Xi) = y 

vd (v!)? 

« . ¥v)+¥ +1) — 2 InX 

~X2 
Cy r= v\(v-+1)! 

Vv(0)=— | 
V(v)=—C+14+}---4+-, 


Vv 


and 
—rH, (2Xi)= 


where 


and C=0.577 is Euler’s or Mascheroni’s constant. 
The temperature-energy relation becomes BE 
sz 3(N—1), and the volume in momentum space is 


(4N—4) LE 


dQ ne N-1 
—-(=) (19) 
dw \2/ (N—1)\(2N—2)1(3N—4)! 


Cr.r., 


which agrees with the direct calculation on the E.R. 


TABLE VI. Values of the function A (8m) for masses of 
several particles. 


Particles 
Zz A N K . “ 


1.400 1.400 1.400 1.400 1.400 1.400 
1.436 1434 1.427 1.416 1.403 1.405 
1.470 1.465 1455 1.430 1.409 1.408 
1.537 1.528 1.508 1.459 1.418 1.414 
1.704 1488 1.639 1.541 1.442 1.433 
1.918 1.893 1.832 1.661 1.483 1.463 
2.207 2.175 2.100 1.856 1.560 1.523 
2.686 2.646 2.551 2.221 1.750 1.676 
3.094 3.051 2.949 2.579 1.975 1.875 
3.524 3479 3.372 2.979 2,281 2.152 
4.107 4.061 3.952 3.544 2.775 2.619 
4.554 4.509 4.397 3.984 3.188 3.021 
5.002 4.956 4.846 4430 3.620 3.447 
5.597 5.551 5441 5.023 4.205 4.029 
6.117 6.048 6.002 5891 5473 4.653 4.476 
6.568 6.500 6453 6342 5.924 5.102 4.924 
7.165 7.097 7.050 6.939 6.521 5.698 5.519 





1.400 
1.440 
1.478 
1.552 
1.732 
1.957 
2.257 
2.746 
3.158 
3.590 
4.174 
4.621 
5,070 
5.666 


Teubner, 


§ Jahnke-Ende, Tafeln Hoherer Funktionen (B. G. 
Leipzig, 1952), p. 136, p. 19. 
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TABLE VII. Values of the function @(N,8) for several multiplicities 
of particles. 


3 4 5 6 7 


34.068 
27.950 
22.833 
16.068 
10.950 
5.833 
0.068-1 
0,950-7 
O.833-12 
0.0608-18 
0,950-24 
0833-29 
0.068-35 
0.950-41 
0833-46 
0.068~-52 


21.156 
17.844 
14.533 
10.156 
6.844 
3.543 
0.156 
0.844 
0.533-8 
0.156-12 
0844-16 
0533-19 
0.156-23 
0844-27 
0,533-30 
0.15634 


27.107 
22.893 
18.678 
13.107 
8.893 
4.678 
O.107-1 
0.893-6 
0.678-10 
0.107-15 
0893-20 
0.678-24 
0.107-29 
0.893-34 
0.678-38 
0.10743 


9.306 
7.801 12.810 
6,296 10.402 
4.306 7.218 
2.801 4.810 
1.296 2.402 
0.306-1 0,218 
0801-3 0.810-4 
0.296-4 0.402-6 
0.306-6 0.218-9 
0,801-8 0.810-11 
0.296-9 0.402-14 
0.306-11 = 0.219-17 
0.801-13 O.810-20 
2 0.296-14 0402-22 
7-7 0.306-16 0,218-25 


15.218 


limit, except for the correction factor: 


1\!/3N—4, 84-12 ,2N—1\ 24-1 
Cr.r. (: _ ) (- ) ( ) 

N 3N —_ 3 2N — y 

r,(4N—3) T(2N) P(2N—1) P(3N—3) 


T(4N—3) P,(2N) P,(2N—1) P,(3N—3) 


This correction approaches 1 for large N, but for 
small N it departs too much from 1 to be disregarded, 
being 0.580 for N= 2. The function 


2(N)=logCe.rn.(N)/logCe.rx.(N = 2) 


is given in Table IX. 
N=2 case—In this case the 
lytically integrated, giving: 


dQ/dW = (w/2)[(W?—m? 
x (1 


The exact calculation has been made for processes in 
which the particles 27, Nw, AK, 2K, and 2N come out. 
The differences between log(dQ/dW)= L calculated by 
this process and L calculated by the saddle point 
method are plotted in Fig. 7 as a function of the relation 
between the kinetic energy and the sum of the masses 
E/>) m. These differences fall pretty well on the same 
curve n(//>- m). If we assume that for other values of 
N the corrections have the same functional dependence 
on E/3- m, then with (20) these corrections are given by 


formula can be ana- 


4mm, |! 


m*)/W? }*}. 


-my)? 


[ (m? (20) 


TABLE VIII. Values of the function y(x). 


x v x ¥v * v x ra 


0.651 1.694 0.710 1.720 0.820 1.767 0.960 1.804 
0.655 1.687 0.720 1.725 0.830 1.770 0.980 1.808 
0.660 1.691 0.730 1.729 0.840 1.773 1.000 1.811 
0.665 1.694 0.740 1.734 0.850 1.776 1.025 1.816 
0.670 1.698 0.750 1.739 0.800 1.779 1.050 1,819 
0.675 1.701 0.700 1.744 0.870 1,782 1.075 1,823 
0.680 1.704 0.770 1.749 0.880 1.784 1.100 1.825 
0.685 1.707 0.780 1.753 0.890 1.787 1.150 1.829 
0.690 1.710 0.790 1.757 0.900 1,790 1.200 1.833 
0.695 1.713 0.800 1.761 0.920 1.795 1.250 1.834 
0.700 1.715 0.810 1.764 0.940 1.800 1.303 1,834 
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Tasie IX. Function Z(N) of the number of particles that 
multiply the correction for the saddle point calculated value of 


L( = logdQ/dW). 


1 0.122 
0.624 0.116 
0,462 0.106 
0.361 0.101 
0.298 0.094 
0.251 0.087 
0.219 0.082 
0.193 0.066 
0.173 0.058 
0.157 0.031 
0.143 0.002 
0.130 


n(ii/> m)Z(N), which is the last term of expres- 
sion (26). 


IV. DERIVATION OF FORMULAS-—-B 


If the total energy-momentum is W’, P’#0, the 
volume in momentum space per unit energy range is 


dOw(W',P’)/dW’ 


N 
7 f 4(P’—E, p/)6(Xy W/W) TI apy. (21) 


j=l 
Under a Lorentz transformation in the X-direction: 


A=, Gu —da=Wy; 


yt=1—v=W/W= (W— P?)/W", 


the product 6(P’—>°; p,)’)6(- ; Wj/— W") and the ratio 


Taste X. Difference » between the exact value of L 
(=logdQ/dW) and L calculated by saddle point in case of two 
outgoing particles, as a function of the relation between the 
kinetic energy E and the total mass 2 m of the system. For N #2 
this correction must be multiplied by Z(4V), as given in Table IX. 


R/Zim ” z/z w/z E/im n 
0.100 0,195 5.0 0.275 
0.104 0.200 5.5 0.277 
0.109 0.204 6 0.279 
0.113 0.208 7 0.282 
0.118 0.213 s 0.284 
0.122 0.218 10 0.285 
0.126 0.223 15 0,284 
0.130 0.228 20 0.283 
0.135 0.232 30 0.278 
0.140 0.234 40 0.274 
0.143 0.236 0.271 
0.146 0.239 0.268 
0.149 0.242 KO) 0.264 
0.153 0.244 0.260 
0.156 0.247 0.256 
0.160 0.250 0.252 
0.163 0.253 0.248 
0.166 0.256 0.245 
0.173 0.259 0.242 
0.178 0.263 0.240 
0.184 0.268 0.238 
0.189 0.272 0.232 


0.26 
0.28 
0.30 
0.32 
0,34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 
0.60 
0.65 
0.70 
0.75 
0.80 


0 0.000 
0.02 0.004 
0.03 0.007 
0.04 0.012 
0.05 0.016 
0.06 0.020 
0.07 0.024 
0.08 0.028 
0.09 0.034 
0.10 0.040 
O.11 0.044 
0.12 0.050 
0.13 0.055 
0.14 0.059 
0.15 0.064 
0.16 0.068 
0.17 0.072 
0.18 0.076 
0.19 0.080 
0.20 0.084 
0.22 0.090 
0.24 0.095 


ROSNMS Ce IDAWNevWP: 
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dp,;/W, are invariants, so (21) becomes 
vW; 
dOn(w'Py/aw'= {Ep )6(E, W;—W) II w “dp ;. 
j=l ’ 


This, with the replacement of the 6 functions by their 
Fourier transforms, and with 
W / =7(W—p;,), 


becomes 


dO w(W’,P’)/dw’ 


nny f neo fa 


N UP jz 
x II (1 — ‘Ya, exp{—iop—idW,;}, (22) 
W; 


j=l 
or 


dOw(W',P’)/dW’ 


=" (29) + fare” f do 


Pere? 
x(1-0r +2 


Jk N 
“+ ) ITs (23) 


d th Llp ge 


where J; is defined in (2) and 


Piz 
J; f exp{—o-p;—idAW ,} dp,. 
W; 


In the @ integration in (23), the terms depending on J; 
can be taken out of the integral and evaluated at the 
saddle point, giving zero results. The only remaining 
term is the one independent of J;, and expression (31) 
results. 

To obtain the correction to be applied to expression 
(31), the exact integrals of the terms depending on J; 
must be evaluated. It is then readily seen that the terms 
with an odd number of J’s are zero, and the result is a 
sequence in even powers of 9. 

In the worst case of this saddle point approximation, 
when N= 2, the correction for (31) can be analytically 
integrated, giving’ 


dO.(W',P’)/dW' =C(W’/W)dQ.(W,0)/dW, 


where 


co 
C=1—] —_ 


Cc 1 —_ (m,;?—m*)*/W* 
This result shows that (31) still is a good approxi- 
mation. 


7M. M. Block (unpublished). 
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V. THERMODYNAMIC DISTRIBUTION 


In a system of N particles of masses m,-+-m,-++my, 
with a total kinetic energy £, it is possible to define an 
equilibrium temperature 8=1/kT (k= Boltzmann con- 
stant) given by: 


BE loge= >> ; b(m;8) 


+> ; D(m,B)/> ; B(ms8)—3.909, (24) 


where b(m 8), D(m;8) and B(m,§) are functions given in 
Tables II, III, and IV as functions of 8, with masses 
corresponding to several particles as given in Table V.* 
Then the auxiliary function 


x= BE loge+>- ; A(mj8)— (3/2) log>—; B(m,8) (25) 


can be calculated, with A (m,@) as given in Table VI. 
The volume of the momentum space per unit energy 
range, when the total momentum is zero and the total 
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Fic. 1. Relation between mean kinetic energy [E/(N—1)] in 
m,c* units and temperature (= 1/8; k= Boltzmann constant) asa 
function of the mean kinetic energy, for systems consisting of : 
(a) 3 pions; (b) 1 nucleons and 2 pions; (c) 2 nucleons and 1 pion; 
(d) 3 nucleons. 


energy is W, is given by: 


¥[ BE loge/(N—1) } 
(26) 


L=logl dOw(W,0) /dW |=9(N,8) 


tx+n(E/> jmi)z(N), 


where the functions ¢, y, Z, and 9 are given respectively 


in Tables VII, VIII, IX, and X. 


VI. NUMERICAL EXAMPLE 


Consider the case where two nucleons and one pion 
come out. Relation (24) gives 8 as an implicit function 
of E. It is then preferable to start with a value of 8 and 
get the corresponding E. The choice of a convenient 8 
can be facilitated by inspection of Figs. 1, 2, and 3 
where graphs of 8E/(N—1) as a function of E/(N—1) 
are given for several sets of outgoing particles. 


*H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, New York, 1955), Vol. II, p. 374. 
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* 
is . | bd deal 
it 100 

E/(N-1) 

Fic, 2. Relation between mean kinetic energy [E/(N —1)] in 
m,c* units and temperature (=1/8; k= Boltzmann constant) as 
a function of the mean kinetic energy, for systems consisting of 
(a) 4 pions; (b) 2 nucleons and 2 pions; (c) 1 nucleon, 1 hyperon 
(Z), 1 heavy meson (XK), 1 pion; (d) 4 nucleons. 


For B=0.2 we have: 


Pion 
1,224 
4.557 


Function Nucleon 
b= 0.973 
D= 5.460 
B= 1,992 
A= 1.832 

V m/m, = 6.73 1 


Table 
S b= 3,170 
~ D=15.477 
1,745 > B= 5.729 
1.483 ZA= 5,147 
> m/m, = 14.46 

then formulas (24) and (25) yield BE loge= 1.963 and 
x= 5.973. From Tables VII to X we find: 


Arguments Table 
N=3, B=0.2 VII 
BE loge/(N —1) =0.981 Vill y = 1,808 
E/ = m=1.56 X n= 0.233 
N=3 IX Z=().624 


7.111 


Therefore, finally, with formula (26), we obtain L 
or dO/dW = 1.29 107, 


VII. APPLICATIONS 


In the processes of collision of two particles, the rp, 
rn, xin, wtp, pp, and pn collisions are easily obtained 


enn) 

Fic. 3. Relation between mean kinetic energy [Z/(N —1)] in 
m,c* units and temperature (= 1/8; k= Boltzmann constant) asa 
function of the mean kinetic energy, for systems consisting of 
(a) 5 pions; (b) 2 nucleons and 3 pions; (c) 1 hyperon (A or Z), 
1 heavy meson (K), and one pion; (d) 1 nucleon and 2 heavy 
mesons (K); (e) 1 hyperon (Q) and 2 heavy mesons (K); (f) 1 
nucleon, 1 hyperon (Z or A) and 1 heavy meson (K). 
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TABLE XI. Summary of momentum 77 volumes per unit of energy range. The logarithm of these volumes is given by the difference 
AL=L—Ly.n. (where Ly.n.=s+1 log is the N.R. approximation), as a function of the relation between the kinetic energy F of the 
system and the kinetic energy /,, for which the N.R. and the E.R. approximations are the same. 


A. 


FIALHO 











System 3N 2) N 3n 
~log(2/ Ei) 


n2K 


4AL= 


02K 


NAK 


NZ2K 


AZK 





0.04 0.970 AS 0.982 


0.08 0.920 ; 1.138 0.924 
0.12 0.880 O! 1.080 0.866 
0.16 0.842 ; 1.032 ().842 
0.20 0.804 9! 0.980 0.778 
0).24 0.762 . 0,932 0.732 
0.28 0.718 B! 0.886 0.688 
0.32 0.678 j 0.842 0.650 
0.36 0.640 R 0.792 0.618 
0.40 0.608 0.730 0.754 0.590 
0.44 0.574 0.692 0.714 0.554 
0.48 0.538 0.652 0.680 0.524 
0.52 0.510 0.608 0.642 0.496 
0.56 0.482 0.574 0.604 0.470 
0.00 0462 0.542 0.578 0.442 
0.70 0412 0.470 0.494 0.388 
0.80 0.362 0.400 0.420 0.342 
0.90 0.322 0.330 0.346 0.302 
1.00 0.282 0.280 0.298 0.270 
1.20 0.218 0.204 0.220 0.220 
1.40 0.170 0.150 0.162 0.164 
1.60 0.130 0.104 0.120 0.124 
1.80 0,100 0.070 0.084 0.092 
2.00 0.070 0.044 0.060 0.070 
2.40 0.030 0.022 0.024 0.034 
2.80 0,020 0.012 0.012 0.018 


logh y= 1.467 1.126 0.821 0.639 
s= 3,862 2.838 1.924 1.378 


{= 





System 2N Ne ZK 
log (B/E) 


AK 


1.062 
1,030 
0.998 
0.968 
0.942 
0.908 
0.880 
0.860 
0.830 
0.802 
0.778 
0.748 
0.720 
0.690 
0.660 
0.596 
0.524 
0.458 
0.398 
0.280 
0.186 
0.120 
0.076 
0.052 
0.024 
0.016 


1.271 
3.372 


1.022 
0.980 
0.930 
0.880 
0.840 
0.796 
0.754 
0.718 
0.680 
0.644 
0.612 
0.584 
0.552 
0.528 
0.500 
0.440 
0.360 
0.330 
0.296 
0.224 
0.166 
0.120 
0.080 
0.058 
0.034 
0.022 


1.306 
3.339 


1,000 
0.950 
0.902 
0.868 
0.822 
0.774 
0.736 
0.702 
0.670 
0.638 
0.602 
0.580 
0.542 
0.520 
0.496 
0.438 
0.382 
0.330 
0.292 
0.222 
0.172 
0.130 
0.092 
0.064 
0.030 
0.018 


1.387 
3.620 


1.022 
0.960 
0.904 
0.860 
0.818 
0.770 
0.738 
0.698 
0.662 
0.624 
0.598 
0.564 
0.536 
0.504 
0.482 
0.424 
0.372 
0.324 
0.294 
0.230 
0.176 
0.134 
0.096 
0.062 
0.030 
0.018 


1.395 
3.646 


1.012 
1.152 
1.090 
1.032 
0.980 
0.912 
0.856 
0.814 
0.762 
0.726 
0.690 
0.660 
0.624 
0.600 
0.576 
0.514 
0.462 
0.404 
0.358 
0.264 
0.198 
0.134 
0.096 
0.062 
0.030 
0.016 


1.055 
2.624 








N2Kr 





0.04 0.452 0.772 0.535 0.582 
0.08 0.438 0.751 0.515 0.564 
0.12 0.399 0.731 0.495 0,542 
0.16 0.373 0.709 0.481 0.529 
0.20 0.346 0.690 0.468 0.512 
0.24 0.321 0.670 0.451 0.494 
0.28 0.299 0.648 0.438 0.480 
0.32 0.280 0.624 0.422 0.468 
0.36 0.263 0.603 0.408 0.450 
0.40 0.250 0.580 0.393 0.438 
0.44 0.236 0.558 0.382 0.423 
0.48 0.222 0.538 0.370 OA11 
0.52 0.202 0.521 0.356 0.398 
0.56 0.190 0.500 0.346 0.385 
0.00 0.180 0.483 0.332 0.372 
0.70 0.151 0.440 0.306 0.345 
0.80 0.129 0.398 0.282 0.321 
0,90 0.108 0.350 0.259 0.299 
1,00 0.089 0.306 0.238 0.274 
1.20 0.063 0.238 0.201 0.231 
1.40 0.046 0.178 0.170 0.185 
1.60 0.036 0.126 0.141 0.145 
1.80 0.030 0.082 0.112 0.112 
2.00 0.022 0.059 0.084 0.084 
2.40 0,020 0.031 0.045 0.039 
2.80 0.019 0.018 0.025 0.014 


logE y= 1.229 0.642 0.401 1.101 
i= 2.040 1.160 0.798 1.848 


t= 


0.582 
0.560 
0.540 
0.521 
0.505 
0.489 
0.475 
0.458 
0.442 
0.430 
0.412 
0.400 
0.386 
0.376 
0.368 
0.344 
0.318 
0.294 
0.270 
0.222 
0.180 
0.144 
0.111 
0.084 
0.040 
0.013 


1.092 
1.834 





1.689 
1.608 
1.539 
1.464 
1.395 
1.326 
1.254 
1.197 
1.131 
1.080 
1.020 
0.963 
0.912 
0.855 
0.810 
0.708 
0.612 
0.525 
0.453 
0.345 
0.243 
0.168 
0.114 
0.078 
0.036 
0.021 


1,319 
4.045 
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TABLE XII. Summary of momentum space volumes per unit energy range. The logarithm L of these volumes is given by the difference 
L=L—Lg.n. (where Le.x.=q+r logE is the N.R. approximation), as a function of the relation between the kinetic energy E of the 
system and the kinetic energy /;, for which the N.R. and the E.R. approximations are the same. 


System 3N 2Ne N2« 3n 
log(2£/Ei:) 


0 1.022 
0.04 0.976 
0.08 0.924 
0.12 0.860 
0.16 0.808 
0.20 0.752 
0.24 0.712 
0.28 0.668 
0.32 0.606 
0.36 0.566 
0.40 0.530 
0.50 0.440 
0.60 0.348 
0.70 0.296 
0.80 0.224 
0.90 0.180 

0.156 

0.104 

0.062 

0.058 

0.052 

0.048 


N2K 02K NAK NIK AZK ZK 


AL= 


1.096 
1.024 
0.956 
0.904 
0.842 
0.782 
0.728 
0.682 
0.630 
0,582 
0.540 
0.448 
0.378 
0.304 
0.256 
0.204 
0.162 
0.104 
0.070 
0.056 
0.042 
0.036 





1.270 
1.220 
1.176 
1.116 
1.070 
1.022 
0.978 
0.922 
0.868 
0.820 
0.768 
0.662 
0.550 
0.440 
0.364 
0.302 
0.250 
0.160 
0.104 
0.094 
0.052 
0.038 


1.296 
1.250 
1.182 
1.118 
1.042 
0.976 
0.930 
0.878 
0.830 
0.790 
0.750 
0.644 
0.552 
0.460 
0.384 
0.306 
0.254 
0.170 
0.116 
0.078 
0.050 
0.036 


1.090 
1.038 
0.974 
0.910 
0.856 
0.798 
0.742 
0.682 
0.640 
0.598 
0.556 
0.460 
0.372 
0.290 
0,242 
0.204 
0.178 
0.122 
0.080 
0.058 
0.044 
0.040 


1.058 
0.966 
0.896 
0.818 
0.754 
0.690 
0.638 
0.590 
0.552 
0.520 
0.488 
0.420 
0.358 
0.302 
0.252 
0.206 
0.170 
0.102 
0.060 
0.040 
0.036 
0.030 


1.090 
1.040 
0.980 
0.910 
0.850 
0.796 
0.752 
0.098 
0.656 
0.620 
0.580 
0,520 
0.460 
0.418 
0.368 
0.330 
0.298 
0.232 
0.180 
0.138 
0.112 
0.098 


1.042 
0.964 
0.910 
0.836 
0.782 
0.740 
0.690 
0.636 
0.598 
0.560 
0.516 
0.438 
0.360 
0.280 
0.236 
0.198 
0.162 
0.110 
0.032 
0.044 
0.030 
0.020 


1.268 
1.220 
1.170 
1.110 
1.052 
0.998 
0.944 
0,882 
0.842 
0.792 
0.750 
0.654 
0.558 
0.470 
0.396 
0.338 
0.288 
0.206 
0.140 
0.096 
0.056 
0.024 


1.212 
1.152 
1.100 
1.044 
0.982 
0.920 
0.862 
0.816 
0.762 
0.720 
0.678 
0.578 
0.498 
0.422 
0.360 
0.302 
0.260 
0.180 
0.122 
0.084 
0.060 
0.054 


1.467 1.126 0.821 0.639 1.271 1.306 1.387 1.395 1.055 1.060 


—0.541 
5 





System Nr 7 D : LN de NiKe«e 2N3n Se 


log (£/ Ei) AL = 


0 0.792 0.552 0.605 0.605 1.482 
0.04 0.761 0.522 0.582 0.588 1.410 
0.08 0.728 0.499 0.558 0.522 1.317 
0.12 0.700 0.470 0.524 0.520 1.224 
0.16 0.662 0.440 0.491 0,489 1.140 
0.20 0.631 0.411 0.462 0.460 1.050 
0.24 0.598 0.382 0.429 0.430 0.978 
0.28 0.562 0.358 0.401 0.401 0,906 
0.32 0.531 0.332 0.371 0.379 (0).843 
0.36 0.502 0.309 0.352 0.359 0.825 
0.40 0.471 0.282 0.325 0.340 0.747 
0.50 0.404 0.238 0.275 0,290 0.624 
0.60 0.343 0.193 0.228 0.242 0.513 
0.70 0.289 0.162 0.189 0.201 0.420 
0.80 0.243 0.135 0,159 0.161 0.348 
0.90 0.210 0.116 0.130 0.132 0.282 
1.00 0.172 0.099 0.109 0.110 0.231 
1.20 0.120 0.071 0.080 0.080 0.150 
1.40 0.081 0.051 0.059 0.057 0.108 
1.60 0.059 0.036 0.044 0.041 0.090 
1.80 0.041 0.022 0.031 0.030 0.081 
2.00 0.031 0.017 0.025 0.025 0.075 





2.364 
2.260 
2.164 
2.060 
1.952 
1.844 
1.732 
1.624 
1.528 
1.444 
1.364 
1.204 
1,040 
0.846 
0.724 
0.596 
0.484 
0.336 
0,236 
0.196 
0.100 
0.064 


1.976 
1.886 
1.804 
1.704 
1.592 
1.472 
1.380 
1.280 
1.188 
1.100 
1.016 
0.844 
0.688 
0.560 
0444 
0.372 
0.300 
0.196 
0.132 
0.084 
0.044 
0.020 


1.776 
1.686 
1.593 
1.506 
1.416 
1,323 
1.233 
1.167 
1.104 
1.047 
0.963 
0.813 
0.675 
0.558 
0.474 
0.396 
0.327 
0.219 
0.147 
0.093 
0.069 
0.060 


1.518 
1.443 
1.386 
1.308 
1.233 
1.146 
1.074 
0.993 
0.924 
0.864 
0.792 
0.660 
0.534 
0.423 
0.357 
0.297 
0.243 
0.165 
0.105 
0.069 
0.036 
0.108 0.027 


logE;= 0.642 0.401 1,101 1.092 1.609 1.138 0.781 1.319 1.167 0.887 


0.196 ~ 1,896 3.661 


2 8 11 


in the laboratory. Momentum space calculations for all 
of the sets of two or three particles resulting from such 
collisions and compatible with the Gell-Mann and Pais*® 
scheme of selection rules are presented in this paper. 


®M. Gell-Mann and A. Pais, Proceedings of the Glasgow Confer- 
ence on Nuclear and Meson Physics (Pergman Press, London and 
New York, 1955). 


Calculations were extended for all compatible sets of 
four particles resulting from the pn collision, as these are 
useful in reference to the antiproton production on the 
Berkeley Bevatron.” Also calculations were made on the 
2, 3, 4, and 5-pion systems because of their interest as 

” Chamberlain, Segre, Wiegand, and Ypsilantis, Phys. Rev. 100, 
947 (1955), 
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Fic. 4. Variation of L=logdQ/dW with logF for a system 
consisting of 2 nucleons and 1 pion. The straight lines represent : 
N.R., the nonrelativistic approximation; E.R., the extreme rela- 
tivistic approximation; F, the Fermi approximation, where the 
nucleons and pions are treated respectively as N.R. and E.R. 
particles and only the nucleons share the momentum conservation. 


reference curves (since the pion mass is here taken as 
unity) or for eventual calculations on annihilation 
processes. 

The relations between temperature and energy as 
calculated by (24) are given in Figs. 1, 2, and 3 because 
they are useful as an orientation for the choice of a 
temperature corresponding to a convenient energy range 
in any new process. 

The logarithms (decimal) L of the momentum space 
volumes are given in Table XI, XII as a correction to 
the N.R. and E.R. approximations, because this gives a 
better tabulation than the volume itself, which is an 
increasing monotonic function of the energy. The N.R. 
and E.R. approximations are given by formulas (27) 
and (28), and the quantities s, ¢, g, and for the different 
systems are given in Tables XI and XII. The results for 
two-particle systems are included, although these are 
calculated with the exact formula (19), because they are 
useful as references. Figure 4 gives L for the system of 
two nucleons and one pion; the N.R. E.R., and F 
approximations are there represented by straight lines. 


VIII. ESTIMATION OF MOMENTUM 
SPACE VOLUMES 


The logarithms of momentum space volumes in the 
N.R. and E.R. approximations are: 


N.R. s+tlogk, 

E.R. Lern.= qtr loge, 

where s=s’+3M, . 
M => ; logm;—log(> ; m;), 


and s’, t, g, and ¢ are functions of the number of particles 
N. These functions of N are (when m,=c=1): 


(27) 
(28) 


Lyn r.* 
(29) 


N= 2 3 4 5 
s'= 1,250 2.094 2.526 2.710 
te 1/2 2 7/2 5 
q= 0.196 —0,541 — 1,986 3.661 
= 2 5 8 11 


FIALHO 


For larger N, see formulas (18) and (19) with Cer. 
=Crr.=1. 

The energy of the crossing point between the two 
approximations is then readily found from the equations: 


N=2, logE;= M+0.703, 
N=3, logE,=4M+0.878, 
N=4, logE;=4M-+0.983, 
N=5, logE,=4}M+1.062. 


If, asin Tables XI and XII, AL denotes the difference 
between L calculated by saddle-point and by the N.R. 
and E.R. approximations, then the curves of AL/(N—1) 
vs E/E; do not much differ. Figure 5 was obtained by 
taking a mean of all calculations in this paper. If this 
curve is used for any other calculation, then a value of 
AL and so of L is readily obtained. This method of using 
a mean curve (Fig. 5) is inexact and the resulting calcu- 
lation will be relatively crude. Nevertheless, this pro- 
cedure represents an improvement over the N.R. and 
E.R. approximations. 

As an illustration, let us examine again the example of 
Sec. VI. Now we start with the kinetic energy E= 22.6. 
For two nucleons and one pion, relation (29) gives 
M=0.496, which, substituted in (30), gives logF; 
= 1.126. Then in Fig. 5, with log(/E,) =0.228, we get 
AL=0.842, this difference being referred to the E.R. 
case. This approximation is Ly.x.= 6.230, giving (with 
the above value of AL) 7.072 or dO/dW=11.8X 10°. 
This value is to be compared with the saddle point 
result 12.910°, the E.R. result 1.7010°, and the 
N.R. result 0.352 10°. For the same energy the Fermi 
approximation gives 36.3 10°. 


(30) 


IX. MOMENTUM DISTRIBUTION 


If the total energy-momentum is W’, P’#0, the 
volume in momentum space dQy(W’,P’)/dW’ is related 
to the volume with zero total momentum by a Lorentz 
transformation, which, within the saddle point ap- 








1 0 
loglE/E,) 


Fic. 5. Variation of AL/(N—1) vs log(E/E,), where AL=L 
—Ly x. for the curve marked N.R. and AL=L—Ly_x. for the 
curve marked E.R.; E; is the total kinetic energy of the system for 
which Ly xn, =Le.r., L=logdQ/dW; Ly.n. and Ly.r. are the N.R. 
and E.R. approximations of L. The values of AL in this figure are 
the average of all the values calculated in the present paper and 
summarized in Tables XI and XII. 
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proximation, gives: 


dQy(W’,P’)/dW'= (W'/W)*dQw(W,0)/dW, (31) 


where 


W = (W?— P”)!, (32) 


In the statistical model, Fermi! considers that the 
square of the matrix element is simply proportional to 
(Q/V)%, where V is the normalizing volume and @ is the 
volume resulting from the contraction of the sphere of 
interaction Qo= 49rR*/3. The Lorentz contraction factor 
is (2/W*) times the mass of the nucleon, with W‘ the 
total energy and R the Compton wavelength of the pion 
(h/pc= 1.4 10-" cm). With this assumption, the cross 
section for one particle coming out with an energy W* 


and momentum p* in the range dp* will be proportional 
ll 


Sy(W4p*) 


= 4 (0/h?)p*?(W'—W*)*"d0y_.(W,0)/dW, (33) 


where 


W- C(w'—w*)— (p'— p*)? }}, (34) 


and W‘, p‘ are the total energy and momentum of the 
system. The total cross section is proportional to 


Sy(W) = (0/h*)(W/W)*dOw(W,0)/dW, (35) 


where W is given by (32) with W‘ substituted for W’. 





i 3 
p/m 
Fic. 6. Momentum distribution of mesons for nucleon-nucleon 
collision at 19.835 m,c* in the c.m. system (2.2 Bev in Laboratory 
System). The curves have been normalized to unit area. 


" The statistical factors for the multiplicity of particles are not 
included here. 
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E/im 


Fic. 7. Difference » between L=logdQ/dW calculated by the 
exact formulas and calculated by saddle point approximation 
E=kinetic energy of the system, 2 m sum of particle masses 
(m,=c=1). The points are for the systems: (a) 2 pions; (b) 1 
nucleon and 1 pion; (c) 1 hyperon (2) and 1 heavy meson (K); 
(d) 1 hyperon (A) and 1 heavy meson (K); (e) 2 nucleons. 


X. NUMERICAL EXAMPLE 


As an example, let us compute the cross section in the 
center-of-mass (c.m.), system for a nucleon-nucleon 
collision at the c.m. energy W‘= 19.835 (2.2 Bev in the 


lab System), in which two nucleons and one pion of 
momentum p*=2m,c result. With m, =< 
W*= (p**+m,*c*)! 
=0, p'—p* 


1, we have: 
17.599, Since p' 
(34), W=17.49, 


2.236, W'—W* 
~2. Then, also, from 


log (Q/h®) = log (2mnQo/?W*) 


0,05918— 2, 


> mj= 17.49— 13,46 
nucleons: log/,;= 1.229, log(//,) 
2.040, one gets AL=0.173, and L=s5 
Finally, with N=3, logt/h® 
17.49, W'—W*= 17.599, and 
2.517, formula (33) gives log.S 


and, from Table XI, with E= W 
4.05 for two 
—().622, !=4,5 

+4 logE+sL= 2.157. 

=(),5918—2, p*=2, W 

L=\logl dO y(W,0)/dW | 
0.401 — 2. 

In this way the curves S vs p*/m,c for the production 
of two nucleons and 1, 2, or 3 pions were obtained, They 
are represented in Fig. 6, where each curve is normalized 
to unit area. 

These curves agree, within the precision of graphing, 
Yang’s* 
the 


with the ones obtained by Christian and 
numerical calculations and serve as a check on 
present approximation method. 

The author wishes to thank his sponsor, Professor 
Robert Serber, for suggesting this problem and for his 
guidance and encouragement during the course of the 


work. 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 1 JANUARY 1, 1957 


Isotopic Spin and Antinucleon-Nucleon Scattering* 


B. J. MALenxaf Anp H. Primakorr 
Washington University, St. Louis, Missouri 


(Received June 20, 1956) 


The total isotopic spin operator and its square are determined for the quantized nucleon-antinucleon 
field. In the customary configuration space representation, it is found that in the formula for the total 
isotopic spin of a system of nucleons and antinucleons, the antinucleons contribute terms with the 
transposed negatives of the t operators replacing the corresponding %’s. The form that has been usually 
anticipated is found only after a suitable canonical transformation. The results are specifically applied to 
a two-particle system consisting of a nucleon and an antinucleon. 

Expressions are also obtained for the isotopic spin dependence of the ratio of elastic charge exchange to 
elastic noncharge exchange scattering of an antiproton by a proton, and, of the ratio of elastic noncharge 
exchange scattering of an antiproton by a neutron and by a proton. These are discussed and evaluated under 


certain simplifying assumptions. 


I, INTRODUCTION 


” a recent article,! Lepore has remarked that if the 
eigenstates in a certain representation of the third 
component of the isotopic spin operator, 7s, for the 
proton and neutron are associated with eigenvalues +1 
and —1, respectively,’ invariance under electric charge 
conjugation requires that the antiproton and antineu- 
tron eigenstates in this same representation also be 
assigned the eigenvalues +1 and —1.'* According to 
Lepore [ see reference 1, Eqs. (13) and (14) }, this result 
implies that “the rule for composition of isotopic spins 
is 73=7;(particles) — 73(antiparticles),” rather than 
the intuitively expected ‘“7's= 73(particles)+7(anti- 
particles).” Unfortunately, this last statement turns out 
to be incorrect. As shown below, the appropriate “rule 
for composition” of isotopic spins is indeed : 73= T;(par- 
ticles)+7(antiparticles). The difficulty arises from 
Lepore’s failure to establish first the relation between 
the physically meaningful total isotopic spin operator 
T=(7;,72,7) and the no more than mathematically 
convenient “isotopic spin” operators +. To do this 
requires a direct examination of a system of many 
nucleons and antinucleons, 

In the present note, we will determine the isotopic 
spin characteristics of a system of nucleons and anti- 
nucleons on the basis of a treatment of the associated 


* Supported in part by the Office of Naval Research, the U. S 
Atomic Energy Commission, and the Office of Scientific Research. 

t Permanent address: Department of Physics, Tufts Univer- 
sity, Medford, Massachusetts. This outer also gratefully 
acknowledges the hospitality of the Harvard Cyclotron Labora- 
tory during the completion of part of this work. 

1 J. V. Lepore, Phys. Rev. 101, 1206 (1956). 

* The configuration space isobaric spin representation used is 
that of W. Pauli, Meson Theory of Nuclear Forces (Interscience 
Publishers, Inc., New York, 1946), Chap. 1 

‘Lepore, using a single-particle treatment for the nucleon, 
antinucleon, bases this assignment upon the demonstration that 
the usual Dirac C, and not Crj, is the required charge conjugation 
operator for the nucleon to antinucleon transformation. In this 
connection, it should be recalled that in the earlier work of Pais 
and Jost (reference 4), it has been shown that Cr;, (their CT) 
is to be interpreted as the product of the operators of the charge 
conjugation and the charge symmetry transformations; thus Cr, 
cannot be expected to describe the effects of electric charge con- 
jugation alone, 

*A, Pais and R. Jost, Phys. Rev. 87, 871 (1952). 


quantized nucleon-antinucleon field from the point of 
view of hole theory. Here, the total isotopic spin of the 
nucleon-antinucleon system is interpreted in terms of 
the eigenvalues, or equivalently, the expectation values 
over the eigenstates, of a suitably chosen quantized 
field operator. From the expressions obtained, it is then 
possible to find the appropriate form of the total isotopic 
spin operators in any particular configuration space 
representation. 

As an application, our results are used in a simple 
phenomenological investigation of the isotopic spin 
properties of the scattering amplitude for elastic anti- 
proton-nucleon scattering. 


II. ISOTOPIC SPIN OPERATORS FOR THE 
QUANTIZED FIELD* 


For the quantized nucleon-antinucleon field, it will 
be recalled that the operator for the total charge (in 
units of the proton charge) is given by 


Ooms f [U(r)vo, K(t+nv(r) (dr), (1) 


where ¥(r) is the Dirac nucleon quantized field ampli- 
tude operator and 9(r) its Pauli adjoint. The commu- 
tator has been introduced to symmetrize the total 
charge operator so that its vacuum expectation value 
vanishes. 

Only charged nucleons can contribute to Qo», so that 
the operator 4(1+ 73), with eigenvalues 1 and 0 for 
proton and neutron single-particle states, respectively, 
acts as a projection operator selecting out the proton 
states. Since ¥(r) and ¥(r) are expanded in terms of the 
complete single-particle energy spectrum, these eigen- 
values of 4(1+73) refer to protons and neutrons in 
negative- as well as positive-energy states. Thus, the 
4(1+73) and so the 73 eigenvalues associated with a 
particular negative-energy state, say, a negative-energy 
proton state, a hole in which is interpreted as the 


5 This problem has also been considered by M. Suguwara, Bull. 
Am. Phys. Soc. Ser. II, 1, 304 (1956), and by J. Hamada and 
M. Suguwara, Progr. Theoret. Phys. Japan 8, 256 (1952). 
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corresponding antiproton, are the same as the corre- 
sponding eigenvalues for a positive-energy proton state. 

The form of the total charge operator suggests the 
appropriate (and in fact, the only consistent) definition 
for the total isotopic spin operator of the quantized 
nucleon-antinucleon field : 


(2) 


T3 f [V(x)v0, ev (1) (dr). 


This definition forms the basis of the subsequent dis- 
cussion. 

It is advantageous to obtain an alternate expression 
for T., by expanding the quantized field amplitude 
operators ¥(r) and ¥(r) in terms of a complete set of 
orthonormal single particle eigenstates y,.-(r), Pur(r) 
where 


¥(r) =P (1) +y (4) 
= Deer DirWer (1) +20 cs Dir Wir(r), 


V(r) =VO (nr) +9 (1) 
= Dar Ger Wer (C+D erdiWer(0), 


and >> x, and 5>’;, refer to the respective sums over the 
positive- and negative-energy single-particle nucleon 
states kr. The subscript k denotes all quantum numbers 
other than isotopic spin while the notation r= p,n 
corresponding to r3=1, —1 for a nucleon state and 
T= p,f corresponding to r3=1, —1 for an antinucleon 
state is also employed. As usual, the dx,', de, and by,', 
ber are interpreted as the creation, annihilation opera- 
tors in the indicated states for a nucleon and an anti- 
nucleon respectively. Substituting the expansions of 


Eq. (3) into Eqs. (2) and (1), we have 
Top = Dorr’ Oke Oe’ (7 he| T’)k 
mA > eee’ Dee Dice’ (7’ | }e| T)k 
=) per’ Ber! Ane (7 | he| rT’). 


7: F bee! bir bie (| }e7| T') ks 


(4) 


Qop= [same as in Eq. (4) but with 4, }e” replaced by 
k(1+5), $(1+437)=4$(1++s)]. (5) 
= pare Dkr! Okey “ir } yo erDice" Dies + (Top), 


where the matrix elements involve just the isotopic spin 
parts Of Wer(r), Wer (er) and their Pauli adjoints, and 
where #7 is the transpose of +.° 


* Equation (3) can also be written in terms of positive-energy 
antinucleon single-particle states Yr" related to the negative- 
energy nucleon single-particle states Pir by Par! =Cyer. With 
use of the Per™™, T., takes on the same form as in Eq. (4), but 
with (r|44"| 1’), replaced by (r|Ch*7C™|1’),. However, accord 
ing to Pais and Jost (reference 4), invariance under charge 
conjugation of the interaction Lagrangian of the nucleon-anti 
nucleon and (x) meson fields demands that C be independent of 
the t so that Ce7C-!=7 immediately above. Thus, Eq. (4) is 
again obtained. 
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The operator corresponding to the square of the 
total isotopic spin can next be defined as 


lor = te z tes (6) 


and can be explicitly expressed in terms of creation and 
annihilation operators by Eq. (4). It is readily shown 
by direct calculation that T.»? commutes with (Top)s 
and that both T,,? and (7%))3 commute with the 
Hamiltonian operator 


Hoy = yw Eee! Ake + Dee | Eee | Deedee, (7) 


where Fy, is the energy eigenvalue associated with 
Wer (rr). 

As a first and very simple application of Eqs. (4)-(6), 
consider a one-particle system consisting of a proton, 
or a neutron, or an antiproton, or an antineutron 
described by the eigenstates V,= dx, »'Vo, Va= de, n'Vo, 
V5= di, p'Vo, Va=dia'Vo, where Wo is the vacuum 
eigenstate. Equation (4) then gives 


V, + iV, 
V, —4V,, 
V> 5 Vs 
Va +4V a 


(Top) (8) 


while the eigenvalue of T,,? for all four cases is }. It is 
to be noted that our (7.,)3 eigenvalues for the anti- 
proton and the antineutron eigenstates, —1/2 
+1/2, coincide with the third component of isotopic 
spin 
the antineutron in discussions of elementary particle 
transformations and interactions. 

Consider now the above results as applied to the two- 
particle system. The eigenstate of the system when 
both particles are nucleons is given by 


and 


“values” which are assigned to the antiproton and 


Vy, N’ Ore dye Vo; 


while in the case that one particle is a nucleon and the 
other an antinucleon, the eigenstate is given by 
Vy, 8= Obe'byy'Vo. The eigenvalues of T,,? and (Top)s 
or, for convenience in calculation, the equivalent expec- 
tation values over the associated eigenstates, are deter- 
mined in the subspace of the Vy,y, Vw.n, by use of 


Eqs. (4), (6): 
Eigenstates of T,,?, (Top)s (Teos*)  ((Tep)s) 
Vynws11= Vp, p': 2 1 
Vy.n731,07 29 (Vp wtWn, yp): 2 0 

Vn, ni’ 2 

294(V pw’ 


Vy.Nn’ 1,1 


Vw, n’;0,0 Vn, py’)! 


Vpn: 
2-4(W pp — Vana): 
Wy, ¥:1,- 1= Vp, 5: 
Vy, n;0,0= 274(V,, p+V na): 


VyN31,1 


Vy, N;1,0 
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As anticipated, we observe, both in the N,N’ and 
N.N cases, that (Top?) = { Top?) cigenvatue™ 7 (7+1) with 
T=1, 0, corresponding to the isotopic triplet and 
singlet states of a two-particle system. However, we 
also observe by comparing Eqs. (9) and (10) that the 
simple symmetry relations whereby the triplet state 
is symmetric and the singlet is antisymmetric under 
no longer hold in the usual 
It is of some interest therefore 


isotopic spin exchange, 
sense for the N,N case. 
to consider how the above results appear in the physi- 
cally more vivid configuration-space description, and 
how they are related to our more intuitive ideas about 


isolople spin. 


III, ISOTOPIC SPIN OPERATORS IN 
CONFIGURATION SPACE 
From Eq. (4), it is readily verified that the appro- 
priate form for the total isotopic spin operator in con- 
figuration space for m nucleons and yw antinucleons is 
given by 


(11) 
so that 


T?=4[3m+ wt2 Do : 14.2 gl. 


a>a 


~25 YE eal], (12) 
k 


« 

where we have used the Greek letters to distinguish the 

antinucleons. The principal characteristic of these rela- 

tions is that the isotopic spin operator ¢ is replaced by 
«’ in the usual addition formula for T when referring 

to an antinucleon. If we take the third component of 


T in Eq. (11), 


we immediately obtain the expression 


(13) 


7; 1> rs" 
ko 


since r37= rs. In the present configuration space repre- 
sentation, Eq. (13) unambiguously expresses the rela- 
tion between the 73 operator and the rs operators. We 
see that for a system consisting of only m nucleons, 
7;(particles) = 4 Sora 
sisting of only yw antinucleons, 7 (antiparticles)= 

b> a1" 73", so that (13), 
Lepore’s “rule of composition” mentioned above should 
T; (particles) + 7(antipar- 
ticles) as intuitively expected. 

The isotopic spin properties in configuration space of 
and two-particle nucleon systems are well 
However, for the 


™ rs" whereas for a system con- 
corresponding to Eq. 


be corrected to read 73: 


the one- 
known and will not be discussed. 
one-particle antinucleon and the two-particle nucleon- 
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antinucleon systems, the above equations reduce to 
(14a) 
(14b) 


1 


‘= — $13" = — 13, 


T= 4, 
T3=4(78— 137°) =4[ 78-137], 
T?=4[3—<*-27*] 
=4[3—19°73°—274°74°—27_*7_* ], 


(15a) 


(15b) 


respectively, where 7, and r_ are the isotopic spin 
raising and lowering operators. The a and a super- 
scripts refer to the nucleon and the antinucleon respec- 
tively. If we denote the rz eigenstates’ associated with 
the individual proton, antiproton by p(a), p(a) and 
with the individual neutron, antineutron by n(a), n(a), 


[vere sn (\). siete ('). n(e)= (’ ). 
w-()] 


the isotopic spin eigenvalues and eigenstates of T*, T; 
for the two-particle nucleon-antinucleon system are 
given by 
Eigenstates of T*, 7; T3 
x1, 1(a,a) = p(a)fi(a): 
x1,0(a,a) = 2-4[ p(a)p(a) 
—n(a)fi(a) }: 
X1,-1(d,a) = n(a)p(a): 
= 2-4[ p(a)p(a) 
+n(a)fi(a) |: 


Xo, 0(a,a) 


These eigenvalues and the form of the associated con- 
figuration space eigenstates correspond to the expec- 
tation values of the T,,? of Eq. (6) and (T.))3 of Eq. (4) 
with respect to the eigenstates of Eq. (10). 

An alternative expression of the above results and 
one that is probably more in line with our usual intuitive 
concepts regarding isotopic spin can be obtained by 
introducing a “transformed” configuration space repre- 


sentation’ via the canonical transformation 


ss [I 


antinucleons: « 


(17) 


(ir2"), 


so that for nucleons 


ks (et) =SetSt=-* (18) 


and for antinucleons 


— el —> (— 47} = S(— 27) S =e" 


(19) 


where the curly bracket indicates a transformed 
operator or eigenstate. Under this canonical transfor- 


™T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 
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mation, Eqs. (11) and (12) for m nucleons and yu 
antinucleons assume the more anticipated form: 


T—(T)=STS=3 5 #, (20) 


k=l 


T— (T) =ST9S-1=4[3(m+u) 42 © ee!) (21) 
k>l 


We note that the transformed version of Eq. (14a) 
becomes {73}=+473 so that {73} for a single anti- 
nucleon now bears the same relation to 73 as it does 
for a single nucleon. We further note that the eigen- 
states, p(a), n(a), are unchanged in form by the canon- 
ical transformation S$; while on the other hand, under S$ 


1 0 
pla)=(_) — (o(0))=(iryp@)=—(), 
o/. i). 
0 ' 
n(a)=( ) — {ii(a)}= (in)a(a) = ( ) 
1], o}. 


In the “transformed” representation, it is also seen 
that the T?, 7; eigenstates of Eq. (16) take on a form 
exhibiting isotopic spin exchange symmetry properties 
analogous to those of the T’, 7; eigenstates of the 
more familiar two-nucleon system. For example, 


ten (4) (2) +0),0),]- 
(x0,0(a,a)} = >| (,)( a (:).(.).| 


so that {xo0,0(a,a)} now appears in a form antisymmetric 
under the exchange of the isotopic spin coordinates of 
a and @ in the same manner as the isotopic singlet 
eigenstate of the two-nucleon system. 

Because of the similarity of description in the 
“transformed” representation of the isotopic spin of 
an antinucleon and the ordinary spin of a positron, 
experience with electron-positron systems indicates that 
the “transformed” representation should be particu- 
larly convenient for nucleon-antinucleon systems in 
problems involving configuration space treatment of 
conservation laws and selection rules.’ However, in 
quantized field theoretic calculations on nucleon-anti- 
nucleon systems, e.g., in those involving computation 
of scattering transition probabilities, there appears to 
be no obvious advantage in employing the “trans- 
formed” representation in any passage to a configura- 
tion space description. This point is specifically demon- 
strated in the example considered below. 


(22) 


IV. ELASTIC ANTINUCLEON-NUCLEON SCATTERING 


In principle, the cross section for the elastic scat 
tering of an antinucleon by a nucleon can be calculated 
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from the charge independent interaction of the quan 
tized (3) meson and nucleon-antinucleon fields: 
1 . fae 
ghlV, One]: (0.9), 


where, e.g., Ovn=7¥s, ©,=1, or Ov=yYsy,, Or= Oy. 
Thus, the scattering transition operator can only be 


(23) 


composed of terms of the form 
WAY) POBY), 
WYCy™):- (VODy™), (24b) 
(POA WO) BYy), (24c) 
WOC’ey™)- (WD), (24d) 


(24a) 


where A, B, «+-D’ are functionals of the operators Oy, 
©,. The matrix elements of these terms between initial 
and final states of the type considered in Eq. (10), 
then leads to an expression for the scattering amplitude,’ 


(N,N;| T|NiN,). Here, 
T ayiM (1) } ByiM (2) + ay N (1 ) + Bri N( t) 


(25) 


is an Operator in isotopic spin configuration space with 
the numerical coefficients ay,, Byi, ay’, ay,’ depending 
on the nature of the nucleon-meson coupling in Eq. 
(23), i.e., 
momenta of the nucleon and antinucleon in the initial 
(i) and final (f) states. The operators M(1), M(#), 
V(1), N\(e) are defined via the relations 
(N,N,|M(1)| NN 4) = (Ni | 1).N,)(N,\1).Ny) 
(N,\1|Ni)(Ny|1|N0), 
(N |! Ny): (Ny|4!N,) 
(Ny\ 2" N;)-(Ny\2|N,), 


(Ny | 1 N,N,N) 
(N,\1|N,/)(NiI11N,), 

(Ny\24!N,)- (Nile! Ny) 

(Ny|27|N,)- (N; le) N,). 


on g, Oy, ©,, and on the spins, energies, and 


(26a) 


(N/N,|M(2)| NN) 


(26b) 


(A iN, IN (1 ) NN, 


(26c) 


(N Ny N(#) NN, 
(26d) 


The matrix elements of 1, , and #7 in Eq. (26) are 
evaluated in Table I, and, using the eigenstates of Eq. 
(16), it is easily verified that in the N, N isotopic spin 
configuration space, these matrix elements of Eq. (26) 
may be reproduced by assigning operators to M(1)---, 
N(#) as follows: 


M(1)=1, 
M(2)=3-—2T?, 
V(1)=2—T?, 

N()= T?. 


* Initial and final states of the type of Eq. (10), must be here 
interpreted as referring to the presence of two noninteracting 
physical or dressed particles, i.e., a physical nucleon and a physical 
antinucleon. Similarly, the yp! r), WO (rn), WP}, We) in 
Eq. (24) are to be viewed as quantized field creation, annihilation 
operators for physical nucleons and antinucleons at r. On the 
other hand, the interaction (23) refers to bare particles and the 
unrenormalized g. 





ea 


TABLE I. The calculated values of the matrix elements defined in Eq. (26). 


NWN, N,N, 


pits —> py 

nips —> ny py 

Pi —> psy 

nn, + nny | 

pifi > nny 

nity —> pps) 
2 4( pif nN) —» 2 4 pypy nny) 
2 (pip +nfy) —» 2 4 pypy +nny) 


Thus, 7 may be written in the NV, N isotopic spin 
configuration space as 


T (ay; + 3B yi + ay;') - (2B 7:4 ay’ —B,/)T?, (28) 


or alternatively from Eq. (15) 
T = 4 (Layt-ayi + 387i) + Y(2Byit-ay! — By’ )e™ 47%, (29) 


The forms of T in Eqs. (28) or (29) now show that the 
nucleon-antinucleon elastic scattering process con- 
serves the total isotopic spin. This conservation law is, 
of course, a special case of the conservation of the total 
isotopic spin of the nucleon-antinucleon-pion system 
with a charge-independent interaction of the kind given 
in Eq. (23).® 

In view of the current Berkeley Bevatron experiments 
with antiprotons, it is of interest to examine the ex- 
pressions for some cross sections immediately deducible 
from the T of Eqs. (28) or (29) and the eigenstates of 
Eq. (16). In particular, we may obtain the scattering 
amplitudes corresponding to the elastic antiproton- 
proton scattering without and with charge exchange, 
antiproton-proton scattering. These are 


and elastic 


given by 


(pypy | T | Pipi)” ayit Brit ay; + By’, (30) 


(nyfiy| T| pp) - 2Byit ayi'— By’, (31 ) 


(nypy|\ T | nepi) = agi By 2B yi’. (32) 


The above amplitudes suffice to express the following 
ratio of cross sections 


o(pp—vfin) 
Rap . 


o(pp 


a(pn 


» pn) —- Digs ays — By +28, |* 
np* - oe ” “9 
o(pp—pp) Lyslayet+Byitayi’ +B, |* 


where the }’,;--- runs over all the experimentally 
indistinguishable initial and final states. In general, the 
magnitudes of Rag and Ry» will depend on the values 
of all of the ay;, Byi, ay’, By coefficients. However, there 
are some features of current theories of the pion- 
nucleon-antinucleon interaction that may lead to 
simple results for Ray and Ry». For example, if at the 


°H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. II, pp. 55 ff. 


| Levi | WBystays’ — By: |? 
pp) Lyplays tByipayi! +By:' |? 


(33) 


(34) 
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(N/Ny| N (2) | NN) 


0 2 
0 2 
1 1 








0 
2 


scattering energies in question, a lowest order calcu- 
lation is sufficient to describe the antinucleon-nucleon 
interaction with reasonable accuracy, then effectively 
the ay; and ay,’ are zero since to order g’ the interaction 
(23) can only give rise to terms with M(*) and N(¢) 
in the I of Eq. (25). The cross-section ratios then 
would reduce to 


_ 216 2B By |? 
Dyil Bi +By’ |?’ 
Dd ri| — Bri +28, |? 


Ap (35) 


(36) 


PR 
a4 


Lri| Br +Byi' |? 


To order g’, the term in 7 with M(*)[N(+)] and 
hence the 6,87] corresponds to the so-called nonan- 
nihilation [annihilation ] “force” illustrated in Fig. 1(a) 
[1(b) ]. The above ratios give estimates of their relative 
importance, These ratios will depend critically on the 
character of the nucleon-meson coupling. For instance, 
a pure ys coupling can only connect the “large” and 
“small” components of the Per(r), Perr (r), so that to 
order g*, 8y=0 and only the annihilation “force” is 
present.” The cross-section ratios then reduce to the 
simple numerical values 


Ras™1, Rip 4. (37) 
Of course, if the higher order terms in g* are important, 
the ys theory would require that we use the more 
general forms of Eqs. (33) and (34). 

Another possibility that would simplify the results 
is that the hypothesis of “(virtual) nucleon pair sup- 
pression” approximately applies to the antinucleon- 
nucleon interaction at the scattering energies in question 
so that the nonannihilation “force” is predominant. 
Then, the important contribution to the scattering 
amplitude would come from termsdén Eq. (24) generated 
by an effective interaction 4g[Y,o;e]-di¢ which does 
not connect the “large” and “small” components of 
the Pur(r), Were’ (); here one would have ay/Kay; and 


” A calculation of the cross section in the ys, theory for anti- 
nucleon-nucleon scattering to order g* in the scattering amplitude 
has been made by K. A. Johnson, Phys. Rev. 96, 1659 (1954). 
The factor multiplying the cross section in his Eq. (17) is given 
as 1 for T;= +1 and 2 for 7;=0. According to our Eq. (27d), 
it should be corrected to read 2 for T=1, T;=+1, 0, and 0 for 
T=0, T,=0. 
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By’ By; and the cross-section ratios become 
Rap Lyil 2Byi|?/Lsslaye+Hysl’*, 
Rap Lyi| agi—Byi|?/L pi lays +Byil?. 


In this case, if again only the lowest order term in g? 
is important so that ay<<8,;, we would find that 


Rap~4, Rap 1. 


(38) 
(39) 


(40) 


It should be noted that the limiting results for Rag, 
Rag in Eqs. (37), (40) are particularly simple. If future 
experimental determinations of these ratios should tend 
to either of the limiting values, we would have a pos- 
sible indication of the dominance in the nucleon-anti- 
nucleon interaction at the relevant scattering energies 
of the lowest order annihilation or nonannihilation 
“forces.” 

Note added in proof—Certain conclusions, similar to 
the foregoing, have recently been obtained by D. Amati 
and B. Vitale [Nuovo cimento 4, 145 (1956) ]. In order 
to compare our results and theirs, we note that the 
various nucleon-antinucleon elastic scattering ampli- 
tudes, (NV ,N,| 7|NiN;), may be expressed in terms of 
the scattering amplitudes, a,,;, a,,, associated with 
the nucleon-antinucleon isotopic triplet and _ singlet 
states. Thus Eqs. (16), (28), and Eqs. (30)—(32) yield 
(with ¢=1, 0, —1), 


a 96= (Ly ely! T| be Je) = (ari — By + 28") 
_ (nypy| T| nipi) = (prpy| T| ppi)— (nyfiy| T| Pipi) 
(41a) 


and 
a 45= (Lx0,0]¢| T| [0,0]: = (api 3B y+ 2a’) 
= (prpy| T| PPpi)t (ny | T| Pipi) 
so that the various cross sections become: 
o(pp—pp)=tb Dip |a pt a™,;|? 
o(pp—rin) = tb > [a ,,— a” ,,|? 
a(pn—pn) =b diy; |a y;|? 


(41b) 


(42) 


where b is the appropriate common factor (b=1 with 
suitable normalization). The formulas for the cross 
sections in Eq. (42) are seen to be identical with those 
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Fic. 1. Feynman diagrams for (a) nonannihilation and (b) anni- 
hilation antinucleon-nucleon scattering in lowest order. 


in Eqs. (33), (34) when the a,,, as; 
[via Eq. (41) | in terms of the ay,, By, a’y:, B’ yi. 
Equations (35)-(37) and Eqs. (38)-(40) show that 
the approximation of dominance of the lowest order 
annihilation or nonannihilation “forces’’ which corre 


are expressed 


sponds to B’;,>>Byi, ay, asi, OF, to By Bp, ayi, afi, 
from Eq. (41), also corresponds to a,,>>a;,, or, to 
a ,,=¢ —4a,,;. Again, I. Pomeranchuk [| Soviet Phys. 
JETP 3, 306 (1956) ; J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 423 (1956) | has recently given an argument which 
indicates that at very high energies: {a ,;—a,,| 
. It is also worth mentioning that Eq. (42) 
predicts that the various crdéss sections must be re- 


stricted by: 


a(pp—pp)+a(pp-iin) 


Ka 7, 


{o(pn—>pn) +b diy, a |?) 
= ha(pn—>pn) (43) 


where, as in the relations in Eqs. (33), (34), (42), the 
relation in Eq. (43) is a direct consequence of the con- 
servation of total isotopic spin. Equation (43) thus 
constitutes a restriction, arising from charge inde- 
pendence, on corresponding experimental values of 
a(pp—pp), o(pp-iin), o(pn—pn). This restriction is 
reminiscent of an analogous restriction, also arising 
from charge independence, which has been derived in 
the theory of nucleon-nucleon elastic scattering [by 
B. A. Jacobsohn, Phys. Rev. 89, 881 (1953) }: 


a(np—np)+a(np—pn) 
b{o(pp—pp) +b di y:|Lan Inp|*} 


= ho(pp-pp). (44) 





PHYSICAL REVIEW VOLUME 


Letters to the Editor 








DUBLICATION of brief reports of important discoveries in 

physics may be secured by addressing them to this department. 

The closing date for this department is five weeks prior to the date of 

issue. No proof will be sent to the authors. The Board of Editors does 

not hold itself responsible for the opinions expressed by the corre 

spondents. Communications should not exceed 600 words in length 
and should be submitted in duplicate 


New Ferroelectric Crystal 
Containing No Oxygen 
R. Pepinsky AND F. Jona 
X-Ray and Crystal Analysis Laboratory, Department of Physics, 
The Pennsylvania State University, University Park, Pennsylvania 
(Received November 13, 1956) 


T has been of interest to determine whether oxygen is 

essential for ferroelectricity or antiferroelectricity in 
ionic crystals. With one exception, that of thiourea,! 
all known ferroelectrics and antiferroelectrics have been 
rich in oxygen. Thiourea is the only known nonionic 
ferroelectric, and its dielectric behavior is perhaps due 
to alterations in N-H---N or N—H---S bonding. 
Crystal transitions in several chlorides and fluorides 
have been examined heretofore, but no dielectric 
anomalies have been found. For example, perovskite- 
type double halides such as KZnF; or CsCdCl, show 
no anomalies, in distinct contrast with the BaTiO; 
family; and although a transition appears in AIF; at 
460°C, there is no associated dielectric anomaly,’ in 
contrast with the anomalies observed in WO.’ 

Ferroelectric behavior has recently been discovered 
in a good number of sulfates and selenates.*~? Hydrogen 
bonding between N and O atoms apparently plays a 
significant role in these anomalies.® 

It is known that (ZnCl,)~* and (BeF’,)~* groups can 
partially replace (SO,4)~* groups in alums,® leading to 
crystals of composition (Me'),(Me'').(SO,4)s- (ZnCl,) 
-24H,0, or with (BeF,) in place of (ZnCl), and where 
Me' and Me!" are monovalent and trivalent positive 
ions, respectively. We have prepared and examined 





Fic. 1. Dielectric constant «, of (NH,).BeF, vs temperature, 
on cooling (10 kc/sec, 1.5 v/cm). 
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Fic. 2. Spontaneous polarization of (NH,).BeF, 
in the neighborhood of the Curie point. 


several cases in which Me'=CH,NH;; and whereas 
the methylammonium sulfate alums become ferroelec- 
tric well above 77°K, the corresponding partially 
ZnCl,-substituted alums show no transitions above 
77°K. Similarly, although NHyCr(SO,).:12H,O shows 
a transition (probably antiferroelectric) at 82°K, 
(NH,4)2Cro(SO4)3(BeF,):24H,O shows no transition 
above 77°K. 

(NH,),BeF, is among a group of compounds forming 
crystals isomorphous with (NH,4).SO, at room tem- 
perature.” It can be grown as large water-clear plates 
by a water-alcohol vapor-exchange method." Optical 
examination shows a transition in the neighborhood of 
~100°C." Dielectric measurements were made on 
plates prepared perpendicular to the three orthorhombic 
axes. The dielectric constant along the a axis is shown 
in Fig. 1, as a function of temperature. Spontaneous 
polarization and a ferroelectric hysteresis loop appear 
at —99.0°C on cooling, and disappear at —94.7°C on 
heating. Just above the Curie point, double hysteresis 
loops are observable, indicative of a first-order transi- 
tion." The spontaneous polarization is shown, as a 
function of temperature in the neighborhood of the 
transition, in Fig. 2; it has a value of 19 10~* coulomb/ 
cm’ at —110.5°C. The coercive field is approximately 
500 v/cm at this temperature, for an applied voltage 
of 10kv/em. At —140°C the coercive field has in- 
creased to about 10 kv/cm; and at liquid nitrogen 
temperature it is higher and in excess of the breakdown 
voltage of the crystal. 

This behavior is to be compared to that of (NH4)2SOx, 
as reported by Matthias and Remeika.* The axis of 
spontaneous polarization is the same. The Curie point 
for (NH4).SO, is —49.5°C, and the spontaneous 
polarization is 25.4X10~* coulomb/cm at — 58°C. The 
coercive field for (NH4)2SO, appears to be considerably 
higher than for (NH4),BeFy. The hysteresis loops are 
rectangular in both crystals. 

Differences between N—H---O and N—H-:-F 
bonding, polarizabilities of O and F, and thermal 
oscillations of (SO,4)-? and (BeF,)~* ions must con- 
tribute to the differences in dielectric behavior of the 
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two crystals. X-ray and neutron diffraction analyses 
of the low-temperature phases of both crystals are in 
progress, as a means to understanding of the transition 
mechanisms. 

We are grateful to Mr. J. W. Paulson for assistance 
in the plate preparation and dielectric measurements. 


* Research supported by contracts with the Air Force Office of 
Scientific Research and with the Signal Corps Engineering 
Laboratories. 
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